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Abstract

This paper describes the design and hardware
implementation of the Tesseral Processor (TP) with
Programmable Logic Devices (PLD). The TP can be
used for image processing based on hierarchical data
structures as Linear QuadTree (LOT).
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1. Introduction

Image representation is an important technique in the
domains of computer graphics and image processing. From
the large range of many representation techniques the
hierarchical data structures as quadtree [8, 10] and octree
[7] seem to be the most important. The quadtrees are used
to represent and to process two-dimensional (2-D) image.
Octrees are three-dimensional (3-D) extension of quadtrees.

The quadtree representation is based on hierarchical
decomposition of a square picture into four quadrants (Fig.
1). This process is then repeated for each sub-quadrant until
a quadrant is reached that is homogeneous. The quadtree is
a tree in which each node is either terminal (leaf) or internal
(Fig. 2). The terminal node represents a coherent quadrant
where every pixel has the same color.
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Fig. 1. Recursive decomposition of the picture into quadrants

Internal nodes are not coherent quadrants and are sub-
divided into further quadrants. The atomic node represents
the smallest possible quadrant, corresponding to individual
pixels in the picture. Atomic nodes are always leaves and
all large nodes are called molecular. An internal node
(called a parent) is sub-divided into four other nodes, these
are called its children. The root node represents the whole
picture. The depth of a node in the quadtree is the number
of its ancestors. The root node has the depth 0. The atomic
depth a of picture specifies how big picture can be
represented. The picture depth n implies the picture size 2"
x 2",
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Fig. 2. The quadtree and quaternary labelling of quadtree nodes

A well-know form for encoding of pictures is the
linear quadtree [2]. The linear quadtree is a hierarchical
data structure consisting of a pointerless list which contains
only terminal nodes in the quadtree. Internal nodes are
omitted as of no interest. The terminal nodes in the linear
quadtree are represented by locational codes [4] which
identify their position in the tree. Because each terminal
node is individually identified, it is possible to remove all
nodes of a particular color (the background color). Nodes
include the identity of each nodal information which has
certain advantages. The code may be disordered without the
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loss of meaning. For image processing by LQT we may use
tesseral theory [1].
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Note: 0 - indicates the positive quadrant,
1, 2, 3 - indicate the negative quadrants.

Fig. 3. The tesseral addressing structure

2. The Tesseral Theory

The tesseral theory [1] is very interesting for
computer processing of data in both 2 and 3 dimensions.
The tesseral theory is based on an approach to image
processing as of groups of tesseral elements. The tesseral
elements are identically shaped elements. In the processes
whereby tesseral elements are divided or combined into
larger elements, new elements with the same shape are
produced. The theory contains addressing theory and
tesseral arithmetic. Addressing theory is important for
labelling or ordering quadrants in linear quadtree [1, 3, 4].
The importance of tesseral arithmetic lies in the possibility
of mapping spatial geometric transformations into
arithmetic operations. Conventional computer architectures
do not support tesseral arithmetic operations directly as
single CPU (Central Processor Unit) instructions. This
means that tesseral operations must be realised using
software which often involves a large number of sequential
operations. The tesseral arithmetic for rapid real-time
image processing is ideally suited for implementation in
hardware.

2.1 Tesseral addressing

In modern computer systems the picture
representation is based on raster images, that is two-
dimensional arrays of pixels. Each pixel has a colour value
and Cartesian co-ordinate value. For co-ordinate value we
may use a tesseral address [1]. The word tesseral derives
from the Latin "tesserae" - small tile used in "the
construction of mosaic patterns. The whole raster graphics
is a form of tesselation. Tesselation is the division of n-
dimensional space into identically shaped and sized

primitive elements. Useful tesselations for 2-dimensional
space use squares and hexagons, for 3-dimensional space
use cube [7].

Tiling is the process whereby the tesseral elements are
combined into larger elements with the same shape. The
original elements are called atomic tiles, the larger ones
molecular tiles. The molecular tiles can be themselves
combined into even bigger ones. Tesseral image T, is a
group of molecular and atomic tiles.

