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Abstract. Through-the-wall imaging (TWI) radar has been 
given increasing attention in recent years. However, prior 
knowledge about environmental parameters, such as wall 
thickness and dielectric constant, and the standoff distance 
between an array and a wall, is generally unavailable in 
real applications. Thus, targets behind the wall suffer from 
defocusing and displacement under the conventional imag-
ing operations. To solve this problem, in this paper, we 
first set up an extended imaging model of a virtual aperture 
obtained by a multiple-input-multiple-output array, which 
considers the array position to the wall and thus is more 
applicable for real situations. Then, we present a method to 
estimate the environmental parameters to calibrate the 
TWI, without multiple measurements or dominant scatter-
ers behind-the-wall to assist. Simulation and field experi-
ments were performed to illustrate the validity of the pro-
posed imaging model and the environmental parameters 
estimation method. 
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1. Introduction 
Through-the-wall sensing is highly desired in many 

civilian and military applications. Through-the-wall imag-
ing radar (TWIR) achieves good wall penetration by trans-
mitting low-frequency electromagnetic waves and provides 
imaging description of targets of interest behind walls [1-3] 
or the inside structure and layout of buildings [4-5]. There-
fore, it has attracted more and more attention [6-10]. Gen-
erally speaking, two techniques, namely synthetic apertures 
and virtual apertures, are adopted in TWIR. Compared with 
the synthetic aperture formed by moving radar antennas, 
the virtual aperture obtained by the multiple-input multiple-
output (MIMO) array can collect imaging data in a much 
shorter time and is thus more applicable for real-time 
implementation. In this paper, we focus on the MIMO 
array based TWIR. 

When electromagnetic waves propagate in a layered 
medium composed of the air and wall, reflection and 
refraction will occur at the air-wall interface. This requires 
through-the-wall imaging (TWI) to consider the non-linear 
propagation path of electromagnetic waves, where some 
wall parameters, i.e., wall thickness and dielectric constant, 
are required to determine the propagation path. Currently, 
most through-the-wall image formations are based on the 
prior knowledge of the aforementioned wall parameters 
[11-13]. However, prior knowledge about these wall 
parameters is usually unavailable in practical applications, 
and the measured or estimated error of the wall parameters 
will greatly affect imaging quality of behind-the-wall tar-
gets [14]. Therefore, accurate estimation of wall parameters 
is an important technique in TWI.  

The emerging techniques to estimate wall parameters 
can be categorized into three types. First, the image autofo-
cusing method searches the reasonable wall parameters by 
assessing the image focusing quality [15]. It is effective but 
affords heavy computing burden. To improve the efficiency, 
an estimation method by minimizing the cross-range reso-
lution of a special dominant scatterer rather than assessing 
the whole image was introduced in [16]. The method is 
invalid if there are no dominant scatterers behind the wall. 
Second, the wall parameters can be estimated by adjusting 
the array structure [17] or stand-off distance [18], both of 
which involve extra measurements. Third, echoes reflected 
by the wall are utilized to estimate the wall parameters. The 
dielectric constant can be provided by the back and forth 
propagation time if the wall thickness is known [19]. More-
over, searching the maximum of the correlation coefficient 
between the measured return and the corresponding esti-
mating return in different wall parameters is also valid [20], 
and the greatest difficulty is the indecisive searching direc-
tion. Instead, using some special information extracted 
from echoes caused by the front surface and the rear sur-
face of the wall is more promising, e.g., the dielectric con-
stant can be estimated using the amplitude information of 
the front surface reflection [21]. Because the amplitude 
estimation is easily influenced by noise, a more practical 
method is presented by performing time-delay-only meas-
urements in [22]; however, to achieve adequately high 
accuracy, it requires adjusting the transceiver-receiver 
separation repeatedly. 
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Furthermore, all of the above methods assume that the 
TWIR parallels the wall during data collection in the imag-
ing model. When the array is placed close to the wall, the 
assumption can be easily met. However, in some applica-
tions, e.g., fire rescue, standoff operation is required. 
Therefore, it is necessary to setup a more reasonable model 
that considers the distance and inclination angle between 
the radar and wall. In such an extended imaging model for 
through-the-wall sensing, the unknown parameters include 
not only the traditional wall parameters, i.e., thickness and 
dielectric constant, but also the distance and the inclination 
angle. These four unknown parameters, denoted as the 
environmental parameters in this paper, are all required to 
be estimated in practical applications. 

