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Abstract. This paper presents a theoretical analysis of
moving reference planes associated with unit cells of non-
reciprocal lossy periodic transmission-line structures
(NRLSPTLSs) by the equivalent bi-characteristic-imped-
ance transmission line (BCITL) model. Applying the
BCITL theory, only the equivalent BCITL parameters
(characteristic impedances for waves propagating in for-
ward and reverse directions and associated complex prop-
agation constants) are of interest. An infinite NRLSPTLS is
considered first by shifting a reference position of unit cells
along TLs of interest. Then, a semi-infinite terminated
NRLSPTLS is investigated in terms of associated load
reflection coefficients. It is found that the equivalent BCITL
characteristic impedances of the original and shifted unit
cells are mathematically related by the bilinear transfor-
mation. In addition, the associated load reflection coeffi-
cients of both unit cells are mathematically related by the
bilinear transformation. However, the equivalent BCITL
complex propagation constants remain unchanged. Nu-
merical results are provided to show the validity of the
proposed theoretical analysis.
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1. Introduction

Reciprocal and nonreciprocal periodic structures of
transmission lines (TLs) have several practical applications
in microwave technology; e.g., microwave filters, slow
wave components, traveling-wave amplifiers, phase shift-
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ers and antennas [1-10]. In general, problems associated
with these periodic structures have been analyzed based on
the Floquet’s theorem [5]. For nonreciprocal periodic
structures, there are several papers discussing about the
analysis and their useful applications in the literature
[6—10]. Recently, the equivalent model based on bi-char-
acteristic-impedance TLs (BCITLs) has been proposed to
conveniently analyze terminated finite reciprocal lossy
periodic TL structures [11]. However, only reciprocal
BCITLs are presented in [11]. To extend the concept for
amore general problem, nonreciprocal lossy periodic TL
structures (NRLSPTLSs) are considered in this paper. In
applying the BCITL model, only the equivalent quantities
associated with each unit cell of NRLSPTLSs are em-
ployed; i.e., equivalent characteristic impedances and asso-
ciated complex propagation constants for waves propagat-
ing in forward and reverse directions.

For the analysis of a unit cell of reciprocal periodic
structures related to moving reference planes, published
papers [12], [13] and book [5] discovered that the propa-
gation wavenumber of the structures is not a function of
the position of the reference plane, and associated charac-
teristic impedances depend on the choice of the reference
position of the unit cell. However, results in [12], [13] are
derived based on Maxwell’s equations via the scattering-
matrix equation and the assumption of reciprocity, which is
unnecessarily complicated. In addition, the finding in [5] is
valid for a specific case only. Furthermore, it is not obvi-
ous, for nonreciprocal periodic structures, how to define
a unit cell properly for convenience in analysis due to asso-
ciated nonreciprocity and possible asymmetry. Therefore,
this paper aims to provide simple and generalized deriva-
tions for a nonreciprocal unit cell of NRLSPTLSs when
a reference position of unit cells is shifted along TLs of
interest, including the relationship between associated
BCITL parameters of the original and shifted unit cells.
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This paper is organized as follows. Section 2 presents
an analysis of infinite NRLSPTLSs based on the equivalent
BCITL model. Semi-infinite NRLSPTLSs are analyzed in
Sec. 3. An example of NRLSPTLSs is shown in Sec. 4 to
show the validity of the proposed solutions. Finally, Sec-
tion 5 provides conclusions.

2. Analysis of Moving Reference
Planes for Infinite NRLSPTLSs

A finite NRLSPTLS of M nonreciprocal lossy unit
cells can be effectively modeled as a BCITL of length Md
as shown in Fig. 1, where d is the length of each unit cell
[14]. Note that V,, and I,, are the phasor voltage and the
phasor current at the terminal of the m™ unit cell (where
m=1, 2, ..., M), respectively. Generally, nonreciprocal
BCITLs possess the complex propagation constants " and
¥ with corresponding complex characteristic impedances
Z, and Z, for waves propagating in forward and reverse
directions, respectively. In this section, an infinite
NRLSPTLS is considered, which can be obtained from
Fig. 1 by letting both ends approach infinity.

