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Abstract

This paper presents the multichannel
sampling of a continuous-time signal with
division of its frequency band info a few
sub-bands. It deals with the combination of
this  sampling  method and  spline
interpolation with the aim of utilizing their
advantageous properties,i.e. low sampling
Jfrequency of the multichannel sampling and
small error in the spline interpolation series.
On the basis of the derived multichannel .
interpolation series by using of the spline
Sfunctions, the simulation of two and three
channel interpolation of the discrete signals

was done. )
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1. Introduction

Digital processing [8] of signals usually represents a
complicated process with a large quantity of data. In
connection with this there are high requirments for the
transmission rate as well as data memory. Digital ceding
of signails can reduce these requirements by using suitable
methods for sampling and interpolation which are the
basic operations in the general coding/decoding model of
signals, Effective methods of sampling and interpolation
allow us to increase the data compression. An adaptive
form of sampling may change the sampling interval with
time according to the frequency characteristic of the
signal, resulting in a reduction of the average sampling
rate. While coding a signal with a high cut-off frequency it
is advantageous to carry out multichannel sampling. In
this case the sampling frequency in each separate channel
is v-times smaller than Nyquist's frequency for the classical
sampling, where v is the number of channels. Sampling of
the multidimensional signal in general uses various
unorthogonal sampling lattices which allow a reduction in
the number of samples, etc.

2. Multichannel sampling of
continuous signal

Multichannel sampling [lto3] is one of the
generalizations of classical sampling. It allows to present
of a deterministic signal that is bandlimited by using the
samples of the separate chnnels with the sampling
frequency v-times smaller than Nyquist's frequency fo for
classical sampling.
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Multichannel sampling and interpolation,
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The block scheme of the multichannel sampling and
interpolation is shown in Fig.1. The input continuous
signal xt) is supplied to the analysis filters, while their
output signals x(f) are sampled according to the sequence
of the Dirac impulses &(r—»7). The multichannel
sampling theorem expresses that the signal x(r), which is
bandlimited on the interval <-w,, w,> , is exactly
determined by the samples xx(n7) of the output signals
xi{f) of the analysis filters with the common input signal
x(t). The sampling pericd 7=v. 7y and the sampling
frequency in the separate channels is given by

1 _f
f_V'T()ﬁv (I)

where the Nyquist s frequency fo = 2fm with the cut-off
frequency of the input signal /.

The block scheme of the multichannel sampling and
interpolation (Fig.1) contains the analysis and synthesis
filters with the frequency responses Gi(w) and /i (w),
respectively. An interpolation of the discrete signals xy (/)
is caried out in the synthesis filters and their output signals
x4(f) are finally added in the sumator to reconstruct the
continuous output signal x(f}. If the frequency responses
Gi(w), k=1,.v of the analysis filters are not ideal
bandlimited functions, then the sampling of the signals
xi(f} on the outputs of the analysis filters with the
sampling frequency /= /T = I/v.Tq results in overlapping
of the components of the spectrum Y 3(m) of the discrete
signal x;{f). In general for the perfect reconstructed
continuous signal, i.e. x(f) = x(f), we calculate ff4(w) for
the choosen (Gx(w) and the v channels from the following
set of equations in a matrix [4],[5] where @, = 2r/T, while
in brackets there valid positive or negative sings for
—,, <0< 0and 0 €< O, respectively,

[ e Gyt Go(w) Ao T

E G (0t 0g) Gt wy) Gu(wt wa) Hz(m) [

‘L Gyt v-1xgl Gilot-Nog ... Gyoiir-1)w B, {w) 0
(2)

A qualitatively  diffrent  situation,ie.  without
overlapping of the components of the spectrum X x(@), will
occur, if the analysis filters are ideal. Consider that the
frequency band of the input signal will be divided into
v equal sub-bands by using the ideal analysis filters with
the zero phase frequency responses. Then perfect
reconstructed output continuous signal will be

3

#(0)= X xi(nDSHa(t — m)] +xx (n1) 2Si(2m(ft - m))-

pm—

=Si(n(ft — m)]) + 23D [3SH3In{ft — n)) - 2Si2nffi — m)H
v A 2 DSV — 1) — (v — DSiv = Dt —n))]  (3)

The multichannel interpolation according to equation
(3) has the following disadvantages:

1. There is an interpolation error caused by its cutting, i.e.
by adding the finite number of multichannel
interpolation series members, from which the
reconstructed continuous signal is calculated.

2. Due to the slow fall down of the interpolation functions,
it is necessary to consider, in a given moment, a large
number of samples, to get a more precise interpolation,

3. Interpolation functions can only be calculated
approximately and they are not very suitable for fast
calculations, as they do not use arithmetic operations.