In the next section, an extended imaging model is pro-
posed to fit the detection situation where a linear MIMO 
array sets in front of a wall with unknown distance and 
inclination angle. Then, in Section 3, we will show a novel 
environmental parameters estimation algorithm without 
any extra measurements or dominant scatters behind-the-
wall to assist. To improve the image quality, an effective 
compensation imaging method for the proposed imaging 
model is introduced in Section 4. Section 5 & 6 show the 
corresponding processing results of the simulation and field 
measured data, which verify the imaging model and envi-
ronmental parameters estimation algorithm. Conclusions 
will be drawn in Section 7. 

2. Extend Virtual Aperture Imaging 
Model for TWI 
The conventional linear MIMO array through-the-

wall imaging model assumes an antenna array strictly 
parallel to the wall, as shown in Fig. 1. At this point, the 
relative position of the antenna array and the wall can be 
described with only one distance value R , which reduces 
complexity in image processing. However, in practice, 
limiting factors, such as the probe scene, make it difficult 
to ensure that the antenna array is strictly parallel to the 
wall, so it is necessary to extend the conventional model 
and take into consideration the case in which the wall 
inclines the antenna array. 

R

 
Fig. 1. Conventional linear MIMO array TWI model. 

When the antenna array is inclined to the wall, the 
relative position of array and the wall needs to be described 
by both the distance and the inclination angle. For a linear 
MIMO array, the inclination angle can be described by one 
inclination angle θ. However, the array elements are at dif-

ferent distances to the wall. Because the array structure is 
known, we can consider anywhere in the array to be the 
reference position and use the reference position’s distance 
to the wall to describe the distance information R from the 
array to the wall. Here we use the center of the array as the 
reference position. 

Suppose we have a linear MIMO array TWIR with M 
transmitting elements and N receiving elements. To sim-
plify our problem, we assume that the array is only inclined 
to the wall in the horizontal plane. Considering reflection 
and refraction caused by the wall, the imaging model can 
be expressed as Fig. 2. 

'A
'B



mnL

'C

'O

 
Fig. 2. TWI model of inclined linear MIMO array. 

Fig. 2 shows a tilted linear MIMO array set in front of 
a wall with an inclination angle θ. When the left end point 
of the array is further from the wall than the right one, we 
define 0  , otherwise 0  . Obviously, 90 90    . 
Donate the mth transmitting element as mth Tx, and the nth 
receiving element as nth Rx. Then, the distance from mth Tx 
to the wall is Rm.  

Without consideration of the direct wave, the first two 
echoes are caused by the front surface and the rear surface 
of the wall, and the intersections of their propagation paths 
would be mth Tx and nth Rx. Donate A to be the location of 
mth Tx, B to be the location of nth Rx, and Lmn to be their 
spacing. C is the front surface echo reflection point, and the 
corresponding rear surface echo reflection point is D. Their 
respective refraction points are E and F. BH is parallel to 
the wall. G is the intersection of BH & AE. 'A is the 
midpoint of AG. 'BB is the extension line of FB, and 

'B'/ /A BH . ' ' 'DO A B , and 'C is the intersection of 
'DO and the front surface.  

It can be proved that for the echo propagation path of 
the front surface: 

 | | | | | ' ' | | ' ' |AC CB A C C B    (1) 

and for the echo propagation path of the rear surface: 

| | | | | | | | | ' | | | | | | ' |AE ED FD BF A E ED FD B F      
  (2) 

Furthermore, the spacing of '' BA  is cosmnL , and the 
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distance to the wall is 0.5 sin | |m mn mnR L   . When mth 

Tx is further than nth Rx from the wall, 1mn   , otherwise 

1mn   (See Appendix ). 

Thus, for the echo propagation paths of the front 
surface and the rear surface, the tilted linear MIMO array 
can be equivalent to several virtual element pairs whose 
connections are parallel to the wall. 