Using the transmission (4ABCD) matrix technique and
eigenanalysis, it can be shown rigorously that " and y of
nonreciprocal BCITLs possess two possible solutions each,
as follows [14]:

| | A+D+(4-D) +4BC

- =—In 5 1
ho = > (1)
2
~ 1 A+D+ (A—D) +4BC
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where the subscript “1, 2” indicates the choice of + and —
signs in the solutions, respectively. Note that the total
ABCD parameters of each nonreciprocal unit cell possess
the property of AD—BC#1 [1]. Since, ' and y each
possess two possible solutions, it seems that there are four
possible combined solutions for waves propagating along
the infinite NRLSPTLS for the (forward, reverse) wave.
However, only two valid solutions (31", 757) and (%", 1)
must be chosen for the (forward, reverse) wave [14]. In

addition, Z; of nonreciprocal BCITLs can be expressed in

terms of the total ABCD parameters of each nonreciprocal
unit cell as follows [14]:
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Fig. 1. A finite NRLSPTLS of M unit cells and its equivalent
BCITL model.
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Fig.2. A nonreciprocal unit cell of an infinite NRLSPTLS
obtained by shifting a reference position s along TLs.

solutions are valid; ie., (Z;,,Z;,) and (Zg,,

Z,,). Thus,
two sets of valid solutions of nonreciprocal BCITL param-

eters are given as follows:
(i) (Z5,,7)and (Zg,,y, ) for forward and reverse waves
respectively,
(i) (Z;,,7,) and (Z;,,y,) for forward and reverse

waves, respectively.

To analyze NRLSPTLSs in the context of moving
reference planes of unit cells, an original nonreciprocal unit
cell of length d is initially considered as shown in Fig. 2
(on the left end). In Fig. 2, an infinite NRLSPTLS consists
of two distinct TLs, with the unloaded propagation con-
stants ko and k; and the corresponding characteristic im-
pedances Z, and Z;, loaded with a nonreciprocal lossy
lumped two-port network at the center. It should be pointed
out that the two-port network is dimensionless. The refer-
ence position (s) of the unit cell is shifted along TLs of
interest, where 0 < s < d. Since the structure of NRLSPTLS
for both original and shifted cases are identical, 7' and y
are expected to remain unchanged. To clarify this, let us
consider Fig. 2, where the original unit cell can be consid-
ered as being composed of a cascade of two two-port net-
works possessing the transmission matrices [T,] and [T,].
In addition, a shifted unit cell is composed of a cascade of
two two-port networks possessing the transmission matri-
ces [T,] and [T,], where

[T,-]{gf ﬂ, 5)
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for i=1 and 2. In (5), 4;, B;, C;, and D, are the ABCD (73] ,nl [T]
parameters associated with [T;]. Note that the total : ‘jr : -
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where the subscripts o and s in this paper are associated
with the original and shifted unit cells, respectively. From
(6) and (7), it can be shown that both cases provide the
same 7" and y , computed using (1) and (2), as
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where
W=A44,+BC,+CB,+DD,,
X =(44,) +(BG,) +(CB,) +(DD,), and
Y =2[ 4,4,(B,C, +C,B, - D,D,)-B,C,B,C,
+D\D, (B,C, +C,B,)+2(4D,B,C, + BC,D,4,)].

However, it can be shown using (3), (4), (6) and (7)
that the equivalent characteristic impedances of the original

and shifted unit cells are different (Z7,,,, # Z; ., ) de-
pending on the reference position, where Z;, , and

Zy 12, are equivalent characteristic impedances of the
original and shifted unit cells, respectively. In addition, it is
found that Z;,, , and Z;,, ., as well as Z;, , and

Zy a2 are mathematically related by the following bi-
linear transformation [15]:

.
B aZy 2. th
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with ad,—bc#0 and ad,—bc, #0 in general, where
b=b,=0and

a=-a, =-BA,-DB,, (12)
c=¢ =CB,-BC,, (13)
dy=-d, =—AB,-BD,. (14)

In (10) and (11), it should be pointed out that the equi-
valent characteristic impedances of the original unit cell

NRLSPTLS terminated in a load impedance.

