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Abstract. The standard approximation algorithms are well
described in the literature, but some equiripple approxima-
tions are described with some deficiencies. Especially Che-
byshev and inverse Chebyshev approximations are often
wrongly interpreted or implemented. In this paper, we pro-
pose all formulas for computing Chebyshev approximati-
ons in a standard form. Transformations, which are neces-
sary for circuit implementation, are presented in the analy-
tical form too.
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1. Introduction

Approximations of the normalized low-pass prototy-
pes in the Chebyshev sense play an important role among
equiripple approximations. These approximations offer an
equiripple curve of the module frequency characteristics in
the pass-band or in the stop-band (or in both). In the litera-
ture, these approximation methods are called Chebyshev
approximation and inverse Chebyshev approximation.

Chebyshev approximations are discussed in this paper
with the following intention:

e In the case of even-order transfer functions (Cheby-
shev approximation), the LC lattice filters cannot be
realized with equal termination resistors (r; # r, # 1).
Tables with selected values of ripple of the NLP (nor-
malized low-pass prototype) in the pass-band are
printed in the Saal catalogue. Transformation formu-
las, which can be used to the termination with equal
resistors #; = r, = 1, are printed in this catalogue also.
Nevertheless, general analytic formulas for an arbitra-
ry requirement to the error in the pass-band are mis-
sing in the literature.

e In the literature, inverse Chebyshev approximation is
not often described or this approximation is wrongly
interpreted: the older implementation in MATLAB
can serve as an example: the transfer function of the
NLP is here normalized at the stop-band edge Q= 1;

however this frequency is assigned with the pass-
band edge of the NLP in the standard case.

e Even order transfer functions (inverse Chebyshev
transformation) cannot be realized with classic LC
lattice structures. These filters can be realized only
with bound inductors (inductors with junctions).

Presentation of the correct formulas for transformation of
the NLP transfer functions is a main acquisition of this
paper. These transformed transfer functions can be realized
with classic lattice LC structures with equal termination
resistors »; = r, = 1 or with lattice LC structures with an
open termination or a short one. Algorithms of circuit
realizations are described in [1], [3], €. g.

2. Order of the Approximation

Approximations are based on the characteristic equ-
ation:

H(s) H(-5)|s = jQ =|H(jQ) =
1 (1)

=1+82(02(Q)’

where H( s) is a transfer function and ¢( () is a characte-
ristic function. Requirements on selectivity of the NLP are
given from the filter specification schema. Filter specifica-
tions are shown in Fig. 1a. The parameter a, describes an
input tolerance in decibels [dB] on pass-band, i.e. in the
frequency interval Q € <0, 1 >.

The stop-band is defined by the boundary frequency
Q) and by the acceptable error of the approximation in the
stop-band a,. Parameters a,, a,, 1, Q, are the input para-
meters of the approximation problem of a NLP synthesis.
These requirements, in the defiance of the chosen appro-
ximation type, can be described by secondary parameterse,
k, k,. The constant ¢ describes the maximum acceptable er-
ror (ripple) of the module frequency characteristic in the
pass-band, the parameter k describes the attitude between
boundary frequencies of the pass-band and stop-band. The
parameter k; describes the distance of the transfer module
in the pass-band and stop-band. A relation between secon-
dary parameters and the filter specifications is shown in
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Fig. 1b. Calculation of the order of NLP with Chebyshev
and inverse Chebyshev module frequency characteristics is
listed in Tab. 1.
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Fig. 1. Transfer specifications of NLP.

The order of the approximation has to be an integer num-
ber. Formulas for the calculation of secondary parameters
are given in Tab. 1. Parameters k; and a, are newly recal-
culated in the first case (k and € are unchanged), parame-
ters k and € are newly recalculated in the second case (k;
and a, are unchanged).

Input parameters a, a1, Q
e=~10"" -1
Secondary parameters k= 1/ Qy
of NLP o
b = 1077 -1
oVt —1
argcosh(1/k
The order of a filter n2 gi(/)
argcosh (1/k,)
Converted parameters
(nis an integer)
. 1
' cosh[n argcosh(1/k)]
The 1* option ,
&
a, =101log| 1+ —-
=10t 17]
= 1
The 2™ option cosh[(1/n) argcosh (1/k,)]
Q, =1/k

Tab. 1. Evaluation of the order of approximation.