3. Environmental Parameters Estima-
tion of the Linear MIMO Array 
TWI Model 
Already mentioned in the introduction, for our pro-

posed linear MIMO array TWI model, the environmental 
parameters should include the distance of the array to the 
wall R , the inclination angle  , the wall thickness d  and 
the dielectric constant εr. We will use the conclusions in 
Section 2 to show the estimation method of the environ-
mental parameters. 

3.1 Estimation of R and θ 

By the geometric relationship in Fig. 2 we get: 

 2 2 2( ( , )) ( cos ) (2 sin | |)f mn m mn mnct m n L R L      (3) 

where, c is the light velocity in air, and tf(m,n) is the front 
surface echo delay caused by mth Tx and nth Rx. It can be 
further converted to: 

 2 2 2 2( , ) 4 4 sin | |f mn m mn mn mc t m n L R L R     (4) 

set 222 ),( mnfmn Lnmtcg  , (5) 

 2( , sin | |)T
m m mE R R  , (6) 

 (4,4 )mn mn mnh L , (7) 

then 
 mn mn mg h E  (8) 

Considering all the echoes generated by mth Tx, we 
get 
 

mmm EHG   (9) 

where: 
 T

mNmmm gggG ),,,( 21  , (10) 

 1 2( , , , )T T T T
m m m mNH h h h  .  (11) 

Accordingly, 
 1( )T T

m m m m mE H H H G . (12) 

That is, from 

 
2

1

2 sin | |
m m

m
m m

e R
E

e R 
  

    
   

 (13) 

we obtain the estimation of the distance R and the 
inclination angle   on mth Tx: 

 1

2 1

ˆ

ˆ arcsin( / )| |

mm

m mm

eR

e e

  
   
     

. (14) 

By performing the same processing on the echo data 
of the remaining M – 1 transmitting elements we will get 

 1 2
ˆ ˆ ˆ ˆ( , , , )T

E MR R R R  , (15) 

 1 2
ˆ ˆ ˆ ˆ(| |, | |, , | |)T
E M     . (16) 

Taking the average of elements in vector Ê  as the 

final estimation of ˆ| | : 

 
1

1ˆ ˆ| | | |
M

m
mM

 


  . (17) 

Then, if the left end point of the array is further from the 
wall than the right end point: 

 ˆ ˆ| |   , (18) 

else ˆ ˆ| |  . (19) 

Accordingly, R̂ , which represents the distance be-
tween the array and wall, can be estimated as: 

 
1

ˆ ˆ
M

m m
m

R w R


   (20) 

wherein mw is the weighting coefficient, which depends on 

the geometry of the antenna array. 

3.2 Estimation of d and εr 

It has been proved in Section 2 that mth Tx and nth Rx 
can be equivalent to a virtual element pair for the echo 
paths of the front surface and the rear surface. Denoting the 

virtual element pair as ''nm , with the estimation mR̂  and 

̂  in Section 3.1, the spacing of ''nm  can be expressed as: 

 ̂cosˆ
'' mnnm LL   (21) 

and the distance of ''nm  to the wall ''
ˆ

nmR is: 

 ' '
ˆˆ ˆ 0.5 sin | |m n m mn mnR R L   . (22) 

So that the echo path model of the virtual element pair 
''nm  can be showed as Fig. 3. 

Because ''nm  is parallel to the wall, we have the 
following equation [23]: 

 
2 2 2

2 2 2' '

2 2 2
' ' ' '

ˆˆ cos
0.25 ( , )

ˆˆ ˆcos 4
m n

r d

m n m n

d L
d c t m n

L R





 


 (23) 

where ( , ) ( , ) ( , )d r ft m n t m n t m n  . (24) 
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Fig. 3. The echo path model of a virtual element pair. 

tr(m, n) is the rear surface echo delay caused by mth Tx and 
nth Rx. Then, we get: 

 bAp   (25) 

where: 

 

2

2
''

22
''

22
''

2
'2'1

22
'2'1

22
'2'1

2
'1'1

22
'1'1

22
'1'1

ˆ4ˆcosˆ

ˆcosˆ
1

ˆ4ˆcosˆ

ˆcosˆ
1

ˆ4ˆcosˆ

ˆcosˆ
1








































MNNMNM

NM

RL

L

RL

L

RL

L

A












 (26) 

