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Abstract. The aim of this paper is to demonstrate the ap-
plication of Unequally Spaced Arrays (USAs) in decreas-
ing side lobe level (SLL) in linear arrays. As well known,
solving of a nonlinear equation is needed in USA antenna
pattern synthesis. In this paper, an improved algorithm for
USA antenna pattern synthesis is presented. This method is
based on converting the array factor into a triangular
system of equations capable to be solved using a recursive
algorithm. This method has more accuracy and speed than
reported similar analytical methods based on simulation
results, which leads to lower SLL and simulation time. In
addition, an improvement of 3dB beamwidth in comparison
with uniform spaced array can be observed.
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1. Introduction

Uniformly spaced array antenna synthesis techniques
have been deeply investigated in past decades. Traditional
synthesis techniques such as Dolph-Chebyshev [1], Taylor
[2], and Fourier transform, can lead to design of a desired
pattern. These synthesis procedures change the phase and
magnitude of elements current to reduce the side lobe level
(SLL). However, the amplitude/phase distribution can
complicate the designing of the array antenna feed net-
work. In addition, it cannot optimize the use of all elements
in terms of maximum power. Non-uniformly spaced array
antenna can solve this issue. This kind of array antenna has
also other significant advantages such as smaller size and
reduced number of elements. As a result, non-uniformly
spaced array antennas are widely used in radar, sonar, and
wireless communications.

Variety of numerical and analytical methods [7-20]
have been introduced for unequally spaced array (USA)
pattern synthesis. The first work on USA pattern synthesis
was performed by Unz [3] by using a matrix formulation to
obtain the distribution of elements current of an USA to
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form a desired pattern. Then, Harrington [4] presented
amethod for reducing SLL using non-uniform element
spacing and showed that SLL can be reduced to the level of
2/N™ of the main lobe level. In [5], Ishimaru used Pois-
son’s formula to reduce SLL in comparison with a linear
array with uniform amplitude distribution. Miller and
Goodman [6] proposed a simple and non-iterative method
for USA pattern synthesis using Prony’s method. In [7],
[8], Kumar proposed a recursive algorithm for USA pattern
synthesis based on Legendre conversion.

On the other side, stochastic methods such as Genetic
Algorithm (GA) [11], Particle Swarm Optimization (PSO)
and Differential Evolution Algorithm (DEA) [10] have
been recently used in pattern synthesis. However, these
optimization methods require large CPU time, which
further increases with the increment of array element
numbers.

In USA pattern synthesis, analytical methods are
affordable in time because of the non-iterative property. In
this paper, an analytical method for pattern synthesis of
unequally spaced arrays is proposed. It is an enhanced
version of the method described in [7], in terms of higher
precision and speed. Compared with the method in [7],
which is used for odd number of elements, the method
presented in this paper with some modification, can be
used also for even number of elements.

2. Theory

The geometry of a (2N + 1) element non-uniform
linear array is shown in Fig. 1, where /; and d; state respec-
tively for the element position and current.

Fig. 1. Geometry of a symmetrical non-uniform linear array.
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This paper proposes a new synthesis pattern approach
that adjusts the element position in a linear array with
a uniform current distribution, in order to quickly and ac-
curately improve the radiation characteristics such as lower
peak side lobe level (PSLL). This method can indeed de-
termine the element positions of the array in order to fit the
array pattern to a pre-specified array pattern. The desired
array pattern is defined as where, -1 <u <1 and u = cosé),
0 < @<« radians. As known, the array pattern of a sym-
metric array with (2N + 1) elements is defined as:

E(u) = i[n cos (kd,,u) . (1)
n=0

By sampling the above relation with a sampling space
Au=1/(M— 1), we obtain:

E(u,)= i[n cos(mp,) 2)

n=0
where u,,=m Au and £,= kd, Au.

Because of the symmetry of the pattern in the u space
this sampling is performed in 0<u<1 interval or
m=0,1,2,3,..., N.The element position must be chosen in
such a way where:

E(u,)=Eq(u,) (€))
or

N
Ey(u,)= 1,cos(mpB,), m=0,1,23,..M—1 (4)
n=0

where E4(u) is the desired pattern.

