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4 Abstract \

This paper presents the use of B spline functions
in various digital signal processing applications. The
theory of one-dimensional B spline interpolation is
briefly reviewed, followed by its extending to two
dimensions. After presenting of one and two
dimensional spline interpolation, the algorithms of
image interpolation and resolution increasing were
proposed. Finally, experimental results of computer
simulations are presented.
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1. Introduction

In digital image processing it is often necessary to
solve problems of sampling frequency changing,
transformation of a discrete image to analog one,
resolution increasing of image pattern and others [1-5].

In these applications, methods of image
interpolation can be used from which the spline
interpolation is the most widespread [6][7]. In this paper
we use of the basic (B) spline functions for image
interpolation. =~ The mathematical expression of
one-dimensional interpolated signal will be [6]

f(f)=i ct's,k=“2 cx-s(t—ty) ¢))
el it

where ¢ are interpolation coefficients determined from the
input discrete  signal and sx(f) is the interpolation
function. The continuous function f(f) is always given at
any time by a finite number of the series members (1). This
number depends on the choosen B spline interpolation
function, which spans over a finite time interval (support).
After presenting of one-dimensional and two-dimensional
spline interpolation, design algorithms will be used for
image interpolation and resolution increasing of image
patterns.

2. One-dimensional spline
interpolation

Define B spline functions, which can be used as
interpolation functions in 1. Let
S:to<ti <ta<...<tp <ty be a partition of the interval
(to, tns1) On the real axis. Then B spline function of degree
n on S is the following picewise polynomial function [6]

ntl o4 n -
Bo(tto, 11, 2, ..rtwr) = 1+ D™ Y (-tyioli=-ty)
=0 Aty)

where
ntl
Mty =};{ t— 1),
Jrk
(t—1y)°, fort>t;
t—1x)= ’ ~ 2
olt=1x) {0 , fort< ¢ty 2

i.e., it is the unit step function and n=0,1,2,... . The
cubic spline function B3(f) is a suitable choise from point
of view smoothness of interpolated signal and simple
implementation. This piecewise analytic function passes
throw the four sampling periods and it is very flexible.
Next advantage of the one is good approximation of a
given function as well as its first and second derivatives for
most engineering interpolation problems, therefore we will
consider the B spline function.

For uniformly spaced samples we can express the
cubic spline function with its centre at the moment ¢; as
follows

sp(f) =s(t—tx) = Ba(t; taa, ta-1, Ehs Liets Lin2)

= {0 - tr2) 0t~ tia) - 4~ tr1) Ot~ th)

+6(t—11)30(t— 1) — 4(t— te1) St — tier)

+{t — tz) ot~ taa)] 3)

where T is the sampling period and it is shown in Fig.1.

As it is evident from (2) and Fig.1, cubic spline
function has only positive values. This property is very
interesting for image processing applications because
picture elements (p.e.) should be nonnegative quantities. In
case, that p.e. are noisy or have certain amounts of
fluctuation, it is often desirable to use positive interpolation
functions in order to garantee positive interpolation values
of an interpolated image. Moreover, from (3) it is clear,
that cubic spline function is shift-invariant. Using it as an
interpolation function, the eq.(1) can be considered as a
convolution sum, i.e. it is a linear, shift-invariant filtering
operation. So the cubic spline function becomes a filter
impulse response. Let us consider f'(f) at
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Fig.1
One-dimensional cubic spline function,
f=+x-Tand0<x<1 @

From the definition (3) of cubic spline function and the
principle of interpolation by using this one that is shown in
Fig.2., the next formula of interpolated signal f(f) on the
interval (¢, tx+1) follows out

SO = clew [ (- 1a) =40 - 112) + 6= 1) J+

+ex-[(t-ta)® =4t - )P + 60t 1)°] +

terr - [(=10)’ =4t~ 1)*] +cna- (-1} (5)

ba b2

t
b b b b b b3y

© Fig.2
Principle of interpolation by using the one-dimensional cubic
spline function.

