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Abstract. In this paper method available for generating 
ternary sequences is discussed. These sequences are useful 
in many applications but specifically in synchronization of 
block codes and pulse compression in radar. The ternary 
sequences are derived from chaotic maps. It is feasible to 
achieve simultaneously superior performances in detection 
range and range resolution using the proposed ternary 
sequences. The properties of these sequences like autocor-
relation function, Peak Side Lobe Ratio (PSLR), ambiguity 
diagram and performance under AWGN noise background 
has been studied. The generation of these sequences is 
much simpler, and the available number of sequences is 
virtually infinite and not limited by the length of the 
sequence. 
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1. Introduction 
Pulse compression is a technique that plays an im-

portant role in various fields like radar, sonar and spread 
spectrum communication to achieve the high transmit 
energy of a long pulse while preserving the range resolu-
tion of a short pulse. It has been extensively used in opera-
tional radar systems since 1950s to overcome the practical 
problem of extending the operating radar range while 
maintaining the required range accuracy and resolution. 
Various waveforms have been used for this purpose, 
including the linear FM signal, the nonlinear FM signal, 
and biphase codes [1], [2], [3]. The code or sequence is 
used to describe the phases of the individual sub pulses of 
a phase coded waveform [1]. Each has certain desirable 
properties and the choice often depends on the application. 

The performance of range resolution radar depends 
on the autocorrelation pattern of the coded waveform 
which is nothing but the matched filter compressed output. 
The binary sequences having ±1 as elements find more 
importance in pulse compression as they have good aperi-
odic autocorrelation function and ideal energy efficiency 

[4]. The Energy efficiency is defined as the ratio of energy 
in the actual energy in the sequence to the energy if every 
element in the sequence had the maximum amplitude. The 
Binary sequences can be easily generated, processed and 
stored in digital circuitry. But the limitation comes when 
longer length sequences with lower Peak Side Lobe Ratio 
(PSLR) are needed. The Peak Side Lobe Ratio is defined 
from the autocorrelation pattern as the ratio of the peak 
side lobe amplitude to the main lobe peak amplitude and is 
expressed in decibels. It was proved that the binary barker 
sequences exists only up to a length of 13 with a PSLR of  
-22.3 dB [5].But in some applications sequences with 
lower PSLR are required. To achieve this, Boehmer [6], 
Linder [7], Rao and Reddy [8] have obtained longer length 
binary codes violating the Barker conditions. But as the 
length increases, the PSLR did not reduce much. Therefore 
it became necessary to switch over from biphase to either 
polyphase or multilevel sequences. 

The multilevel or non binary sequences have elements 
of unequal magnitude. Hence their energy efficiency is less 
than unity. The sequences having 0, ±1, ±2 as alphabets are 
known as quinquenary sequences and those with elements 
0, ±1 are known as ternary sequences. Moharir has shown 
that the ternary Barker sequences exist for lengths greater 
than 13 [9], [10].These ternary Barker sequences are ob-
tained with the help of the sieve known as terminal admis-
sibility. It has been proved that the PSLR obtained reduce 
faster than that of binary sequences as the length increases. 
There are also many other sieves which have been already 
developed for the optimum code generation [11], [12]. 

In this paper a unique class of radar signals called as 
chaotic ternary phase sequences with good correlation 
properties is described. The use of chaotic sequences in 
spread spectrum communications is well documented [16]. 
A binary phase code generated using chaotic logistic map 
used to achieve a low PSLR was reported earlier [13]. 
Similar concept has been extended to the generation of 
good ternary sequences using different chaotic maps and 
their performances are compared. The method discussed 
here has an advantage over the previous methods already 
available for ternary sequence generation. Here, it is possi-
ble to generate sequences at larger lengths easily as it is not 
an exhaustive search method. 
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2. Sequence Generation 

2.1 Chaotic Maps 

The use of chaotic signals in radar has received a lot 
of attention in the recent years because they behave like 
noise, have a wide band and are easy to generate [14]. 
A Chaotic dynamical system is a bounded, deterministic 
system that exhibits random-like behavior through its sen-
sitive dependence on its initial conditions. Since, in prac-
tice initial conditions can never be specified with infinite 
precision, the behavior of a chaotic system is unpredictable 
and therefore noise like. Chaotic Sequences can be gener-
ated using different types of chaotic maps. Some of the 
maps are Henon Map, Lorenz Map, Logistic Map, Im-
proved logistic map, tent map and cubic map. In this work 
an attempt is made to generate ternary sequences using 
these maps and their properties at different lengths are 
studied [15], [16], [17]. 