Z

due to the cascading property of the transmission matrix.

0.2, Femain unchanged when moving reference planes

Thus, once Zoi,(,,z)‘o are known, only simple parameters in
(12)-(14) are computed as moving reference planes. This is
an advantages of using (10) and (11) in computing Zoi’(l‘z),S

instead of (3) and (4) when studying effects of moving
reference planes.

3. Analysis of Moving Reference
Planes for Semi-Infinite Terminated
NRLSPTLSs

Consider a semi-infinite NRLSPTLS, terminated in
aload impedance Z;, as shown in Fig. 3, where M ap-
proaches infinity. At the terminal of a nonreciprocal unit
cell in Fig. 3, the load reflection coefficients of the original
and shifted unit cells are mathematically defined in terms
of associated load impedances as (15) and (16), respec-
tively [14]:

_ 4 _
r _ ZL,UZO,(z,l),U - Zo,(l,z),ozo,(Z,l),o 15
L,(12),0 — 7 7 + 7" 7- s ( )
L,0770,(1,2),0 0,(1,2),070,(2,1),0
_ . _
r _ ZL,sZO,(Z,l),s - ZO,(I,Z),SZO,(2,1),S (16)
L(1,2),s — T T -
ZL,s ZO,(I‘Z),S + ZO,(],Z),s ZO,(Z,I),s

where Z; , and Z; ; are the load impedances seen at the end

terminal of the original and shifted unit cells, respectively.

In Fig. 3, Z, , is equal to Z;. Using the transmission matrix

technique, it can be shown that Z; , and Z; ; are also math-

ematically related by the bilinear transformation as follows:
Z, ,+B,

=l 2 17
CZZL,O +D2 ( )

L,s

with 4,D, — B,C, #0 in general. It can be shown that
[ 2, and ', are finally related by the bilinear

transformation due to the bilinear transformation relation-
ships between I'; ,, , and Zi,, [}, and Z; , as well as
Z1, and Z g, as follows:

r _ aZ]‘—‘L,(]‘Z)‘o ""bz
L(12)s —

(18)

b
CZFL,(l,z),o +d,

with ayd, — byc, # 0 in general, where



94

S. LAMULTREE, P. AKKARAEKTHALIN, D. TORRUNGRUENG, THEORETICAL ANALYSIS OF MOVING REFERENCE PLANES ...

_ 7 + + -
a2 - ZO,(Z,I),S {BZZO,(I,Z),O - AZZO,(I,Z),OZO,(Z,I),U

X ) . ) . . (19)
+ ZO,(I,Z),SZO,(Z,I),S (CZZO,(I,Z),DZO,(Z,I),O - DZZO,(I,Z),U )}

7-

0,(2,1),0

+ DZZ(;,(Z,l),o )}

+ 4,7,

0,(1,2),0

bz = _Z(;,(Z,l),s {BZZ(;,(Z,I),O

+ZF

»(20)
_ + _
0,(1,2),s ZO,(Z,I),S (CZ ZO,(I,Z),OZO,(Z,l),o

A7

0,(1,2),02(;,(2,1),0

(DZZ(;,(I,Z),O

+ +
G = Zo,(l,z),s {Bzzo,(l,z),o

Z(;,(Z,l),s

+ZF

0,(1,2),s

" a
- szo,(l,Z),oZO,(z,l),o )

» (21)
}

7-

0,(2,1),0
+ DZZ(;,(Z,l),o )}

In (18), it should be pointed out that the load reflection
coefficient of the original unit cell I'y ), also remains
unchanged when moving reference planes because Z% 20

and Z , in (15) remain unchanged as discussed at the end
of Sec. 2.

