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4 Abstract )

The presented submission describes an analysis of
a classical open microstrip line, of an open microstrip
line on a trapezoidal substrate and on a substrate with
a limited width and of a microstrip line with a PEC
shielding walls on both sides. The analysis is perfor-
med using the conformal mapping method and the fi-
nite-element one. For all the above described structu-
res, the characteristic impedance is computed by both
the methods and obtained results are in detail discus-
sed. Both the methods are compared with respect to
their generality, to their CPU time requirements, and
to the programming effort required for their imple-

mentation.
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1. Introduction

The today’s communication systems work on higher
and higher frequencies. That is why the microwave and
millimeter wave transmission lines play more and more
important role in the today’s radio electronics.

Dealing with the analysis of microwave and millime-
- ter wave transmission lines, there are several numerical
methods which were developed for this purpose because
analytical solutions are not known [1].

Numerical methods can be divided into two groups:

" Quasi-static methods come from the assumption that
the dominant mode of the wave propagating longitudinally
along the transmission line is well approximated by a
TEM wave. Then, the transversal fields are very close to
the static ones and they can be derived from a static poten-
tial solution of Laplace's equation [1]. The equation can be
solved by the modified conformal mapping [2] [3], by the
use of planar waveguide model [4] [5], by the finite-diffe-
rence [6] or finite-element methods [7], by the use of a va-
riational expression [8] [9] or an integral equation [10].

Since electromagnetic fields supported by microwave
and millimeter-wave transmission lines have longitudinal
components which are no more negligible at higher fre-
quencies, fields have to be represented by a combination of
TE and TM waves [1] and described by a vectorial wave
equation which is the initial equation of the full-wave dy-
namic methods. The vectorial wave equation can be solved
by the finite-difference [11] [12] or finite-element methods
[13]-{16] or by the use of an analytical model of the trans-
mission line [17].

If an analysis of a transmission line is going to be
performed in the upper part of the microwave and milli-
meter-wave frequency range, full-wave dynamic methods
have to be used because the quasi-static methods provide
valid results typically below 5 GHz. On the other hand, the
quasi-static methods are convenient to be used in the lower
part of the microwave and millimeter-wave frequency ran-
ge because they give in the described range of frequencies
sufficiently accurate results, and morcover, they are in
most cases simpler than full-wave methods.

The presented paper focuses on the quasi-static ana-
lysis of selected microstrip lines by the method of confor-
mal mapping and by finite elements.
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Fig. 1 An open microstrip line on a lossles isotropic substrate of the
infinite extent. Negligible thickness of the PEC microstrip as-
sumed.

In the section II, the principle of the conformal map-
ping is reviewed and both the so far published and the
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newly developed closed-form algorithms for the analysis of
various types of planar transmission lines are given. The
section III presents a finite-element alternative to the con-
formal mapping solutions. Finally, the section IV brings
the comparison of both the methods and describes hints for
their use. :

In all the paper, longitudinally homogenous structure
exhibiting no losses (neither in the dielectrics nor in the
metallic parts) are assumed. The substrate is supposed
being isotropic, homogenous and linear. Moreover, the
microstrip is assumed having infinitesimal thickness.

2. Conformal Mapping Method

The main idea of the conformal mapping method
(CMM) consists in transforming a complicated electro-
magnetic field distribution and a complex structure geo-
metry into a simple shape with a well-known field distri-
bution. Moreover, if the propagation of a quasi-TEM wave
is assumed, then microstrips and shielding walls can be
considered as the electrostatic electrodes with a given
potential and the characteristic impedances of a mapped
and a mapping line are invariant.
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Fig.2 An open microstrip line on a lossles isotropic substrate of a
limited width. Negligible thickness of the PEC microstrip as-
sumed. -

The CMM analysis of an open microstrip line is well
known for many years. In [2] and [18], the transmission
structure was mapped into two straps eliminating the scat-
tering fields. Moreover, both the straps had the same width
(the width was called the effective one w,j), which depen-
ded on the electrodes position and which was independent
on the distribution of the dielectrics. The inhomogenous
space between the straps was replaced then by a homoge-
nous isotropic substrate with a relative effective permittivi-
ty &..5; representing the dielectric distribution. The distan-
ce between straps was denoted as 4. Then, the characteris-
tic impedance could be expressed by the relation [18]

Z°=1207C _h_ (1)
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In order to compute the effective width w,, of open
microstrip lines on substrates of various shapes (Fig. 1, 2
and 4) and the relative effective permittivity &, of the
classical open microstrip line (Fig. 1), the relations publis-

hed in [18] have to be used. For the structures with limited
substrates (Fig. 2, 4), new original relations [19] [20] were
developed to calculate & (see appendix A).