In the tesselation and tiling processes we must
determine how many tiles are to be grouped together to
form a larger one and determine their position in space.
Rather than labelling atomic tiles by a Cartesian co-ordinate
value, we may use a tesseral address. The tesseral address is
a quaternary (base 4) number giving the position of the
atomic tile in the tiling hierarchy (Fig. 3). Molecular tiles in
the tiling hierarchy may be addressed by giving their size
and the address of any constituent atomic tile. The tesseral
addressing requires an ordering on the atomic tiles in
Morton order. The mapping between tesseral addresses and
Cartesian co-ordinates of the same objects is very simple by
bitwise interlace. Tesseral to Cartesian address conversion
is performed by considering each successive tesseral digit
in its binary form and partitioning the result such that the
first digit of each pair goes to form the y and the second
digit the x Cartesian co-ordinates. Example:
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The practical upshot of tesseral addressing is that
tesseral operations directly on Cartesian co-ordinates or
Cartesian operations directly on tesseral co-ordinates can
be performed, with very simple bitwise operations. Tesseral
addressing, besides, may be used for labelling linear
quadtree nodes (1, 5].

2.2 Tesseral Arithmetic

The importance of tesseral arithmetic lies in the
possibility of spatial operations (translation, scaling,
rotation) mapping into arithmetic operations. For example,
in the case to be described in the paper, addition produces a
translation of the tesseral image and multiplication results
into scaling and rotation. The tesseral arithmetic is different
than linear arithmetic. The definitions of tesseral arithmetic
operations are in [5]. Addition of two tesseral numbers T,
and T, results into a translation of the first number T, by an
amount equal to the vector from 0 to the second number T,
(the vector 0T}). Subtraction of tesseral numbers T, and T,
is a translation of the first number T, by an amount equal to
the vector from the second number T, to the number 0 (the
vector Ty0). Performing a subtraction involves finding the
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negative of the tesseral number Ty to be subtracted and then
addition of this number to T,.
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Fig. 4. Geometry of tesseral addition

Multiplication of tesseral numbers T,*T,, results into
tesseral number, which is interpretation of vector 0T,
rotated through an angie o and multiplicated (scaling) by
coefficient S. S and a are results of transformation of vector
01 into vector OT,. For
example  (Fig. 4) the
multiplication  of  tesseral
numbers 323*21 = 33113 is

3. The Tesseral Processor

The tesseral arithmetic. for rapid real-time image
processing is ideally suited for implementation in hardware
as new architecture - tesseral processor {6, 8, 9]. The TP is
synchronous digital system. The architecture of TP (Fig. 5)
consists of 2 basic parts: Tesseral Control Unit.(CL_REG)
and Tesseral Arithmetic Unit (TAU).

The CL REG consists of internal memory and
Control Unit (CU). The internal memory of CL_REG
consists of a member of registers in which information can
be stored. The SREG register, CT register and CREG
register are status and control registers. The NL, NC, SC
and RV registers are general registers for tesseral operands.
The CU of CL_REG consists a set logic circuits that make
it possible to perform certain operations on the information
stored in the registers and control of TAU.

The TAU performs tesseral arithmetic operations
(addition, subtraction, multiplication and division) on input
data directly. The TAU block diagram is shown in Fig. 6. It
consists of 4 basic parts: a non standard multiplexer
(MUX), two full adders with carry in and carry out (St
and S2) and internal Control Logic (CL). ,

The methods_ for performing tesseral arithmetic use
“rule based methods”[S]. In the first step of this method
tesseral operands are split into register pairs T, and T, in
binary  form. These two  register pairs represent the
Cartesian components of the tesseral number. The second

step of the method is based on linear arithmetic operations

shown. Tesseral division is an
inverse of multiplication and

can be defined as a rotation in PCl i
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Fig. 5. The tesseral processor block diagram

and these convert the result to tesseral number. Addition of
tesseral -operands is accomplished by performing normal
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binary addition with each Ty + Ty, Tay + Toy register pair
and then registers can be recombined to yield the tesseral
sum. In subtraction, the second operands Ty, Ty, are 2'
complemented (Tbxe, Tbye) and added to the register pair
T + Tex® and T, + T,,®@. Tesseral multiplication is
performed using 4 rules:

Rule 1: Multiplication by 0 - Both register pairs are set
to 0.