2.1.1 The Logistic-map 

A great deal of chaotic behavior can be described by 
one, simple, fairly innocuous looking equation, the logistic 
map.  This is written as 

 )1(1 nnn xxx    (1) 

where  is some constant and is called the bifurcation pa-
rameter [μ  (0, 4)]and [x  (0, 1)]The logistic equa-
tion is a key example that shows behavior that is stable, 
periodic, and chaotic. The behavior depends on the value 
of  in the equation. When  = 4 the logistic map exhibits 
chaotic behavior.  
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Fig. 1. Chaotic behavior of logistic map for x0 = 0.1 and  

xo = 0.1001. 

The logistic-map sequences are inherently determi-
nistic however a tiny disturbance in the initial condition xo 
gives rise to a tremendous difference in the outcome [13]. 
Fig. 1 shows two such sequences for  = 4 with xo = 0.1 
and 0.1001 respectively. The small difference leads to 
different waveforms after a few iterates.  

2.1.2 The Cubic Map 

This map is described by the following equation 

 nnn xxx 3)(4 3
1   where x  (-1,1). (2) 

This equation shows chaotic behavior for an initial value of 
x0 varying from 0 to 1. When x0 > 1 as n tends to infinity, xn 
also tends to infinity. 

2.1.3 The Improved Logistic Map 

This map is governed by the equation 

 2
1 )(21 nn xx   where x  (-1,1). (3) 

Like cubic map, this equation shows chaotic behavior for 
an initial value of x0 varying from 0 to 1. When x0 > 1 as n 
tends to infinity, xn also tends to infinity. 

2.1.4 The Tent Map 

Tent map is a discrete-time piecewise-affine in-
put/output characteristic curve, which is used for chaos-
based applications, such as true random number genera-
tion. This map is given by the equation  

 )2/121(1  nnn xrxx  where x  (0,1). (4) 

r is the control parameter and when ½ < r > 1 the map 
exhibits chaotic behavior [17]. When r > 1 the map or xn 
tends to infinity as n tends to infinity for any initial value 
of x. In this work, for generation of ternary sequences r 
was selected as 0.9. 

2.2 Method of Generation of Ternary 
Sequences 

Ternary sequences have alphabets 0, ±1 where as bi-
nary sequence alphabets are ±1. The algorithm or method 
used for generating ternary sequences of length n using 
a chaotic map is given below 

Step 1. Ensure that initially the chaotic map is in the 
chaotic region. In logistic map the bifurcation parameter μ 
is selected to be 4 so that the map is in chaotic region. 

Step 2. Select an initial value for xn. 

Step 3. Generate a raw sequence xn using the chaotic 
map equations . 

Step 4. The sequence is then quantized into three de-
fined levels based on the threshold levels a and b as per 
equation (5) to obtain the ternary sequence yn. The thresh-
old levels were chosen randomly between xmin and xmax  so 
that a low value of PSLR defined by equation (8) is ob-
tained. For example the values of xmin and xmax for logistic 
map are 0 and 1 respectively as per equation (1). The 
threshold levels are also chosen considering approximately 
the mean of the raw sequence obtained which is 0.5 in the 
case of logistic map. The level a is chosen above the mean 
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of the sequence and level b is chosen below the mean of 
the sequence 

 yn = -1            if xn < b,  
          =  0             if a< x n< b, (5) 
      =  1             if  xn  > a.  