! al2

f

'wi2

Fig. 3 An open microstrip line on a lossles isotropic substrate com-
pleted by PEC shielding walls on both sides. Negligible thick-
ness of the PEC microstrip assumed.

Moreover, novel conformal transformations for wide
and narrow microstrips shielded by side PEC walls (Fig. 3)
were derived [21]. The method again consists in mapping
a structure into two straps eliminating scattering field.
New relations for computing w,r and &, are given in the
appendix A. The characteristic impedance can be determi-
ned by evaluating the relation (1).

3. Finite-Element Method

Assuming the propagation of the dominant quasi
TEM wave along the microstrip structure enables to con-
vert the electromagnetic problem into a electrostatic one
[22]. Then, the electromagnetic field inside the structure
can be described by the scalar electric potential ¢ and the
structure can be analysed minimizing the energy functio-
nal [22]

F((p):-ﬂe‘V¢-V¢dS (2)

s
where & denotes the permittivity inside the structure and
the integration is performed over the cross section of the
structure.

If the functional (2) is going to be minimized using
the finite-element method, following three steps have to be
performed:
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Fig. 4 An open microstrip line on a lossles isotropic trapezoidal sub-
strate. Negligible thickness of the PEC microstrip assumed.

1. The cross section of the transmission line is subdivided
into triangular finite elements (fig. 5). The finite-ele-
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ment mesh is very dense near the microstrip where the

. electromagnetic field is concentrated, and therefore,
dramatic changes of the potential can be supposed. Far
from the microstrip, the size of the finite elements
grows to reach efficiently such a distance from the
microstrip in which the value of the potential can be
neglected, and therefore, the structure can be then
surrounded by a surface with the zero boundary condi-
tion (the potential of the microstrip is considered being
one). Absorbing boundary conditions [23] or perfectly
matched layers [24]-[31] have not been explored in the
analysis because our experiments with them did not
exhibit any significant improvement both in the CPU
requirements and in the accuracy for the examined
structures.

................
...............
------

i
Fig.5 An example of the architecture of the finite-element mesh

used for the analysis of described microstrip transmission
lines.

2. The potential distribution over a finite element is ap-
proximated using unknown nodal values of the poten-
tial ¢, and known shape functions based on the second-
order Lagrange interpolation polynomials [22]:

a=26(& - %) (3a)
a, =4&¢, (3b)
a, =458 » (3¢)
a,=25(& - %) (3d)
a, =458 (3¢)
a,=2£(£,- %) (3)

In the above relations, & denote simplex coordinates
(fig. 6). Using the above described shape functions, the
approximation of the potential distribution over a finite
element is described by the relation {22]

F-Yag, (4)

The global approximation of the potential distribution
over all the cross section of the investigated transmis-
sion line is obtained then by summing (4) of all the fi-
nite elements.

Fig. 6 Simplex coordinates and local nodes in the used triangular
finite elements. .

3. Substituting the global approximation into the functio-
nal (2), changing the order of summations and integra-
tions, integrating products of shape-functions’ derivati-
ves and minimizing the resultant expression with res-
pect to unknown nodal values yields the matrix equa-
tion [22]

D-®=, (5)

In the above matrix equation, D is the global matrix
consisting of coefficients obtained by integrating pro-
ducts of shape-functions’ derivatives, @ is the column
vector of unknown nodal values of the potential and @,
denotes the column vector of the above described coef-
ficients which are multiplied by known values of poten-
tials from the boundaries.

If the matrix equation (5) is solved, then the un-
known nodal values of the potential are obtained, and
therefore, the approximation of the potential distribution
over the cross section of the transmission line is yielded.
Then, the electric intensity vector can be computed {1)

E=-Vp (6)

and the charge per unitary length, which is accumulated
on the microstrip, can be evaluated {1]

0=[[D.as (7)

The integration is performed over a cylindrical sur-
face surrounding the microstrip.

On the basis of the computed charge Q, the capacity
of the structure per the unitary length C can be obtained. If
the computation is repeated for the structure without the
dielectric substrate and the capacity C, is obtained then the
characteristic impedance of the structure is given by [1]

zo=z:,ﬂ/% (8)
with
]
a _ 9
zz < (9)

where c is velocity of light in the vacuum.
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The above described algorithm has been implemented
in matlab using the sparse matrix operations. By this way,
high efficiency of the developed code has been reached.