 
122

1

12

2

2






















p

p

d

d
p r  (27) 

 

2 2

2 2

2 2

1

0.25 (1,1)

0.25 (1, 2)

0.25 ( , )

d

d

d MN

c t

c t
b

c t M N


 
 
 
 
 
  


 (28) 

then: 

 bAAAp TT 1)(  . (29) 

Finally, we can obtain the estimates of the left two environ-
mental parameters:  

 2
ˆ pd  , (30) 

 21 /ˆ ppr  . (31) 

4. Compensation Image Formation 
Based on the Extended Virtual 
Aperture Imaging Model 
Virtual aperture radar, such as MIMO radar using 

multi-elements, greatly improves detection performance. 
Accordingly, the imaging model becomes more compli-

cated, which makes many traditional synthetic aperture 
radar imaging algorithms no longer applicable [24]. Due to 
the absence of any restrictions on the antenna array, the BP 
algorithm is widely used in virtual aperture radar imaging 
systems. We will use the environmental parameters esti-
mated in Section 3 to show the compensation BP algorithm 
for the extended virtual aperture imaging model.  

The BP algorithm replaces phase compensation by 
calculating the exact propagation delay of the target to the 
antenna elements [25]. In traditional through-the-wall BP 
imaging algorithm, the antenna array center is usually set 
as the origin, whereas the array itself is the abscissa. The 
direction perpendicular to the linear MIMO array is the 
ordinate. We name this coordinate system the antenna-
coordinate-system. Correspondingly, the coordinate system 
that sets the front surface of the wall as the horizontal axis 
and the wall perpendicular as the longitudinal axis is called 
the wall-coordinate-system. 

The purpose of TWI is usually to describe targets 
behind the wall. When the targets’ position information is 
relative to the wall, interpretation of targets is easier. 
Therefore, using the wall-coordinate-system to show the 
results of TWI is more suitable. Assuming the array center 
is located in the center on the connection of mth Tx and nth 
Rx, we can obtain the TWI model in the wall-coordinate-
system:  

墙体

mth Tx

nTh Rx

x

y

Front surface

A

B

C

E F

Rear surface
Wall

Air

Air

)ˆ,ˆcos5.0( mmn RL  

ˆ ˆˆ(0.5 cos , sin | |)mn m mn mnL R L   

(x , y)

d̂

mi
ni

(0,0)

 

Fig. 4. TWI model in wall-coordinate-system. 

According to the BP algorithm, the image value I(x,y) 
of a point target (x,y) behind the wall could be calculated as 
follows: 

 
 


M

m

N

n
TEmn nmtsyxI

1 1

)),((),(   (32) 

where, )),(( nmts TEmn represents the sampling at time 

),( nmtTE  in the echo generated by mth Tx and nth Rx. 

),( nmtTE is the propagation delay from the point target to 

mn.  

As shown in Fig. 4, ),( nmtTE can be obtained as: 

 
c

ll
nmt BCAC

TE


),(  (33) 
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lAC is the propagation path from the target to mth Tx, and lBC  
is the propagation path from the target to nth Rx. 

The key to obtaining lAC and lBC is to determine the 
position of refraction points E and F in Fig. 4. Using the 
estimated thickness and dielectric constant of the wall, 
a quartic equation with one unknown quantity can be cre-
ated to obtain the analytical solutions of the refraction point 
according to Snell's law [26] or to search for the location of 
refraction points by the minimum time criteria [27]. Both 
algorithms have high accuracy but costly calculations. 

To avoid calculation resource depletion in solving the 
exact solutions, lAC can be approximated by the expression 
[23]: 

 )cossinˆ(ˆ 2
mimirACAC drl    (34) 

where rAC is the straight-line distance from the target to mth 
Tx, and mi is the incident angle of lAC. mi can be approxi-

mately obtained by:  

 )
ˆ

ˆcos5.0
arctan(

m

mn
mi

Ry

Lx





 . (35) 

Similarly: 

 )cossinˆ(ˆ 2
ninirBCBC drl    (36) 

where rBC is the straight-line distance from the target to nth 
Rx, and ni is the incident angle of BCl . 