The various maps are extremely sensitive to the initial 
condition. By varying the initial condition xo, a totally un-
correlated ternary sequence can be obtained. Therefore, the 
number of available sequences at a given length is virtually 
infinite. So the above procedure was repeated by varying 
the initial values of xn with very small increments and 
search for good sequences or sequences with low PSLR 
was done. The computation time for searching good se-
quences depends on the length of the sequence. 

Using the above mentioned procedure good ternary 
sequences were generated for lengths from 20 to 4000 
using the four chaotic maps. For logistic map the threshold 
levels a and b were selected as 0.7 and 0.3 respectively. 
For tent map a, b were 0.65 and 0.4 and for improved 
logistic map values of a, b were 0.7 and -0.7 respectively. 
The values of a, b were chosen as 0.6 and -0.4 for cubic 
map. Thus the generation of sequences is simple, fast and 
reproducible. 

3. Properties of the Ternary Sequences 

3.1 Correlation Function 

The aperiodic autocorrelation r(k) of a sequence of 
length N which is nothing but the output of the matched 
filter or the matched filter compressed output is given as 
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For best performance, the autocorrelation pattern of the 
optimum coded waveform must have a large peak value for 
zero shift (main lobe) and zero value for non-zero shifts. 
By varying the initial conditions a search for sequences 
with good autocorrelation pattern was done at all lengths 
for all the maps. The autocorrelation pattern of the good 
sequence generated using cubic map at length 4000 is 
shown in Fig. 2.The figure has the shape of an impulse 
which is desired. 

The cross correlation r(k) of two ternary sequences yn 
and zn of length N is given 
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By varying the initial conditions a search for two se-
quences with negligible cross correlation was done and the 
cross correlation pattern of codes of length 100 generated 
using cubic map is shown in Fig. 3. From the figure it is 
observed that the sequences have very less cross correla-

tion which allows the code to be used for multiple access 
communications as well as in mulistatic radar. 
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Fig. 2. Normalized Autocorrelation pattern of sequence of 
length 4000. 
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Fig. 3. Cross correlation pattern of sequence of length100. 

3.2 Peak Side Lobe Ratio (PSLR) 

One of the most commonly used performance meas-
ures is the Peak Side Lobe Ratio. The Peak side lobe is the 
largest sidelobe in the correlation of a sequence. The Peak 
Side Lobe Ratio is defined from the autocorrelation pattern 
r(k) as the ratio of the peak side lobe amplitude to the main 
lobe peak amplitude and is expressed in decibels. It is 
given by 

 
)0(

))((
log20 10 r

krMax
PSLR   where k  0. (8) 

A sequence is defined as a good sequence if the PSLR of 
the sequence is low [11]. 

Although the sequence generation process is quite 
general not all sequences are good or adequate for pulse 
compression in radar. So a search for good sequences was 
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done by varying the initial conditions and from the codes yn 
obtained good sequences were selected based on the PSLR. 
The Peak Side Lobe Ratio obtained for good ternary se-
quences at different lengths for all the maps is tabulated in 
Tab.1. To clearly understand how the PSLR varies with 
length a plot of PSLR obtained from the chaotic sequences 
using the cubic map, improved logistic map and logistic 
map is shown in Fig. 4. 
 