Substituting (4) into (5) we have
SJU+x-D=
= 6_17-'{0"' . [(3 +x3)—4(2+x)° +6(1 +x)° —4x3]+
+Cy [(2+x3)-4(.1 +x) 4+ 6x3] +
+era[(1 +x3) —'4x3] + Cre2 ,xJ} =

:%‘(bo'x3+bl‘x2+b2'x+b3)’ 0sx<1  (6)

where
b=U-¢y )
b=[bo,b1,b2,531", €rmlcs1,Ch, Chur, Cheal
-1 3 -3
u=f 2 ¢ ®

e

In addition, the value of /'(f) in (6) at sampling moment
t=1,1.e. x=0 will be
S = -6—17‘(0"" +Cx+Chi1) ®

The preceeding equation may be written for k=1,2,...,.N
in a matrix form

f=A-¢ 10)
where the matrix
(41 000] !
14000
1 01410
=1, 11
A 6T b
001 41
[ 00 0 14

has the dimensions ¥Nx and the vectors

f=[fenF, - Jan]" . e=les,en,.oenl”

It is evident that the matrix A is a diagonal, real and
symetric one. Each method of interpolation gives the same
values of interpolated signal f(¥) and original signal f{¢) at
the sampling moments, i.e. £(£;) =1 (1)

and so
f=A-c 12y

where f= [/(t;)x,‘(tz),'...,j(ty)lr . Then the interpolation
coefficients ¢, will be calculated by using the input
discrete signal / and the inverse matrix A~! as follows

c=A".f 13)
3. Two-dimensional spline
interpolation

Extending the one-dimensional interpolation

formula (1) for two dimensions will be

SAv=X T cy-sh)-s(v)=
eo

ko—co
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=3 3 cu-sth-hp)-sw-v) -(14)
k=00 j=~00

Let us consider an image f{h,v) at two-dimensional
interval (h=hy+x-T,v=v;+y-T) ,where 0<x<1 and
0<y<1. Analogous to (6) we can writte for
two-dimensional interpolated image

S0 =g Frat G+2)* - 4@+3)* +6(1+3)° -]
+f (%) - [(2+y)3 —4(1+y)°+ 6y3] +
+ 11 (x)[(l +y)’ - 4y3] +f w200 37} 15)
where

.
fj(x)=3172 by-x¥, j=l-11+11+2, (16)
. =0

and
by=U-¢ .
Next
by=lbys by, by by)”
CR[Ch1.0s i Chr s Chiag]
and U is given as in (é).

At sampling points (h;,v) , i.e. x=0 and y=0 we
have

S(hx,v) = 3 617'2 [(Che14-1 +4Chpm1 + Cher 1
+4(Cp1 g+ 4Cky + Cprr )t

HCr1p01 +4Chp1 + Crr111)] an

for k,/=1,2,...,N.. The eq.(17) we can again write in a
matrix form
F=A.C-A (18)

where F is the matrix of interpolated p.e.. Because, it is
valid

F=F
the analogous relation to (12) will be
F=A-C-A (19

where F is a matrix- with dimensions NxN made up from
p-e. of input image, C - matrix of interpolation coefficients
¢y, and A - matrix given by (11). From (19) we can
calculate the matrix of interpolation coefficients as follows

C=A"1.F-A" (20)

4. Experimental results

The B spline interpolation method has been applied
with real images of raster 256x256 p.e. and these B spline
functios were used: zero-Bo(v) , first-B,(v) , third-Bi(v)
order ones. In Fig.3 for illustration there are graphs of
two-dimensional B spline functions Bj(h,v) and Bi(h,v).
On the beginning we have carried out image decimation,
missing out some p.e. and then we have interpolated an
image from retained p.e. Three algorithms have been used
for decimation, according to how many p.e.were retained
through the horizontal and vertical directions,i.e.
decimation  8-each  eight,  decimation  4-each
fourth,decimation 2-each second p.e. We have compared
the interpolated image with the original one and evaluated
by means of the signal-to-noise ratio

N N
£i4
SNR=10-log T

2 2 (fu—?u)z

= gl

(20)

where f; are p.e. of the original image and - p.e. of the
interpolated one. We represent the results for two
interpolated images LENNA and GIRL in Tab.l and
Tab.2.

