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Abstract. Some characteristics of materials with negative
permittivity and permeability, i.e., with a negative refractive index, known as metamaterials, are presented in this
paper. Dispersion characteristics of left-handed parallel
strips calculated by different methods are compared with
each other. The calculated and measured dispersion and
transmission characteristics of a newly proposed lefthanded coplanar waveguide and of a novel volume metamaterial are shown. Simple equivalent circuits of both
structures are presented together with elements values. The
structures exhibit a negative refractive index in a wide
frequency band.
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1. Introduction
Unlike standard natural materials having positive values of permittivity and permeability, i.e., positive refractive
index, metamaterials may exhibit both positive and negative values. This fact opens huge opportunities for various
applications [1]-[3]. In this way, media with negative permittivity and permeability can be obtained. Metamaterials
are also called left-handed (LH) materials, according to the
orientation of the vectors of the electric and magnetic field
with a propagating vector of a traveling wave. The unique
properties of these materials may have practical applications, e.g., as antennas [4], phase shifters [5], hybrid ring
couplers [6], ideal lenses [7], single mode waveguides [8],
zeroth order resonators [9], perfect magnetic layers [10],
etc. Inclusions as lumped elements imply more complex
fabrication, and for this reason planar structures have
mostly received considerable attention [11], [12], [13].
LH transmission lines and materials are structures
with periodically inserted inclusions. If the dimensions of
an inclusion, i.e., a cell of this periodic structure, are infinitesimal, then this medium can be treated as continuous.
Otherwise the medium must be treated as a periodic structure and the dispersion characteristic is determined by the
use of the Floquet’s theorem. The dispersion characteristic
can also be calculated numerically using a full-wave elec-

tromagnetic field solver, e.g., CST Microwave Studio
(MwS). The application of these methods is documented
on LH parallel strips.
In the paper a new LH coplanar waveguide (LHCPW)
is presented along with a new bulk metamaterial. These
structures follow the concept of the LH parallel strips described in the paper and show LH behavior in a wide frequency band. The metamaterials were manufactured and
measured. The calculated characteristics fit the measured
data well. In this paper, the volume, or bulk, metamaterial
is understood as a material, which on contrary to a planar
transmission line, occupies some volume and is aimed at
volume applications. It is excited by a plane electromagnetic wave with the given polarization and the direction of
propagation. Hence this metamaterial is non-isotropic.

2. Concept of an LH Medium
and Its Dispersion Characteristic
Media transmitting an electromagnetic wave can be
modeled by an equivalent homogeneous transmission lines.
The circuit model of one elementary cell of these lines is
shown in Fig. 1a. It consists of series impedance Zs and
parallel admittance Yp. These values Zs and Yp are taken per
unit length. The length d of this cell is infinitesimally short.
The characteristic impedance Z0 and the propagation constant γ = α − jβ of this transmission line are [14]
Z0 =

Zs
,
Yp

γ = ± Z s Yp .

(1)
(2)

For a standard transmission line the series impedance is
inductive and represents the stored energy of the magnetic
field. The shunt admittance is capacitive and represents the
stored energy of the electric field, Fig. 1b. Thus for a lossless line we have Zs = jωLR, Yp = jωCR, and the well known
formulas follow from (1), (2)
Z0 =

LR
,
CR

γ = jβ = jω LR CR .

(3)
(4)
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a)

b)

Zs

LR
CR

Yp

Z s = jω LR +

1
,
jω C L

(9)

Y p = jω C R +

1
,
jω LL

(10)

d
c)

CL

d)
LL

β = ω2 LR CR +

C L LR
CR

From (4) we obtain phase velocity equal to group velocity.
This γ (4) corresponds to propagation of a standard forward
wave along the line known as a right-handed (RH) wave.
Let us now consider the dual case with exchanged positions of the capacitor and the inductor, Fig. 1c. We have
changed the original L-C low-pass structure to a C-L highpass structure. For a lossless line Zs = 1/(jωCl) and Yp =
= 1/(jωLL). Inserting them into (1), (2) we get
LL
,
CL

β =−

1

ω LL CL

(5)

.

(11)

Eqn. (11) is valid only when the cell length is infinitesimal.
If this is not the case and the cell length is comparable to
the wavelength, the line must be treated as a periodic structure. To derive the dispersion characteristic of a periodic
structure the transmission matrix of the cell is calculated
according to [15]. Applying Floquet’s theorem [15] we get

LL

Fig. 1. The equivalent circuit of a general transmission line (a),
a standard L-C line (b), a C-L left-handed line (c), and a real
LH transmission line (d). All circuit elements are taken per
unit length.