Peak Side Lobe Ratio in dB Length of 
the 

sequence Tent map 
Cubic 
map 

Logistic 
map 

Improved 
logistic map 

20 -20.82 -22.27 -18.06 -22.27 

30 -18.58 -20.82 -20.42 -20.8 

40 -18.41 -20 -17.79 -19.55 

50 -17.38 -20.00 -18.84 -19.78 

60 -17.69 -19.55 -19.28 -20 

70 -17.41 -19.46 -18.76 -20.21 

80 -18.36 -19.85 -18.66 -20 

90 -17.14 -19.70 -18.59 -20.17 

100 -17.43 -20.24 -19.56 -21.11 

200 -17.40 -21.02 -20.12 -21.71 

300 -17.52 -21.46 -21.07 -21.79 

400 -16.99 -22.03 -22.16 -22.31 

500 -17.48 -22.64 -22.02 -23.22 

600 -17.142 -22.98 -22.44 -23.19 

700 -16.91 -23.74 -22.67 -23.736 

800 -17.02 -23.35 -22.96 -24.10 

900 -16.95 -24.15 -23.07 -24.17 

1000 -17.55 -24.66 -23.50 -24.71 

2000 -17.56 -26.13 -26.47 -25.7 

3000 -17.67 -27.44 -27.62 -26.76 

4000 -17.78 -28.39 -28.67 -29.16 

Tab. 1. PSLR of Ternary sequences generated using Chaotic 
Maps. 
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Fig. 4. Plot of PSLR of ternary sequences generated using 

chaotic maps. 

Comparing the four different mapping methods, the 
performance of codes generated by all the three maps are 
good except the codes generated by tent map. The codes 
generated by tent map does not offer a low PSLR and the 
PSLR also does not decrease with the length of the se-
quence. For comparison a plot of PSLR of binary se-
quences generated using improved logistic map is also 
shown in Fig. 5. The PSLR of ternary sequences is lower 
than that of binary sequences at every length thus depicting 
the superior performance of ternary sequences. 
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Fig. 5.  Plot of PSLR of binary and ternary sequences. 

3.3 Ambiguity Diagram 

An important tool in the design and analysis of radar 
signals is the Ambiguity diagram. It represents the time 
response of a signal filter matched to a specified signal of 
finite energy when the signal is received with a time delay 
and Doppler shift relative to the nominal values expected 
by the filter. The ambiguity function is defined to be [1] 

 




 dttjtutu )2exp()()(),( *   (9) 

u(t) represents the envelope of the ternary coded wave-
form. The time delay is indicated by τ and ν is the Doppler 
frequency. The ambiguity diagram of a chaotic ternary 
code generated using logistic map is shown in Fig. 6. The 
code length is 100. 

Because of the random nature of the chaotic codes, 
the ambiguity function approaches a thumbtack shape.  

The accuracy with which range and velocity can be 
measured by a particular waveform depends on the width 
of the spike centered at x(0,0). The resolution of the 
waveform is also related to the width of the center spike 
which helps to resolve two closely spaced targets. Since 
the center spike of the ternary chaotic code is confined in 
a very narrow region, high resolution in both range and 
velocity is obtained. 
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Fig. 6. Partial ambiguity diagram of a chaotic code of length 

100. 

3.4 Behavior of the Sequence in the Presence 
of Noise 

The behavior of a ternary code in the presence of 
AWGN noise was studied for different values of signal to 
noise ratio and the pulse compressed waveform when the 
signal to noise ratio was considered to be -20 dB is shown 
in Fig. 7. The peak point of the compressed waveform is 
clearly distinguishable even in the presence of noise. The 
length of the code was considered to be 4000. 

 
Fig. 7. Pulse compressed waveform in the presence of AWGN 

noise. 

4. Conclusions 
Good ternary sequences were generated using differ-

ent chaotic maps. At different lengths, good sequences 
were obtained and it was found that the PSLR decreases 
with the length of the sequence. The chaotic maps like 
logistic, improved logistic and cubic map were found to 
perform well than the tent map. For length equal to 4000 
PSLR less than -28 dB was obtained. Thus ternary se-

quences with low PSLR can be generated using any one of 
these maps. The ternary sequences can achieve desired 
detection range and range resolution simultaneously. Com-
pared to the other ternary sequences available it has the 
advantage of easy generation and vast availability. Because 
the sequences are reproducible, the matched filter in the 
radar receiver can be easily designed based on the incom-
ing signal. By using this method, the matched filter can be 
designed based on the initial condition and mapping 
method used and need not depend on the noise corrupted 
phase coded signal. Because of the chaotic nature of the 
sequences it can be used also for secure communications. 
Still better sequences can be searched by varying different 
parameters like the more sensitive initial conditions and 
threshold levels. 
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