In summary, for the point target ),( yx  in the imaging 

scene, set: 

 )cossinˆ(ˆ 2
mimirm dr   , (37) 

 )cossinˆ(ˆ 2
ninirn dr   , (38) 

then the propagation delay in the echo generated by mth Tx 
and nth Rx is calculated as follows: 

 ( , ) AC m BC n
TE

r r r r
t m n

c

     
  (39) 

where  is a scale factor to distinguish the positional rela-

tionship between the point target and the wall: 
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Combining formula (32), the pixel value on (x,y) can 
be obtained. By traversing every point in the imaging scene 
we can achieve the compensated image for the entire scene. 
Compared with conventional algorithms, the computation 
greatly reduces. 

5. FDTD Simulations  
Finite-difference-time-domain (FDTD) simulations 

are conducted to test the performance of our method. The 
MIMO array can be regarded as several associated single-
input multiple-output (SIMO) arrays. To simplify the 
simulating complexity, a SIMO array is set in front of the 
wall: 



 

Fig. 5. The simulating scene. 

It is excited by a Gaussian derivative pulse with 0.6 ns 
width. The white noise is added to the simulating echoes. 
The signal to noise ratio (SNR) is 15 dB. The estimation 
results are shown in Tab. 1 and Tab. 2. 
 

( )   ˆ( )   ˆ (m)R  ˆ(m)d  ˆr  

-5 -5.0708 1.4033 0.2002 4.2121 
-10 -10.0998 1.4034 0.1936 4.5025 
-15 -15.1011 1.4034 0.1915 4.6020 
-25 -25.1440 1.4035 0.1875 4.7965 

True value  1.4000 0.2000 4.5000 

Tab. 1. Estimation results of the simulation data when 
R = 1.4 m. 

 

(m)R  ˆ (m)R  ˆ( )   ˆ(m)d  ˆr  

1 1.0018 -15.1372 0.1994 4.2456 
1.4 1.4034 -15.1011 0.1915 4.6020 
1.8 1.8047 -15.0857 0.1944 4.4645 
2.2 2.2058 -15.0642 0.1862 4.8620 

True value  -15.0000 0.2000 4.5000 

Tab. 2. Estimation results of the simulation data when  
θ = –15°. 

The results are satisfactory. To indicate the benefits of 
our virtual aperture imaging model, an imaging process is 
performed on the simulation data of R = 1.4 m and  
θ = –15°: 
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Fig. 6. BP imaging under the antenna-coordinate-system. 
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Without considering the array position to the wall, 
direct BP imaging has to be performed on the antenna-
coordinate-system, resulting in whole scene bias. To make 
the scene easier to understand, the wall-coordinate-system 

should be built with the environment parameters R̂  and ̂ : 
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Fig. 7. BP imaging under the wall-coordinate-system. 

Then, the defocusing and displacement of the target 
behind the wall can be fixed by the left two environment 

parameters d̂  and ˆ
r : 
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Fig. 8. BP imaging based on the extended virtual aperture 

imaging model. 

Finally, benefiting from the extended virtual aperture 
imaging model, the quality of TWI is successfully 
enhanced. 

6. Measurement Results  
To validate the proposed imaging model and environ-

mental parameter estimation algorithm, we have designed 
a vehicle virtual aperture radar system with 2 transmitting 
elements and 11 receiving elements. The transmitted signal 
is a stepping-frequency signal from 0.5 GHz to 3 GHz, and 
the step frequency is 2 MHz. The experiment scene and 
corresponding layout are shown in Fig. 9 and Fig. 10. 

1st wall front surface

Virtual aperture radar system

 
Fig. 9. The vehicle virtual aperture radar system and experi-

ment scene. 


 

Fig. 10. Experiment layout. 

The antenna array and the 1st wall are center-aligned. 
The distance from the array center to the wall is 11 m, and 
the measured inclination angle is –3.22°. The thickness of 
the 1st wall is 0.28 m, but the dielectric constant is un-
known. In addition, there is a metal bearing in the center of 
the 1st wall, and we will see its shadowing effect in the 
later imaging result. 

The derivation in Section 3 shows that the environ-
mental parameters estimation depends on the echo time 
delay estimation of the front surface and rear surface. For 
the front surface echo, there are only reflections on the air-
wall interface, so the dispersion effect is not serious. There-
fore, by extracting the peak position of the echo processed 
by the matched-filter, we can obtain an effective echo time 
delay estimation of the front surface.  