3. System of mirror filters

For the multichannel sampling with dividing of the
frequency band of the input signal into sub-bands so far we
consider the ideal filters. While utilizing the real filters,
which have the fluent crossing of the amplitude response
from the passband to the stopband, there will be always
overlapping of the components of each spectrum X, ;(m).

For the number of channels v = 2 we shall propose such
a combination of the real analysis and synthesis filters, that
the overlapping parts of the spectrum Xy(w) will be
supressed and the reconstructed continuous output signal
will be delayed when compared to the input signal. Let the
frequency response of the low-pass filter

T 1(0) = G1(w) (D = G () e 72N @
where ¢ is time delay of the one, and

@1(On/2) :—%rI <- (5)

is valid. We considere the low-pass filter in the first
channel with linear-phase response (Fig 2b) and with
amplitude response (Fig.2a), which has falling character in
the crossing band with width of 2A® , to be supposed, that
Awm is much smaller than w,,/2.

a . —_———
SR A3 ;

Fig2
a) Amplitude response G, (w),
b) Phase response @, {w}.
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Because the frequency band of the input continuous
signal is from the upper side limited by cutt-off circle
frequency m,,, in the second channel! the analysis filter can
be the high-pass one considered as follows

() = G(0) (@ = G () e o2 (6)
{w)
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Fig.3

a) Amplitude response G(m),
b} Phase response ¢.(w).

The amplitude and phase response are in Fig.3. The
amplitude responses are choosen in such a way, that for
© E < —Wy, Wy 15 valid

Gl (m)+G (=1 N

This feature is for @ > 0 illustrated in the Fig.4.
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Fig.4
Feature of the mirror fitters.

The frequency responses of the synthesis filters can be
calculated from the set of the eq.{2), where the right side of
the first equation will be T¢~*  After substitution of the
eq.{(4),(6) into the matrix of the analysis filters we can
write it down for w << 0,m, as follows

B(w) = Gy e Ga() 1o
o Gi(m— wy) e ¥ Gy (w— @) g ool gm?

(8)

The frequency responses of the synthesis filters can be
calculated from the equation

i | _ o Te %
{ﬁz(m} =z (m)[ 0 } )

from which we are getting
Hi(w) = TG (0)e ™ = TG {0 1o
Ha(w) = TG @)e 7™ =-TG, () (n

if we choose f.=2f,. For the interval @ €< -0y, 0> the
validity of eq.(10) and (11) can also be proved. If G, (w)
and G,(w) are given by the eq.(4) and (6), respectively,
while eq.(7) is valid for ® e<—0pn, 0, , we are talking
about so called mirror filters, when the synthesis filters will
have the same character as the analysis filters in the
separate channels. The resulting system behaves as an
ideal delaying network and its response will be

R(w) = X(w)/X(w) = % El G F (o (12)
ie x(f)=x({—1ip).
H:(w}
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Fig.5
Amplitude response H(w) = H;{w) +H’ ; (&.

Further we will show the impulse response of the
nonideal low-pass filter with the amplitude response
acording to Fig.5 where

Ufe , o] < ©p/2

= 13
Hi(w)y={ 0 . | > o2 (13)
; W=l | 1 W
Ho(@)=1 —n Y /2 < faf <(1+2)3
0 otherwise

)

(14)
for A e (0,1). The resulting impulse response will be
B (6 = (2 + M2 Sil 0,42 + M)A Si(w,tA/4)  (15)

From eq.(15) it is apparent, that for values of A close
to zero, the impulse response 4;(f) will only be slightly
different from the impulse response i1(f) = Si{w,42) on
the time interval of the main lobe of the function
Si(mtA/4), For A=0

B () = hi(t) = Si(fuh) (16)

Analogicaly, we could investigate the impulse response
of a nonideal high-pass or band-pass filter. It is possible to
come to the similar conclusions as for the nonideal
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low-pass fiiter. At the basis of the made analysis we can
see that the impulse responses of the mirror filters will be
the modified functions Si(ntff), for the low-pass and
band-pass ones.

4. Principle of the multichannel
spline interpolation

It can be seen from the eq.(3), that the multichannel
interpolation with dividing of the frequency band of the
input signal uses the interpolation functions which are
linear combinations of the functions Si(#) for separate
channels and they can be expressed in the form

halt) = kSi(le) — (- DSil(k— DnA],  k=1,..,v

(1n

With the aim of cancelling the above stated
disadvantages and to reach a reduction in the number of
relevant samples in separate channels, we will make a
replacement of these interpolation functions with the
optimal spline functions ¢p1,.....ps(f), which can be
expressed as follows [6].[7],

x—1 _

(18)

s=1,23,..,
s=2,3.4, ..,

2y,

=r+i—-1, [ 2i<s
251, bi

(9

and B,(f} are basic spline functions defined by the
gxprassion

B,.(1)= % jSi(%)’”cos tudu =
Q

S O AV -1
Eo 1) N (;—Itl—n) , |t s mi2

={ ahi
0 , |t zm2
(20)

where m > 2 and Gaussian brackets [(m/2) - {¢|] denote the
largest integer smaller or equal as ((m/2)— |t]).

