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/ Abstract \

State models of multiple-input linear non-
autonomous dynamical systems are modified to the
autonomous form using a multiple piecewise-linear
(PWL) feedback. By such a way the corresponding
state models of PWL autonomous dynamical systems
topologically conjugate to Lur'e systems [4] can be
derived. As an example, the canonical state models of
multiple-input linear and the corresponding multiple
PWL feedback systems are proposed. Their state

matrix equations and the integrator-based circuit
models are shown.,
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1. Introduction

The paper gives the new generalized viewpoint to the
relation between linear non-autonomous and piecewise-
linear (PWL) autonomous dynamical systems. This
problem has particularly been solved in [2] for single-input
single-output linear and corresponding single feedback
PWL systems. In such a case the linear system is described
by the state equations [1] in the matrix form

x=Ax+Bv (1

y=Cx+Dv )

where X is the vector of the state variables, V and y is
the input and output variables, respectively. Using the

Laplace transform the transfer function of the
nonautonomous linear system is generally given [2] as
Y(s) P(s)
K(s)=——~2=D+C(s1-A)'B=..=D—~ (3)
6)=75 (s1- A)’ .

where 1 is the unity matrix.

The corresponding autonomous PWL dynamical
system is described by the modified state equation (1), i.e.

x = Ax +B h(Cx) @

where the input variable V is replaced by simple
continuous and odd-symmetric PWL function

v=hEx=1([Cx+1[-[cx-1]) )
partitioning R’ by two parallel planes U,;: Cx =+,
U_;: Cx=-1 into inner region D,: (-1<Cx<+1)
and two outer regions D,;: (Cx2=+1), D_: (Cx<-1)
- (Fig. 1).
h(Cx) ?
1 feeereen -.
-1 .
: o+l cx
e -1
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D, D, D.,
Fig. 1. Simple memoryless PWL feedback function

Dynamical behavior of this system is determined by
two characteristic polynomials Q(s), P(s) associated
with the individual regions. They are identical to
polynomials Q(s) and P(s) in (3) and given by the
general formulas [2]

Q(s)=det(s1-A) (6)
P(s) =det(s1-A,) (N
where A,=A-BCD"! (8)
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The results applied originally only to the elementary
canonical state models [1] have been extended also for
other state models topologically conjugate to Class C [5].
The corresponding general block diagrams are shown in
Fig. 2a,b.
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Ax A
(®)

Fig. 2. General block diagrams for linear system with single input
(a), and the corresponding system with simple PWL
feedback (b)

2. Generalized results

Utilizing the results presented in [3] the solution [2] can
be extended also for the multiple-input linear and multiple-
feedback PWL systems. Then the previous formulas are
generalized into the following forms:

2.1 Non-autonomous multiple-input
linear systems

In this case (Fig. 3a) the general state equation matrix
form is

x=Ax+Bv
y=Cx+Dv

(1a)
(2a)
where  B=[B,..B,], D=[D, ..0,], vT=[y, .v,].

The output variable represents the linear combination of all
input variables, i.e.

Y(s)=K@E)V(s)= Y Kils)vls) @)

and the corresponding transfer matrix can be expressed as

K(s)=D+C(s1-A)'B =[K,(s)..K,(s)] (3a)

2.2 Autonomous multiple-feedback
piecewise-linear systems

In the corresponding autonomous systems (Fig. 3b)
the general state equations are extended into the form
corresponding to the Lur’e systems [4], i.e.

x=Ax+Y Bih(Cx), (i=1tok)  (4a)
where particular PWL feedback functions represent, in
accordance with eqn (5), the elementary nonlinearities

h (€x)=1(|Cx +E; |-|cx-E|)

(52)

partitioning R by k pairs of parallel planes into one
central inner region, (k-1) pairs of symmetric inner regions,
and one pair of symmetric outer regions.

Characteristic polynomials associated with inner
regions are the same as those in numerators of the
individual particular transfer functions Ki(s) of the
corresponding non-autonomous linear system, while the
characteristic polynomial of outer regions represents the
common denominator of all these transfer functions.