3. Chebyshev Approximation

The order of the approximation » and new secondary
parameters are input parameters of the approximation. Cal-
culation of new secondary parameters is listed in Tab. 1.
The method of the retrieval of the transfer function H(s)
and the retrieval of the characteristic function parameters is
listed in Tab. 2. If n is an odd number, we can realize the
filter prototype with an equal termination resistors r| = r, =
=1 from functions H( s) and ¢( s). The filter prototype can
be realized with the classical LC lattice structure with un-

equal termination resistors 7y # r, #1 in the case of the even
order of the transfer function. If we can realize a filter pro-
totype with equal termination resistors, we have to use the
transformation of the even order transfer function:

2 =y
=St @)

1-Qy,
The transformation is applied to the original zeros of the
characteristic function €7, and poles s, = a, * jf, of the
transfer function. New functions Hg( s) and ¢p( s) are re-
sults of the transformation and these functions are listed in
Tab. 3. Maximum of the transfer module at the lowest
frequency €27, is moved to the beginning according to Fig.
2 when using the transformation (2). The curve like curve
in the odd case is obtained with this approximation proce-
dure. The degradation of the selectivity is shown in Fig. 2.
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Fig. 2. Transformation of the transfer maximum 7, at the lo-
west frequency to zero.

4. Inverse Chebyshev Approximation

In this case, input parameters are the order of the ap-
proximation and new secondary parameters. These parame-
ters are recalculated on n—integer according to Tab. 1. The
approximation process, i.e. the retrieval of the function
H(s) and ¢( s), is shown in Tab. 4. In the case of the even
order of n, the transfer function is of a finite value on
Q — oo, and this transfer function can be realized with the
bound inductors only.

We have to use the transformation of the transfer
zeros (poles of the characteristic function) £, and transfer
poles s, = o+ jBif we can realize a filter prototype without
the bound inductors. The transformation formula

(@3, ~1)s?
e ()
Qg +5

is applied on zeros of the initial transfer function in Tab. 5.

Impact of the transformation on the module frequency
characteristics is shown in Fig. 3. This case can be realized
with a classic LC lattice structure. Using transform (3),
selectivity of filter is lower and stop-band edge is shifted.
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Zeros of the characteristic function

Additional parameters

1/n 1/n
1 1 1 1 1
a=—|| 1+—+—| —|.[l+——-—
2 2 € 2 &

1 1 I 1/n N 1 1/n
b=—|| 1+—+—| +| [1+———
2 &2 € 2 €

@u-vr (2u-1)r
2n

Poles of the transfer function Su = @+ Jfy = —asin cos n
u=12,...n
H,
H(s) = — -
2 2, 2
The transfer function (n is an odd (S * a) Il (S 2ays+ay+ ﬂ/‘)

number)

u=1

m 1 n— 1
H:aH(a2+ﬂ2):—, m=
R R AT 2
H
H(s) = — 0
2 2 2
—2a,s+a;+ )
The transfer function (n is an even El(s uS T Ay ﬂu
number)
m=

1 m 2 2 1 n
HO =T 1_[ (a + ﬂ ) =", -
/—1_ 2 a1 R o

The characteristic function (n is an

m -2 -1
p(s) = Z”Kvl'[l[s2 +Qo/1] , m="
e

odd number) 2
The characteristic function (n is an N n
=2" + =—
even number) 9(s) S;El s+ Qoy > m )
Tab. 2. Chebyshev approximation of the NLP.
Input parameters (Tab. 2.) Qo;z . sy =a, +jﬂ/,
2
Additional parameters A, = aj _ﬂj +Qot . B, =2a,p,

Poles of the transfer function

Su =y + jPup =

_ IA+x/A2+Bz , ’—A+\/A2+Bz

+J
2 2
Z[I—Qm] 2[1—901]