After the echo time delay estimation of the front sur-
face is finished, we can obtain the relative position of the 

array and the 1st wall by R̂  and ̂ . Using these two envi-
ronmental parameters to build the wall-coordinate-system, 
we can achieve the BP imaging result without compensa-
tion, as shown in Fig. 11. 

R
an

ge
/m

 
Fig. 11. BP imaging result without compensation under the 

wall-coordinate-system. 

In Fig. 11, we obtain a relatively clear image of the 
building’s inner structure. To show the proposed environ-
mental parameters in this paper, we pay close attention to 
the 1st wall and the 2nd wall. By the shielding effect of the 
metal bearing, we find that the 1st wall rear surface and the 



848 YONGPING SONG, TIAN JIN, BIYING LU, JUN HU, ZHIMIN ZHOU, AN EXTENDED VIRTUAL APERTURE IMAGING MODEL… 

2nd wall have suffered different degrees of fault. Then, the 
range position of the 2nd wall front surface under the wall-
coordinate-system should be 4.62 m from Fig. 6. However, 
it is approximately 5.0 m in Fig. 11. That is to say, the 2nd 
wall front surface lags 0.38 m because of the 1st wall. The 
1st wall thickness is 0.28 m; thus, the deduced dielectric 
constant is 5.5561. This value can be used as a reference 
value to assess the final estimation result. 

When estimating the echo time delay of the 1st wall 
rear surface, we have to consider the dispersion effect 
caused by the wall. Dispersion reduces the correlation be-
tween the echo and transmitting signal greatly, and this 
means that we cannot obtain an effective estimation of the 
1st wall rear surface echo time delay from the traditional 
matched-filtering echo [28]. Protiva et al. proposed that the 
echo time-delay can be estimated by subspace decomposi-
tion on the deconvoluted echo data [29]. Based on this idea 
and referencing the frequency domain deconvolution 
methods, which are widely used in ultrasonic detection 
[30], we adopt the frequency domain Wiener inverse filter 
to complete deconvolution of the original echo data. Then, 
the maximum entropy (ME) power spectrum [31] is used to 
estimate the echo time delay of the 1st wall rear surface.  

N
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m
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 A
m
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it

ud
e

 
Fig. 12. Time delay estimation. 

Fig. 12 shows the results of time delay estimation. 
With the help of deconvolution, the 1st wall rear surface 
echo becomes easy to identify in the ME power spectrum. 
Then, from Section 3.2, the wall thickness and dielectric 
constant can be estimated. The whole environmental esti-
mation results are shown in Tab. 3. 
 

 R (m)  (°) d (m) r  

Estimates 10.9256 -3.5409 0.2884 5.2273 
True value 11.0000 -3.22 0.2800 5.5561 

Relative error -0.68% 9.97% 3.00% -5.92% 

Tab. 3. Estimation results of the environmental parameters. 

Finally, we use these environmental parameters to 
obtain the compensation BP imaging for the echo data: 

 

Fig. 13. Compensation BP imaging result. 

The image entropy is commonly used to evaluate the 
image quality [32], and its definition is as follows: 

 






x y

x y

yxI

yxI

H
4

22

|),(|

)|),(|(
. (41) 

Usually, the smaller H is, the better the image quality 
is. Then, we use image entropy to evaluate the image 
with/without compensation, and the results are shown in 
Tab. 4. 
 

 Image without 
compensation 

Image with 
compensation 

Image entropy 12161 9145 

Tab. 4. The comparison of the image entropy in the image 
with/without compensation. 

Combining Fig. 13 and Tab. 4, we find that by the 
compensation of environmental parameters, the position 
deviation of the scene behind the outer wall has been effec-
tively corrected, and the image quality has also improved. 

7. Conclusion 
In this paper, an extended through-the-wall imaging 

model and its associated environmental parameters estima-
tion algorithm are presented for the virtual aperture radar 
system. Because it has no special requirements for the array 
attitude, this imaging model is more suitable for the actual 
situation. Simultaneously, without any extra measurements 
or behind-the-wall dominant scatterers to assist, the envi-
ronmental parameters estimation algorithm is of low com-
putational complexity and easy to implement. The proc-
essing results of the measured data show the improvements 
to the through-the-wall imaging.  