Rule 2: Multiplication by 1 - Both register pairs are
unchanged. '

Rule 3: = Multiplication by 2 - The register is 2'
complemented to T,® and T, and T, registers
are then exchanged.

Rule 4:  Multiplication by 3 - Multiplication is dependent

on the observation that 3 = (2+1) and that
(Ty*2)+(T,*1). This is accomplished by normal
binary addition of the original T, and T, register
contents to their contents after execution of rule
3. ,
These rules determine the procedure for multiplying
any tesseral number by a single tesseral digit. The selected
rule depends on the value of the multiplier digit. To
multiply multidigit tesserals a procedure similar to decimal
multiplication is employed, with successive multiplication
and product evaluation for each of the multiplier digits.
Tesseral division by the single digit 0, 1 and 2 is
similar to multiplication rules:
Rule 1: Division by 0 - Produces an error.
Rule 2: Division by 1 - The registers pair T, and T, remain
unchanged.
Rule 3: Division by 2 - The T, register is 2' complemented

to T, @ and then T, and Ty are exchanged.
Division by 3 is implemented using the tabular methods.
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Fig. 6. The tessreral arithmetic unit block diagram

The design of TP is realized by high-level
expressions of ABEL-HDL language ([8]. The basic
program structures of design module TP in ABEL-HDL
translates into an industry standard JEDEC fuse maps file
for programming PLD. Before programming PLD we use
simulation of TP model. This approach takes advantage,

creates high-quality logical design in an abstract form in
less time.

The designed TAU and CL_REG of TP are
implemented with Xilinx Complex Programmable Logic
Devices (X-CPLD). The speed of the TP is 54 MHz.

4. Image Processing by Tesseral
Processor

The new designed tesseral processor was applied for
processing of color, gray and thermovision images. To
verify the TP we consider the dimension of pictures 16x16
and 256x256.

Before image processing a new method of encoding
of the linear quadtree by standard locational codes into
color levels [4] was applied in the first step. For improving
of the gray and thermovision image encoding we applied
adaptive quadtree decomposition determined on the basis
of the mean square error obtained between the original and
its reconstructed image [8].

Fig. 7. The original image T, of F-15 aeroplane

Fig. 8. The tesseral addition of F-15 aeroplane (T,+0321)

Fig. 9. The tesseral multiplication of F-15 aeroplane (T,"2)
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Fig. 10. The tesseral division of F-15 aeroplane (T./2)

Fig. 11. The tesseral multiplication of F-15 aeropiane (T,*2221)

___RH:

T
0
L]

BaAAR
[ ]

I W 0

L]

Fig. 12. The tesseral multiplication of F-15 aeroplane (To*1112)

Next, in the second step we applied the tesseral processor
on encoded images. The previous coded images T, as
sequences of tesseral operands are transferred from central
computer and loaded into tesseral processor. The tesseral
processor realizes elementary tesseral operations on
operands and deliver the results to the central computer.
For example, the total time for elementary tesseral
operation to gray image LENA 256x256 dimension was
2,1751ms. Figure 7-12 shows how tesseral arithmetic can
be utilized for image processing.

5. Conclusion

The hierarchical data structures as linear quadtree
are very efficient forms used for representation and
processing of pictures. Image processing by linear quadtree
includes recursion and composition processes which are
demanding for computer time and memory. To simplify
these processes we focused on new architectures, design
and hardware implementation of tesseral processor with
programmable logic devices. The designed TP gives new
possibilities of digital real-time image processing.

electrical
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