4. Conformal Mapping versus Finite
Elements

In this section, the above introduced methods are go-
ing to be in detail compared. The correspondence of obtai-
ned results for examined structures is the first point of
view.

w [mm] cM FE 5 (%]
0,635 97,18 99,78 2,7
1,270 71,90 73,85 2,7
1,905 58,66 59,66 1,7
2,540 49,69 50,35 1,3

Tab. 1 Characteristic impedance of an open microstrip line of the
width w and negligible thickness ¢ = 0 on a lossles isotropic
substrate (relative permittivity s = 4.2, height # = 1.27 mm) of
the infinite extent. The percentage error & is related to the
finite-element solution as the reference value.

w [mm] CM FE 5 (%]
0,635 82,57 83,76 1,4
1,270 55,21 56,30 2,0
1,905 37,94 38,36 1,1
a=2.54 mm
w [mm} CM FE 5 (%)
0,635 95,49 97,87 2,5
1,270 70,23 71,95 2,4
1,905 56,74 57,73 1,7
2,540 47,70 48,35 1,4
a=17.62 mm
a [mm] CM FE 5 (%}
1,5875 35,59 36,49 2,5
2,5400 55,24 56,30 1,9
3,8100 64,56 65,86 2,0
5,0800 68,00 69,46 2,F
6,3500 69,49 71,09 2,3
17,6200 70,23 71,95 2,4
w= 127 mm

Tab. 2 Characteristic impedance of an open microstrip line of the
width w and negligible thickness ¢ ~ 0 on a lossles isotropic
substrate (relative permittivity & = 4.2, height 4 = 1.27 mm)
with shielding walls in the distance a. The percentage error &
is related to the finite-element solution as the reference value.

Dealing with the classical open microstrip line (tab.
1), the relative error falls down when the w/# ratio increa-
ses. Since the case w/h = 1 is considered as a critical one
for the conformal mapping (the algorithm for w/h < 1 and

the algorithm for w/h > 1 meet here with relatively low ac-
curacy), a high relative error was expected here. A high
error for w/h < 1 was rather surprising for us and it is fur-
ther investigated at the present time. Nevertheless, the er-
ror never swapped the level of 3%.

w [mm] CM FE J (%)
0,635 104,03 102,68 -1,3
1,270 17,26 17,28 0,0
1,905 64,50 64,08 -0,7
a=2.54 mm
w {mm] CM FE § (%)
0,635 99,00 99,83 0,8
1,270 73,13 73,90 1,1
1,905 60,14 59,72 -0,7
2,540 51,13 50,42 -1,4
a=7.62mm
a [mm] cM FE 5 (%)
1,5875 82,49 83,29 1,0
2,5400 77,26 77,28 0,0
3,8100 75,10 74,80 -0,4
5,0800 74,14 74,16 0,0
6,3500 73,56 73,97 0,6
17,6200 73,13 73,90 1,1
w=1.27 mm

Tab.3 Characteristic impedance of an open microstrip line of the
width w and negligible thickness ¢ = 0 on a lossles isotropic
substrate (relative permittivity 5 = 4.2, height # = 1.27 mm)
with limited width a. The percentage error & is related to the
finite-element solution as the reference value.

In the case of a microstrip with side shielding PEC
walls (tab. 2), the obtained results corresponds better with
the above described consideration: the relative error rea-
ches its maxim for the ration w/h = 1 for the short distance
between shielding walls (a = 2,54 mm) and almost its ma-
xim for the long one (a = 7.62 mm). Examining the influ-
ence of the distance between the shielding walls to the re-
lative error for the worst case (w/h = 1), approximately the
same error (about 2 per cent) was observed for whole the
investigated range. As at the previous structure, the error
never swapped the level of 3%.

The best coincidence between the CM results and the
FE ones was obtained for the microstrip with the limited
width of the substrate (tab.3). In this case, the relative er-
ror was mostly below 1 per cent and it never swapped the
level of 2%. Moreover, the ratio w/h = 1 did not seem be-
ing critical and the relative error exhibited an irregular
spread over all the investigated cases.