+ - +
dz = _Zo,a,z),s {Bzzo,a,l),o + AZZO,(I,Z),U

.(22)
- ZO,(Z,I),SZO,(I,Z),S (CZZO,(I,Z),OZ
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4. An Example of NRLSPTLSs

Consider an example of NRLSPTLSs implemented by
a standard TL periodically loaded by a nonreciprocal mi-
crowave transistor as shown in Fig. 3. For this example, the
bipolar junction transistor (BJT), Motorola MRF962 is
selected to replace the nonreciprocal lossy lumped two-port
network in Fig. 3. Only the operating frequency of
1.5 GHz is considered in this paper, where the circuit pa-
rameters of the transistor are given as follows [16]: the
collector-emitter voltage Vcg= 10V, the collector current
I.=10 mA and the S parameters in the Z; system with
S11=0.77£168°, S1,=0.0852£31°, S, =1.72/55° and
S5 =0.31£-104°. The transistor is periodically loaded on
the identical standard TL with the propagation constant k&
(ko=fky=k). It is assumed that the phase velocity of wave
propagating along the standard TL is equal to 3 x 10%m/s.
The length of TL d of the unit cell is 6 cm, and its charac-
teristic impedance is 50 Q. This NRLSPTLS is terminated
in a 50 Q-load impedance. In the example, it is assumed
that each nonreciprocal unit cell is linear for the range of
input voltages and currents of interest.

Using the standard formulas (3), (4) and the proposed
bilinear-transformation formulas of (10)—(14), the equiva-
lent BCITL characteristic impedances can be readily com-
puted. Figure 4 shows the plot of the magnitude and the
argument of Zio,(l,z) versus s/d. Note that J 12and ¢, are
the arguments of Z' 002 and Z 7 ,), respectively. It is
found that Z* 5 are different when varying s/d as ex-
pected. The magnitudes of Zto,(l,z) can be varied signifi-
cantly when moving reference planes as shown in Fig. 4(a)
and (b). In addition, the arguments of Zio,(l,z) are different
as expected since the considered unit cell is unsymmetrical
as shown in Fig. 4(c) and (d). It is also observed that

300
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Z¢0,<1,2) are discontinuous at s/d = 0.5 due to the presence of
the transistor. When s/d=0 and s/d=1, all considered
parameters are identical as expected because the shifted
unit cell becomes the original unit cell again. Using either
standard or proposed formulas, they provide the identical
equivalent BCITL characteristic impedances. However, the
proposed formulas provide more useful information of the
relationship between equivalent BCITL characteristic
impedances of the original and shifted unit cells.

Note that two sets of valid solutions of the equivalent
BCITL complex propagation constants of unit cells of the
example ((', ) and (', 1)) remain unchanged as
moving reference planes as expected, specifically
7 =(-5.94+j16.62) m ", 7 =(44.19+i23.61)m ",
»'=(-44.19 -j23.61)m ", and y; =(5.94 —j16.62) m .

Similarly, using the standard formula (16) and the
proposed bilinear-transformation formulas of (18)—(22),
the load reflection coefficient of the shifted unit cell can be
readily computed. It is found that both approaches provide
identical results, but the proposed formulas provide the
relationship between the load reflection coefficients of the
original and shifted unit cells.

5. Conclusions

Moving reference planes of nonreciprocal unit cells of
NRLSPTLSs are analyzed in this paper using the equiva-
lent BCITL model. In the analysis, both standard and pro-
posed formulas are used. It is found that both approaches
provide identical results. However, the proposed formulas
provide more insight about the relationship between asso-
ciated BCITL parameters of the original and shifted unit
cells. Interestingly, the equivalent BCITL characteristic
impedances of the original and shifted unit cells are math-
ematically related by the bilinear transformation, as well as
the associated load reflection coefficients of the original
and shifted unit cells. In addition, the equivalent BCITL
complex propagation constants remain unchanged for both
unit cells as expected.
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