Relation (1) is a nonlinear equation. To solve it, both
sides of (4) are multiplied by a matrix A defined as:

A(a)=[a,(a) a,(a) a)(Q) .....ay ()] %)
leading to
M-1 N-1 M-l
D a, (@) Eg(u,) =1, a,(a)cos(mB,d) (6)
m=0 n=o0 m=0

The values of a,, () coefficients are selected as:

M-

fa.p)= 2 a,(a)cos(mp) )
m=0

where [7]
2
- 0< p<a
S (@, B) =1 (cos() — cos(a)) (8)
0 alp<rx

Also, by expressing the left side of (6) as:

M-1

Fa,)= ) a,(a,)Eyu,). ©9)
m=0

This later can be simplified to:

N
Fla,)=Y1,f(a,.3,). (10)
n=0

In [7], Legendre coefficients p,, ¢s(cos) are used in-
stead of a,(a) in (7), which are the Fourier series coeffi-
cients of f{a, /). But in this paper the values of a,, coeffi-
cients are obtained by minimizing the error term stated
below:

M-1 M-1
error="Y_ [f(a,8)- Y. a,(a)cos(mB)]’,
i=0

m=0 (11)
T
=iAB,AB =
Bi=iAB,AB V1
which leads to
M-1
fla, )= a,(@)cos(mpB)=0, i=0,1,...M-1.(12)
m=0

In fact, the left hand side of (7) is considered to be
equal to the right hand side in S points, which
i=0,1,.,M-1.

After some manipulations, equation (12) can be stated
as a matrix equation as below:

BxA(a)=F. (13)
Therefore, matrix A(@) can be obtained as:
A(a)=B'xF (14)

which leads to obtain the values of @,,(«). In order to avoid
misunderstanding, in continue, instead of a,(a) which
derived from (14), we use a,, (a) .

In (14), the matrices B and F are defined as below:

|1 cos(B,,) cos(2py, ).

and

[ f(@p) ]
/(@)
f(a.p,)

f(aaﬁM—l)

1 I L 1
1 cos(B) cos(2f)........ cos((M -1)f3))
1 cos(fB,) cos(2,)....... cos((M -1)f3,)

cos((M -1, |

The value of « is defined as:

a, =ﬁp +Vp

15)
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in which the value of V), is defined such that:

a,< B (16)
From (9) and (14), we obtain:
P

Fla,)=>.1,f(a,.pB,) a7)
n=0

which can be reformatted as:

F(ao)zlo f(ao,ﬂo)
F(a) =1y f(a,, )+ 1, f(, 8)
...... (18)

p-1
Fla,)=Y1, f(a,.8)+1, f(a,.5,)

n=0

The locations of the array elements for a defined cur-
rent distribution can be then obtained from the above
equation using a recursive algorithm. In the proposed algo-
rithm, the distance between elements was selected as:

0.54<d,~d,  <0.54+A(p), p=12..N (19)

where A(p) is the variable space broadening factor for the
p™ element. The lower limit of (17) is able to prevent mu-
tual coupling effects and the upper limit is determined in
order to prevent from grating lobes. It is noted that in com-
parison with [7] which used a constant value for A(p), in
this paper we obtained an optimized value for each value
of A(p). Let us define some parameters such as:

dy, the place of the first element, assumed to be zero, which
leads to =0,

Iy, the normalized value of the first element current as:

I, = % (20)
a such as:
a, =k(d, +§) Au Q1)
and
a,=k(d,, +§+ A(p)) Au . (22)

Before starting the algorithm, the initial values of all
A(p) are considered to be equal with A, where A is a con-
stant space broadening factor to be specified by the user.
Then the values of A(p) should be optimized in order to
minimize PSLL. This algorithm includes N steps. In the n™
step, the optimized value of A(n) is obtained and the other
values of A(p), p # n are considered as below:

Forp>n, A(p)=A.

For p <n, A(p) is equal to the optimized value obtained in
previous steps.

In order to get the optimized value of A(n), the value
of A(n) varies from 0 to 0.54 with 0.014 step size. For each

value of A(n), by utilizing the following procedure, a set of
element positions (d,,d,,...,d, ) can be obtained.

Assuming fy= 0, the values of g, for p = 1,2,3,...,N,
are calculated as [7]:

B, =cos”\(g(a,)),

217
P ~+cos(a,). (23)

p-1
F(ap)_ zlnj.(apaﬂn):|
n=0

gla,)=

Thus,
dp =ﬂp [ (kAu) .