The transfer function

Zeros of the transfer function

mn H,
HB(S):H 2 08 2 2
u=18" =2aps+a, +f,
m n
HOB:H(a/ZlB+ﬂ/.ZIB)7 m=—
u=1 2
2 2
Qpu—Q
Qo Qo 2
1-Qo

The characteristic function

2
25 2 1
$) = @S s°+ , =
©p(s) = @B El[ QO#B] 0B cHop

Tab. 3. Chebyshev approximation of the even order transfer function — transformation B.
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o= (b))
o= ()]

Additional parameters

Zeros of the characteristic function

1
Qy =—
o k- cos((Zy - 1)%}

Poles of the transfer function

| —asin(2y—l)zln+jbcos(2y—l)2ln B

s, =
# ka2sin2(2,u—1)21+b2c0s2(2y—1)%

n

The transfer function,

=a,+jB,, wu=12,..n
m 5% +Q%ﬂ
H(s) = Hy ]

2 2 2
u=15"=2a,s+a,+ B,

n is an even number Hy = ! , m= n
&2 2
1+ )
ki
2 2
Hes) Hy [ 57+,
(S) - 1 1_[ 2 2 2
The transfer function, §+—— H=1S —2ays+a/u +ﬂ#
nis an odd number a-k
Hy = n_kl _n -1
g’ 2
m
The characteristic function, _ (_ 1) n i 1 _n
. b ¢(5) - N H 2 2 m=—
n is an even number k 4=1§ +QOH 2
L. . "k m
The characteristic function, (5) ( ) § 1 m= n-1
nis an odd number P8 = k 2,02 ’ )
1 /1:1 ST+ QO/I

Tab. 4. Inverse Chebyshev approximation.

5. An Example:
Inverse Chebyshev Approximation

Frequency and transfer specifications of the low-pass
filter are a, = 1 dB, a, = 38 dB, Q, = 2.35. Secondary filter
parameters are £= 0.508847, k = 0.425532, k; = 0.006406.
The order of the transfer function is » = 4. We have to
achieve a correction of the stop-band edge on n (n is an
integer). We can recalculate new values k= 0.450318, Q, =
= 2.220652 using formulas shown in Tab. 1. Auxiliary
parameters a and b are calculated from formulas shown in
Tab. 4.: a = 0.163426, b = 1.915939. Poles of the transfer
function H( s) are

s12= oy £jB =-0.394058 +; 1.115310,
S34= aptjfh=—1.190119 +;0.577928 .

Zeros of the transfer function are Qg = 2.403617, Qg =
= 5.802844. Transfer function H( s) and characteristic
function ¢ s) have a form

125893-1072 (s2 +5.777274)-

H(s)=—; 3 2
st 1316835453 +502548652 +
~(s2 +33.67300)
+4.7099285+ 2449133
1560911-10% s*
o(s) =

(s2 + 5.777374)(s2 + 33.67300)

Transformation (3) moves a zero of the function H( s) at
the highest frequency to infinity.

0.340783-

H-(s)=
cls) s* 431477185 +4.954065s% +
(s? +6.766801)
+4.6126515+2.306010 °
5.766799s*
CDC(S =

52 46766801
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Input parameters (Tab. 4.)

Zeros of the transfer function Hc(s)

Additional parameters

Poles of the transfer function Hc(s)

ﬁ,uC

The transfer function H( s)

HOC m—1 S2 + Q%/tC

He(s) =
20‘mc9+0‘mc+ﬂnc =1 8> =2t Qes+a C+ﬂ/4C
yC +ﬂyC

Hyc = ( 'nC +ﬂnc) [N

u=1 Qo/zc

m 1 1 1
The characteristic function ¢c( s) pc(s) = pocs” T1 > 2 > Pc=

u=1s +QO/.£C HOC

Tab. 5. Inverse Chebyshev approximation — transformation B.
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Fig. 3. Transformation of the transfer zero on the highest
frequency to infinity.

6. Conclusion

Transformations of the transfer functions, which
are listed in Tab.3. and Tab.5., are additions of the rea-
lization options of filters with the equiripple curve.
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