Dyv,
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B o,v,
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N B, B, v,
v B,v X C y
> B, oaall c —Xg—
iy B B, Vs A
ra E Ax
(a)
b, h, (w' T T
h(w'x) b, h,(w'x) h, () w'x
b, h (w h(w' T
Jhy(wix) b, (wx) h,(.) w'x
28 % I‘j\ x :
% 1> w
Ax A
(b)

Fig. 3. General block diagrams for linear system with multiple
input (a), and the corresponding system with multiple PWL
feedback (b)
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3. Examples Consider the first elementary canonical state models
of the linear and piecewise-linear dynamical systems [1],[2]
The detailed form of the above mentioned relations | Where the state matrix and all vectors have the simple forms
can easily be demonstrated for the simplest case & = 2 _ - -
(two-input linear and double-feedback PWL systems), n -0 0 .. 0 (1
where rh, 0 -1 0 .. 0 0
T
B=[B, B,], D=[D, D,] v'=[v, v,]. Al 00 - 0| or_|0
Then the input-output relation of the non-autonomous linear ‘
. . r 0 0 -1 0
system is expressed in the form m
fn 0 0 0 0 | 0]
Y(s) = Ky(s)V4(s) + Ko (s)V2(s) (3b) _ . _ -
h-q, q,-r,
and the particular transfer functions can be written as P; -G, q,-n
P;—q; ;-1
P(s) Qfs) B - . B
Kis)=D,—=, K,s)=D,—= , 1 : 2 :
1( ) ]R(S) 2( ) zF\’(S)
Pt —9no Gn-1= T
where the individual polynomials are | Pn=qn | L9~ Tn |
P(s)=det (s1-A,)= The corresponding integrator-based circuit models for the
0 case of the third-order systems are shown in Fig. 4a (two-
=8 - p,s" +ps" - L+ (=)D, 5+ (-1)"p, input non-autonomous linear system) and in Fig. 4b
(double-feedback autonomous PWL system).
Q (s)=det (s1-A))=
=5’-q;s"+qys" - L+ (-1)™q, 5+ (-1)"q, Vie
R(s)=det (s1-A)= -1
Va {)
=57-q, 8"+ q,8" - L +(-1)"q,,5+(-1)"q, T
(pra\ flart)  Pr@l\ fger)  (Pea)\ |@r)
X
Choosing D=[-1 - 1] the particular state matrices are >—|EV
r, r! f.
The corresponding PWL autonomous double-
feedback system is described by the matrix form (a)
x = Ax + B, h,(Cx)+B, h,(Cx
1h1(Cx) +B; hy(Cx) WL
where the individual PWL functions are given by eqn (5a) . R {
with the breakpoint values E, >E; >0 . Then the PWL
feedback functions partition R’ by two pairs of parallel b PWL
planes, i.e. G {
U, :Cx=E, U, :Cx=-E,
+ 1 -l 1 (Prfh) (QJ'ri} ‘p:'q?) (‘1:"9 (P-q (q:-r)
. . X, X,
and U+2.CX=E2, U_Z.Cx=-E2, o~ - I = >——H>—
Iy 5 r
into the one central inner region D,. (-E, <Cx <E)) ,
two symmetrical inner regions D,: (E, <Cx<E,),
D_,(-E, <Cx < -E,) , and two symmetrical outer regions (b)
D*Z: (Cx ZEI} ’ D“z t(Cx< _EI) with  associated Fig. 4. Integrator-based circuit models of the 3-D dynamical
characteristic polynomials P(s), Q(s), and R(s), system - (first elementary canonical forms). (a) Two-input
. linear non-autonomous system, (b) double-feedback
respectively. piecewise-linear autonomous system
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4. Conclusion

The generalized relation between canonical state
models of non-autonomous multiple-input linear and
autonomous multiple-feedback piecewise-linear dynamical
systems is shown. The results introduced can be utilized in
two following cases:

(i) Starting from the multiple-input linear prototype
(not necessary stable) possessing the set of the known
transfer function, the corresponding state model of
multiple-feedback PWL dynamical system can easily be
derived. Here characteristic polynomials associated with
inner regions of PWL system are the same as those in
numerators of the individual particular transfer
functions Ki(s) of the linear system and the
characteristic polynomial of outer regions represents the
common denominator of all these transfer functions.

(ii) Polynomials in numerators of the individual
particular transfer functions of multiple-input linear
system can easily be expressed by simple procedure (6)
based on the state matrix eigenvalues definition utilized
for common denominator. Choosing  matrix
D=[-1 ... -1, the corresponding modified state matrices
can be calculated by formula, which is formally the
same as (8) currently used for characteristic
polynomials of PWL systems.

Using the linear topological conjugacy [4] all the known

canonical state models of nonautonomous linear system, as

well as other new state models [5], can easily be expressed
by the qualitatively equivalent elementary canonical form

[1], including Chua’s model [7]. The utilization of new

models with multiple PWL feedback is introduced in [6].

Other details will be discussed in the contribution.
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