For each value of d, from (23), the conditions below
should be applied.

e Ifd,is a complex number, d,=d, + 0.54.
e Ifd,is larger than a, d,=d, |+ 0.54.

e If the element spacing between d, and d, ; is less than
0.54,d,=d, + 0.5

Then, utilizing the obtained set of element positions
from above procedure and using (1), the array pattern and
PSLL of the related set of positions can be acquired. There-
fore, in the n™ step, for each value of A(n), there is a re-
lated value of PSLL. The optimized value of A(n) is the
one which has the minimum related value of PSLL. This
selected value of A(n) should be used for the (n + 1)™ step.

In order to apply the mentioned method to an array of
even number of elements (2N), ¢ and d,, should be se-
lected as:

ay = k(A +§) Au, dy=0254 . 24)

In the above equation, A, is called the initial space
broadening factor and its value is changed from 0 to 4. In
this way, Ag and A should be initially defined by users.

3. Numerical Results

In this section, the presented method is demonstrated
through examples. In all these examples, it is assumed that
the current distribution amplitude is uniform and unequally
spacing is used in order to decrease SLL. The desired pat-
tern to design an unequally spaced array with ¢ elements is
defined as:

E, () 1 0<uc<u, (25)
u =
d E i u, <u<l

The value of E;, is typically selected as 1 x 107>, It is
shown that this value should be decreased with the element
number increment. u,, is equal to the place of the first
pattern null of an equally spaced array with the same
number of elements g.
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As mentioned before, the proposed method in this
paper is more accurate vs. similar existing methods [7]. It
is noted that the right hand side of (7) is an estimation of
e, P) function defined in (8). Using the a;, () coefficients

and also the Legendre coefficients p,, os(cose) [7], instead
of a,(a) in the right hand side of (7), two approximate
function can be obtained to estimate the function fla,f)
defined in (8). In Fig. 2, these two approximate functions
and f{e, f) in (8) are plotted for M = 107 and « = 1. As can
be seen, the g, (a) coefficients can better estimate f{o, f)

than the Legendre coefficients. Another advantage of this
method is its speediness since the a,,(«) coefficients can

be determined faster than p,, ¢ s(cosa). The reason is that in
[7], it is needed to calculate the integral operation for M
times to get the values of the Legendre coefficients:

[2%

1 2
poasteos)=L |

0 (cos(B) —cos(ar))"?

dg (26)

but in our proposed algorithm, it is needed just to obtain
the reverse of matrix B which is an M x M matrix. This
speediness makes the proposed approach more suitable for
arrays with large number of elements. For example, the
comparison of measured simulation time in both cases,
shows that a/,(a) coefficients can be determined 37 times

faster than p,, ¢s(cosa) for M = 107 and a = 1.

To validate the proposed synthesis method, a linear
unequally spaced array of 39 elements was evaluated. In its
pattern, shown in Fig. 3, the SLL has been decreased by
8.15 dB in comparison with a uniform array with the same
number of elements. In addition, this value was improved
by 1.75 dB while compared to the one obtained by the
method described in [7]. Also as can be seen, the beam-
width is narrower than the case with uniform space. The
3-dB beamwidth of the uniform and non-uniform arrays
are 2.52° and 2.25° respectively. In this algorithm, the
values of A and M were set to 0.334 and 107, respectively.
The obtained elements positions are reported in Tab. 1. As
can be inferred from (23), in order to obtain the value of
element positions (dy, di,..., dy), we need to calculate the
value of F(¢,) function with using (9) and then calculating
the values of a,(a). As mentioned previously, since the
a, () coefficients can be determined faster than

Pmos(cosa), therefore, using a;,(a) instead of p,, s(cosa)

makes our proposed method faster than the Legendre
method. For the linear unequally spaced array of 39 ele-
ments discussed above, with A =0.334 and M = 107, the
measured simulation time shows that for this case, the
simulation speed of our proposed method is 79 time faster
in comparison with the Legendre method. Table 2 provided
information about the simulation time of the proposed
method and Legendre method, respectively, for different
number of elements. In this case, the values of A and M
were considered to be 0.44 and 120. According to the data
shown in Tab. 2, it can be deduced, with increasing the
number of elements the simulation time of the proposed
method increases with a slower rate in comparison with

Legendre method. As a result, the proposed method is
an appropriate analytical method for synthesis of large une-
qually spaced array.