Finally, let’s have a look at the microstrip line on a
trapezoidal substrate (tab. 4). First, both the width of the
microstrip w and the angle of the side of the substrate g
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(fig. 4) were fixed and the width of the substrate a was
changed (tab. 4). A very bad coincidence of results was ob-
served for the case when the microstrip covered the whole
upper side of the substrate (the relative error swapped
5%)'. In the opposite case (the microstrip did not cover the
whole upper side of the substrate but its part only), the re-
lative error was lower but it stays all the time relatively
high (about 3%). At the present time, the cause of the
described behaviour of our algorithms is intensively in-
vestigated. ‘

Second, both the width of the microstrip w and the
width of the substrate a were fixed and the angle of the
side of the substrate f§ was changed. Then, the relative
error stayed about 3% again.

a [mm)] cM FE 5 (%]
1,270 75,47 79,32 5,1
2,540 75,32 76,88 2,1
3,810 74,32 76,17 2,5
5,080 73,75 75,97 3,0
w=1.27 mm, #=45°
B ldeg] CM FE S (%]
60 73,57 75,93 3,2
20 73,98 76,05 2,8

w=1.27 mm, a = 5.08 mm

Tab. 4 Characteristic impedance of an open microstrip line of the
width w and negligible thickness ¢ = 0 on a lossles isotropic
trapezoidal substrate (width of the upper side a, relative per-
mittivity & = 4.2, height # = 1.27 mm). The percentage error &
is related to the finite-element solution as the reference value.

Searching for the sources of the above described rela-
tive errors, the accuracy of the conformal mapping method
is influenced by the accuracy of used geometrical approxi-
mations, and therefore, searching for more suitable appro-
ximations can increase the accuracy of the method.

Dealing with the finite elements, the operator in the
functional (2) is non-negative, and therefore the method
converges in the sense of energy [32]. By other words, in-
creasing the number of finite elements, into which the

cross sections of investigated transmission lines are bro-

ken, or increasing the order of approximation functions
yield increasing accuracy of the method. On the other
hand, assuming zero potential in the high distance from
the microstrip introduces an additional error into the
method.

Dealing with the generality of developed algorithms,
the conformal mapping requires an intellectual effort for
obtaining an algorithm for the analysis of each type of the
microstrip structure whereas the developed finite-clement

! In this special case, an algorithm published in [19] was used; This
special algorithm is not given in the appendix.

algorithm enables to analyse an arbitrary structure. On the
other hand, higher computational requirements (the finite-
element program consumes minutes of the CPU time on a
workstation whereas the evaluating conformal mapping
algorithms takes milliseconds on a regular PC) and a more
difficult programming are the price, which finite elements
have to pay for the advantage of their generality.

Dealing more in detail with the programming effort
required for the implementation of the described algorit-
hms, the conformal mapping provides closed-form formu-
las which can be very easily implemented on a few prog-
ramming lines using standard mathematical operations
and functions. On the other band, the finite-clement met-
hod requires a relatively complicated mesh generator and
an efficient computational kernel, which is able to handle
with sparse matrices. Moreover, the finite-element method
is able to provide an information about the field distribu-
tion over the cross section of the investigated structure,
and therefore, a graphical post processor, which visualises
potential or field distribution over this cross section has to
be implemented. Fortunately, most of the described func-
tions belong to the basic core of matlab, and therefore,
their implementation is not very difficult. On the other
hand, conformal mapping requires a programming effort
for each analysed structure whereas the finite-element
program can be used for the analysis of an arbitrary struc-
ture without any change.

5. Conclusions

The presented paper compares the conformal map-
ping method with the finite-element one. Although both
the methods are of the different nature (conformal map-
ping is based on the geometrical transform of complicated
shapes and field distributions whereas finite elements co-
me from the minimization of the energy functional), there
is a good correspondence between obtained results. The
best correspondence was achieved for the open microstrip
line on a substrate width the limited with (the relative er-
ror did not swapped 2%), and the worst results were obtai-
ned for the open microstrip line on a trapezoidal substrate
(the relative error reached 5% when the microstrip covered
the whole upper side of the substrate).

The generality of the algorithm is the greatest advan-
tage of finite elements: the developed program can be used
for the analysis of a transmission line with an arbitrary
structure whereas the conformal mapping requires an in-
tellectual effort for every single structure. High CPU-time
requirements are the price, which is paid for the generality
of finite elements. That is why the enemies of finite ele-
ments say that users of finite-clements replace their intel-
lectual insufficiency by the rough computational power.
Users of finite element can oppose, that the computational
power of computers very dramatically rises, and therefore,
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CPU-time requirements of finite-element programs rapidly
fall down.