The other experiments use the spline interpolation
for increasing the image resolution. We have selected from
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Fig.3
Two-dimensional B spline functions
8)81('7"/);

b)B,(h,v).
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B- spline SNR(dB)

functions ™ 4o g dec.4 dec.2
B, 13.17 16.66 21.86
B, 17.95 21.59 26.71
B, 19.37 23.09 28.05

Tab. 2.
Resuits for interpolated image LENA

B- spline SNR (dB)

functions " o0 dec4 | dec.2
B, 18.75 21.30 25.26
B, 22.38 25.26 28.46
B, 24.79 26.28 30.04

Tab. 2.
Results for interpolated image GIRL

the considered images some segments (blocks) of raster
32x32, 64x64, and 128x128 p.e. The obtained segments
were enlarged by the spline interpolation to raster 256x256
p.e. The experiments could not be evaluated by an objective
criterion because reference images would be needed for
comparison. Therefore the results have been evaluated by a
subjective criterion from point of view the psychovisual
perception of the interpolated images with increased
resolution. From results follows, that with increasing
support of spline function,the psychovisual perception
improves.

5. Conclusion

In the paper the spline image interpolation was
presented. The algorithms of image interpolation and
resolution increasing were proposed on the basis. of B
spline functions. From the results presented in Table / and
Table 2 it is seen,that the worst interpolation algorithm is
with the B spline function of zero order. The best results
were obtained for the B spline function of third order. The
zero order interpolation was appeared as the worst on a
basis of the psychovisual perception too,when the block
structure of interpolated images has affected with an
impression of strong interference. Another two
interpolation algorithms by means of the B spline function
of first and third order have affected with the same
impression. From point of view a technical implementation
and calculation speed,the most simple interpolation is the
zero order interpolation. The complexity of the other
algorithms increases with the order of spline function, It
would be interesting in the next research to carry out an
image interpolation by the optimal spline functions (1) [4]
and comparison of achieved results with those of B spline
interpolation.

6. References

[1] Keys,R.G.:.Cubic Convolution Interpolation for Digital Image
Processing. IEEETransactions on Acoustics, Speech, and Signal
Processing, Vol. ASSP-29; No.6, 1981, pp.1153-1160,

[2] Toraichi,K.-Yang,S.-Kamada,M.-Mori,R.: Two-Dimensional Spline
Interpolation for Image Reconstruction. Pattern Recognition,
Vol.21, No.3, 1888, pp.275-284.

[3] Sankar,P.V.-Ferrari,A.:Simple Algorithms and Architectures for
B-Spline Interpolation. IEEE Transactions on Pattern
Analysis and Machine Intelligence, Vol.10, No.2, 1988,
pp.271-276.

[4] Mihalik,J.-Zavacky,J.:Interpolation of Discrete Signais by Using
Spline Functions. Electronic Horizon, Vol.51, No.12, 1990,
pp.481-484,(In:Slovak).

[5] Mihalik,J.-Zavacky,J.:Sampling of Muttidimensional Signals.
Electrical Engineering Journal, No.4, 1990,
pp.312-321,(In:Slovak).

[6] Hou,H.S.-Andrew,H.C.:Cubic Splines for Image Interpolation and
DigitalFiltering. IEEE Transactions on Acoustics, Speech, and
Signal Processing,Vol. ASSP-26, No.6, 1978, pp.508-517.

[71 Engels,W.-Stark,E.L.-Vogt,L.:On the Application of an.-Optimal
Sampling Theorem. Signal Processing, 14, 1988, pp.225-236.

About author,...

Jan Mihalik was born on August 1, 1952 in Zakarovce,
Slovak Republic. He graduated from Slovak Technical
University in Bratislava in 1976. Since 1979 he joined
Technical University of KoSice, where he recieved his
Ph.D. degree in Radioelectronics in 1985. Currently, he is
Associate Proffesor at the department of Radioelectronics
of Technical University, Kofice. His research interests
include information theory, digital image processing and
communication.

Jozef Zavacky was born on 18th May, 1953 in KeZmarok,
Slovak Republic. He received the Ing. degree from the
Technical University of Koice, Slovak Republic, in 1977
and the Ph.D. degree in Radioelectronics in 1992,
Currently he is Assistent Professor at the department of
Radioelectronics of Technical University, Kodice. His
present research interests are in signal theory, sampling
and interpolation of signals.

Igor Kuba was born on June 3, 1969 in Kodice, Slovak
Republic. He received the Ing. degree from the Technical
University of KoSice, Slovak Republic, in Radioelectronics
in 1992. Currently, he is Ph.D. student at the department
of Radioelectronics of Technical University, Kosice. His
research interest includes image coding and interpolation.