20

—Proposed method
= ~f(a,f)
— Legendre method | |

f(a, )

30 . . . |
0 0.5 1 1.5 2 25 3

B

Fig. 2. Estimation of f{a,f) function using the proposed
method and Legendre method [7].
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Fig. 3. Synthesized pattern of a 39 elements nonuniform
array.
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Fig. 4. Synthesized pattern of a 200 elements nonuniform
array.

Element | Element | Element | Element | Element | Element
number | position | number | position | number | position
p d,/ A p d,/ A p d,/ A
1 0.5 8 4.00 15 8.63
2 1.0 9 4.52 16 9.46
3 1.5 10 5.12 17 10.41
4 2.0 11 5.71 18 11.32
5 2.5 12 6.40 19 12.12
6 3.0 13 7.12
7 3.5 14 7.87

Tab. 1. Element position for 39 elements array.
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2N+1
element Simulation time (seconds)

array
N Proposed Method Legendre Method
9 19.5 1052
14 50.2 3295.7
19 86.5 6644.5
24 139.0 11837

Tab. 2. Simulation time of the proposed method and Legendre
method for different number of array elements.

Element | Element | Element | Element | Element | Element

number | position | number | position number | position
p d,/ A p d,/ A p d,/ A
1 0.2500 35 17.6657 69 39.2361
2 0.7500 36 18.1657 70 39.9993
3 1.3000 37 18.6657 71 40.7753
4 1.9516 38 19.1657 72 41.5557
5 2.5571 39 19.7145 73 42.3460
6 3.1529 40 20.2219 74 43.1430
7 3.6657 41 20.7825 75 43.9469
8 4.1657 42 21.3521 76 44.7617
9 4.6657 43 21.9279 77 45.5825
10 5.1657 44 22.5179 78 46.4118
11 5.6657 45 23.1082 79 47.2480
12 6.1657 46 23.7168 80 48.0910
13 6.6657 47 24.2958 81 48.8706
14 7.1657 48 24.9018 82 49.7688
15 7.6657 49 25.5218 83 50.6699
16 8.1657 50 26.1451 84 51.5754
17 8.6657 51 26.7853 85 52.4859
18 9.1657 52 27.4052 86 53.4023
19 9.6657 53 28.0433 87 54.3240
20 10.1657 54 28.6978 88 55.2507
21 10.6657 55 29.3386 89 56.1823
22 11.1657 56 29.9970 90 57.1186
23 11.6657 57 30.6702 91 58.0594
24 12.1657 58 31.3342 92 59.0043
25 12.6657 59 32.0142 93 59.9532
26 13.1657 60 32.7085 94 60.9062
27 13.6657 61 33.3974 95 61.8625
28 14.1657 62 34.1000 96 62.8219
29 14.6657 63 34.8174 97 63.7842
30 15.1657 64 35.5323 98 64.7491
31 15.6657 65 36.2583 99 65.7165
32 16.1657 66 36.9881 100 66.6862
33 16.6657 67 37.7323
34 17.1657 68 38.4785

Tab. 3. Element position for 200 elements array.

To further demonstrate the proposed approach,
alarger array with 200 elements (even number) was
studied. The values of A, A, and M are 0.064, 0.461, and
237, respectively. As shown in Fig. 4, the PSLL is equal to
-21.9 dB, i.e., an improvement of 8.64 dB in comparison
with a uniform array with the same number of elements. In
addition, the 3-dB beamwidth is 0.4140° which has de-
creased in comparison with 0.5040° beamwidth of the
uniform array. The synthesized elements positions are
presented in Tab. 3. Also in this case, as can be expected,
the simulation time has been decreased to 1/89 of its value
in comparison with the method using p,, ¢s(cosa) instead
of a,,(@) coefficients.

4. Conclusion

In this paper, a fast and accurate analytic method for
synthesizing of unequally spaced arrays with uniform am-
plitude distribution was proposed. It can be implemented in
arrays with both even and odd number of elements. This
approach allows obtaining a radiation pattern with a nar-
row beamwidth and lowest PSLL value. The simulation
results show a significant reduction of simulation time. In
fact, the obtained results demonstrated its strong ability to
design low side lobe level phased array antennas with une-
qually spaced elements.
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