The presented paper bring arguments for both the si-
des of the above described quarrel. Therefore, it is up to re-
ader to choose the method which is more suitable to him.
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7. Appendix

a) The CM algorithm for analysis of the classical open
microstrip line on a substrate of the infinite extent

(Fig. 1)
w2h (use A.1; A.2 and A.36 to find out &,,)

,_w+ﬁ1n[17 08 (—+o 85)] (A.1)
2h
S, ——acosh(—————l) (A2)
w<h (use A.3; A.4 and A.36 to find out &)
27h (A3)
w(f:-————- .
n
w
2
5,=—" (” ¥ 0.9) (A4
1 2 8h w
w

b) The CM algorithm for the analysis of the open micro-
strip line on a substrate of a limited width (Fig. 2)

w2h (use A.l; A5, A6, A7, A8, A9; Al5 A.l6;

A.17; A.18 and A.36 to find out )

(A.5)

V3

1 w
o3 (122 4D
V —-—aco SInh ugﬂ-/h —COS!I(“ E) (A8)
2 al 2+u 2

(A9

-
h [u,—u
ug+ \/ué+uk(uk—2ug)|il+h_vg (_"ffi)

7
I " h (uk—ug)
h-vgk u

u

w<h (use A.3; A.10; A.11; A.12; A.13; A.14; A.15; A.16;
A.17; A.18 and A.36 to find out &)

__ s(_w_) (A.10)
@A)\
uy=2L atan 22 (A.11)

T a
_— | | (A.12)
2
vg=h—w—"acosh 1+(—2ﬁ-) (A.13)
2r a
vo= ZuQ h—VQ u‘z (Al4)
F huy’ +{h—v, )u
Now, for both cases w<hand wzh
3
h— —
Sou=ttpvg+ Ye [ug:(u' ug)z] (A.15)
3 (x-1g)
e 416
u‘ ul
2

SM=§(h—vQ)uR (A.17)
So=So|l+Sol;+Soz ‘ (A.18)

¢) The CM algorithm for the analysis of the open micro-
strip line on a trapezoidal substrate (Fig. 4); 0= n/2-f

w2h (use A.l; A5, A6, A7, A8, A9, A.l5;, A l6;
A.17; A.19; A.20; A.23 and A.36 to find out &)

. z :
smh(u —-)
v =iaco H-—————tﬁ-—-—cosh(u f) (A.19)
" -2 all+u, Ph
2[£+hcotan®+-2—®u ]
2h 2 r (A.20)

# 4~ —acotanh

T W,

w<h (use A.3; A.10; A.11; A.12; A.13; A.14; A.15; A.16;
A17, A21; A.22; A.23 and A.36 to find out &)

W, u
L tan(fr—’)]
F4 W,

(A21)

vp=h-"at
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Wy 2htan © ) (A22)
“re T atzm(2h+atzm (0]
Now, for both cases w<hand w>h
1
So=Sou*+Sop +Su =3 (h=v, Ytx ~tze ) (A.23)

d) The CM algorithm for the analysis of the open micro-
strip line completed by PEC shielding walls on both
sides (Fig.3) :

w2h (use A.24; A.25; A.26; A.27; A.28; A.29; A35 and
A.36 to find out 5.,

2
2
2 a 2 a

—hin
d*-2d a?
2d (dz +7"§-)

—;ﬁ(a—w)= aatan

The above equation (A.24) is a transcendent relation for
the parameter d which has to be looked for from it.

c=vJd*-2d (A.25)
2
=, ,dui;-z- (A.26)

2h h\ a 2a*
wq,z—;(Zln(e;);&E[z—aco{l e’h’)D (A.27)

uy=2 ﬁat;nhg (A.28)
¥4

a2
& VA
527 (coshU, +]) {+

h
—;aco (A.29)
o coshU -1

coshU, +1

RO -1
d*~2d JJZ+d’-e’-°—°s—’ Ja

+
coshU,+l

+=—In

a2
4 d*-—-coshU,
a=2pper K
h (coshU, +1)

u
Uy=r-L
P=r ”
The equation (A.29) is a transcendent relation for the pa-
rameter u, which has to be looked for from it.

we<h (use A.30; A.31; A.32; A.33: A.34: A35 and A.36 to

find out &,
exhla

e2xh/a - l

c=2h (A.30)

w,=4ccos[—:{-(2—!—)]cosh(zr-}1) (A3D)
a a.
__2nh (A32)
)
2 2
u, =24 _0,068 (W—) (1-3) (A33)
4 h a
2
pmt goos (A.34)
2z A*+1
_ 1+e2xlll¢
2(h/c)e
Now, for both cases w<h andw=h
Symth(u+u )+lh(1-1) (1—"—'-] - (A35)
A I O] u,

Relative effective permittivity &.r for all the structures
can be evaluated according to the following relation on
the basis of the known parameter S,

5,!,=1+(1—2 hi:,)

(A.36)
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