Furthermore, the environmental parameters estimation 
algorithm is tested on a single wall. In fact, it has the poten-
tial to estimate the parameters of multi walls, and this will 
be our future work. 
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Appendix 

We mentioned in Section 2 that the element pair AB, 
which inclines the wall, can be equivalent to a virtual ele-
ment pair '' BA , which parallels the wall. Here, we will 
prove this. Before proving, we reaffirm the relevant defini-
tions and assumptions: 

 mth Tx is located at A, and its distance to the wall is mR . 

 nth Rx is located at B, and the length of AB is mnL . 

 To simplify the proving process, we define that 
1mn    when mth Tx is further than nth Rx from the 

wall. Otherwise, 1mn  .  



 
Fig. 14. The front surface echo path. 

Fig. 14 shows the echo path of the front surface AK, 
and BH is parallel to the wall. K is the intersection of CB’s 
extension line and AK. I is the intersection of BH and AC. P 
is the midpoint of AH, and B1 is the midpoint of BK. 
BJ ⊥ AK. A1 is the intersection of B1P and AI, and Q is the 
intersection of B1P and BJ. CO⊥ B1P. 

∵ reflection law  

∴ | | =| | & | | | |AC KC IC BC  

∴ | | | |AI KB  

∵ P & B1 are the midpoints of AH & BK, respectively. 

∴ PB1 // AK // BH 

∴ A1& Q are the midpoints of AI & BJ, respectively. 

∴ 1 1| | | |AA BB  

Then, we have: 

 1 1| | | | | | | |AC BC A C B C    (42) 

Therefore, AB is equivalent to A1B1 for the length of 
the rear surface echo path. Furthermore: 

 11 BQBAPA  . (43) 

Then, for the isosceles 11CBA  

 1 1| | | | cosmnA B PQ L   , (44) 

 | | 0.5 sin | |m mn mnOC R L   . (45) 


'O

mR

'B
'A

'C

P

J' 'K

'Q

 
Fig. 15. The rear surface echo path. 

Fig. 15 shows the echo path of the rear surface. 'AK  
& BH are parallel to the wall. 'K is the intersection of AK 
and the extension line of FB. G is the intersection of BH 
and AE. 'BJ AK , P& 'B are the midpoints of AH & 

'BK , respectively. 'A  is the intersection of 'B P  and AG, 
and 'Q  is the intersection of 'B P and 'BJ . D is the reflec-

tion point on the rear surface, 'DO BH , and 'C  is the 
intersection point of 'DO  and the front surface. 

∵ reflection law & refraction law 

∴ | | | ' | & | | | |AE K F GE BF   

∴| | | ' |AG BK  

∵P & B’ are the midpoints of AH & 'BK , respectively. 

∴ 'PB // 'A K // BH 

∴ 'A & 'Q are the midpoints of AG & 'BJ , respectively. 

∴| ' | | ' |AA BB  

Then, we have: 

| | | | | | | | | ' | | | | | | ' |AE ED FD BF A E ED FD B F         

  (46) 
Therefore, AB is equivalent to A’B’ for the length of 

the rear surface echo path. Furthermore: 

 BBQAAP  . (47) 

Then, for the isosceles BCA  : 

 | ' ' | | ' | cosmnA B PQ L   , (48) 

 | ' ' | 0.5 sin | |m mn mnO C R L   . (49) 

According to (44) and (45), we get: 
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 11CBABCA  . (50) 

Consequently: 

 1 1| | | | | | | | | ' ' | | ' ' |AC BC A C B C A C B C     . (51) 

So, AB is equivalent to ' 'A B for the length of the 
front surface echo path. 

In summary, for the path length of the echo from front 
and rear surface, mth Tx and nth Rx, whose connection AB 
inclines the wall, can be equivalent to a virtual element 
pair ' 'A B , which parallels the wall. The equivalent spacing 
is cosmnL  , and the equivalent distance to the wall is 

0.5 sin | |mm mnnR L   while 1mn   when mth Tx is fur-

ther than nth Rx away from the wall. Otherwise, 1mn  . 
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