Replacement of the original interpolation functions
{eq.(17)} by the optimal spline functions ¢p1,...., ps{f) can
be done in following way

() =kbpr, . pslhfD) — (= Dopa, ., psl(k~ 1],
(21

multichannel

k=1,...,v

and the generalized series of the
interpolation will have the following form

C [Apai2)
x()= X
e fi-pal2]+1
+e2(nD20p1, ... ps(2(fi — 1)) ~ op1, .., ps{fA—m)] + ..
+tep(nD)vdpy, .., ps(v(ft — 1)~

—(v—Ddp1, ....ps{(v - 1)(/I - 1))

xl(”nq)Pl,---,Psm“")

(22)

5. Results of two and three
channel spline interpolation of
the discrete signals

On the basic of the derived series of the multichannel
interpolation by using the spline functions, simulation of
two and three channel interpolation of the discrete signals
was done. As the input signal x() = (1+ %) was used, the
practical width of its frequency band is determined by the
cut-off frequency /. = /2 Hz.

The dependences of the mean square error € on the
sampling frequency /, when the reconstructed continuous
signal x(f) was calculated by eq.(22) on the interval
te<-5,5> for the two and three channel interpolation
with the spline fuunction §34(r), are in Fig.6.
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Fig.6
The dependence of the mean square errore of interpolation on
sampling frequency f for two channel interpoiation with a) ;.4(n,
b} Sit) and for three channel interpolation with c) ¢;.4(n, d) Sifz).

Multichannel comparison the same dependences of the
mean square error € which are in Fig,6, too, were
calculated for the two and three channel interpolation with
the function Si(t). The reconstructed continuous signal x (/)

in the given moment was calculated by using the same
number of the closest samples in the considered channel,
as for the interpolation with ¢34(f). From the dependences
in Fig.6 we can see the quicker fall down of the mean
square error £ for the spline function ¢;4(f) when
comparing it to the fall down the e for the function Sif1).
If we choose as the reference value £, of the mean square
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error, then for the two channe! interpolation with the spline
function ¢34(/) is corresponding sampling frequency
/1=02nHz and with the function Sify) will be
/>=0.34w Hz, and /) < /2. Similarly, for the £, and for the
three channel interpolation with the spline function ¢3.4(f)
is the corresponding sampling frequency (" =0.17n Hz
and with the function Si¢z) will be /4 = 0.26n Hz, and again
/1 < f,. From abovestated we can see the possibility of a
reduction of the sampling frequency for the multichannel
interpolation by using the spline functions when
comparing, with the multichannel interpolation by using of
the function JSift) for the same accuracy of the
interpolation. When using the spline functions with bigger
support (p, >4) we can achieve further lowering of the
mean square error € and we would get the analogical
dependences as are in Fig,.6.

6. Conclusion

Multichannel sampling and interpolation were worked
out with the dividing of the frequency band of the input
signal into sub-bands, with consideration of the ideal
synthesis and analysis filters, i.e. with zero phase response
and the amplitude response equal to the constant in the
pass-band. If we considered these filters with a linear phase
response we should fullfil the requiremen of the
coincidence of the resulting linear phase response
(pk(m):argiak(m)?lk(m), k=/,..,v in the separate
channels. So there will be no error in the reconstructed
continuous signal x(f) as the consequence of the different
linear phase responses of the synthesis and analysis filters.
The reconstructed continuous signal x(#) should, then, only
be shifted against the input signal x(z). On the basic of the
derived interpolation series for v channels the replacement
of the original interpolation functions was made by the
optimal spline functions ¢p,....ps(t). From the results of
the made simulation of the two and three channel
interpolation of the discrete signal by using the spline
functions, there is a possibility of the reduction of the
relevant samies in the separate channels, which finally
could lead to further decreasing of the sampling frequency.
Such a combination of the synthesis and analysis filters
(mirror filters) for v=2 was proposed, which would be by
their features closer to real filters, and they could achieve
the perfect reconstructed continuous signal. From analysis
of the impulse responses of the real filters with nonideal
crossing from the pass-band to the stop-band flows out,
that they could also be replaced with a certain error by the
spline functions to utilize their advantageous features for
multichannel . interpolation. Multichannel  spline
interpolation could be used for example in sub-band
coding, or in multichannel digital processing, of signals.
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