Z0 =

⎛L
C ⎞
1
−⎜ R + R ⎟ .
ω LL CL ⎝ LL LL ⎠
2

(6)

Subsequently, we obtain values of phase and group velocities from the phase constant (6)
vp =

ω
= −ω 2 LL CL ,
β

(7)

vg =

∂ω
= ω 2 LL CL .
∂β

(8)

Different signs in (7) and (8) may be observed. The group
velocity has the opposite direction to the phase velocity.
This is a feature of a backward wave known as a lefthanded wave. The phase changes in the direction opposite
to the flow of the transmitted power. The magnitude of the
phase constant decreases with frequency, which means that
the wavelength increases with frequency.
An LH transmission line having the equivalent circuit
from Fig. 1c cannot be fabricated as simply as we have
introduced. The inductors and capacitors are inserted into a
real hosting environment, which has the character shown in
Fig. 1b. Therefore combining the circuits from Figs. 1b, c
we get the cell equivalent circuit as shown in Fig. 1d. The
series impedance, the parallel admittance and the phase
constant are

cos ( β d ) = cos ( kd ) −

d2
⎛ kd ⎞
cos 2 ⎜ ⎟ +
2
2ω LL CL
⎝ 2 ⎠

⎛ 1
Z ⎞
d
+ sin ( kd ) ⎜
+ 0 ⎟.
2
⎝ ωCL Z 0 ω LL ⎠

(12)

The dispersion characteristic of an arbitrary transmission
line can be calculated by MwS in the following way [16].
The elementary cell of the line is terminated at input and
output faces by periodical boundaries with varying mutual
phase shift ϕ. The resonant frequencies of this cell, which
represents now a resonator, are calculated by the MwS
eigenmode solver in dependence on ϕ. This phase shift
determines the phase constant

β =ϕ d .

(13)

The calculated resonant frequency represents the second
variable of the dispersion relation.

3. LH Parallel Strips
We document the behavior of an LH transmission line
on parallel strips. This line is shown in Fig. 2. One of the
strips is periodically cut by slots representing the series
capacitors, and the line is loaded by shunt pins representing
the parallel inductors. On its sides the line is terminated by
perfect magnetic walls. The dielectric between the strips
has permittivity εr = 2.6, is t=2 mm in thickness and w=10
mm in width. The length of one cell is d = 4 mm, the slot
width is 0.05 mm and the diameter of the inductive pins is
0.2 mm. The parameters of the hosting line are calculated
from (3) and (4). Assuming [14]
Z0 =

μ0 t
,
ε 0ε r w

β=

ω
c

εr ,

(14)

we get LR=1.02 nH, CR=0.47 pF. The values LL and CL can
be calculated from zeros of the phase constant (11) which
coincidences with the edges of the stop-band calculated by
the MwS, Fig. 3. This gives CL=1.38 pF and LL=1.4 nH.
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The dispersion characteristics of the LH parallel strips
computed by MwS, calculated as a periodic structure by
(12) and calculated as a homogeneous transmission line by
(11), are compared in Fig. 3. At low values of the phase
constant these three characteristics are nearly identical. At
higher values of β the length of the cell is not negligibly
short compared to the wavelength, and the line model (11)
is not valid.

unit cell
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These elements are frequency dependent and the equivalent
circuit of the cell is more complicated, as parasitic elements
and the hosting CPW must be taken into account. By periodical translation of the unit cell we get the layout of the
LHCPW shown in Fig. 5. The dispersion characteristics of
the waves propagating along the LHCPW calculated by
MwS are plotted in Fig. 6. Each branch of the dispersion
characteristic in Fig. 6 defines one pass-band. In the first
and third pass-bands the LH wave propagates, the phase
constant decreases and the wavelength increases with frequency. In the second and fourth pass-bands the RH wave
propagates, and the phase constant increases with frequency. In this paper, we focus on the first pass-band.

slots
conductor

εr

D

s

w

d'
hosting CPW

inductive pin
magnetic walls

unit cell

Fig. 2. LH parallel strips.

Two lowest pass-bands of the line are shown in Fig. 3. The
LH wave propagates in the first band from about 2 GHz to
4 GHz. The standard RH wave propagates in the second
pass-band from about 6 to 23 GHz. There is a stop-band
between these two pass-bands and a stop-band below the
LH pass-band due to the high-pass character of the line.
β

d

Fig. 4. One half of the unit cell of the LHCPW.

Fig. 7 compares the first branch of the dispersion characteristic from Fig. 6 with the measured phase constant and
with the phase constant computed using an equivalent
circuit described below. The LH wave propagates from 5.1
to 6.4 GHz, as shown in Figs. 6 and 7, but the practical
transmission band is narrower, as follows from the transmission characteristic of the line.

Microwave Studio
Equation (11)
Equation (12)

(1/m)

600
400
200
0

0

5

10

15

20

f (GHz)

Fig. 3. The dispersion characteristics of the LH parallel strips from Fig.
2 calculated by the CST Microwave Studio, and by (11) and (12).

4. LH Coplanar Waveguide
The structure of the LHCPW does not contain any
lumped elements. Its layout is a modification of the line
described in [11], but is more compact. The line presented
here is applied in microwave circuits, whereas the structure
in [11] was aimed for a leaky wave antenna design. One
half of the layout of the LHCPW, Fig. 4, fulfills the notion
of an ideal LH transmission line, Fig. 1c. The series capacitor is represented by an interdigital capacitor, and the parallel inductor creates the input impedance of the shortcircuited CPW stubs connected to the ground metallization.

Fig. 5. Final layout of the LHCPW.

The usable frequency band is about 13% of the central
frequency. The modulus of S21 computed by MwS is compared with the measured modulus in Fig. 8. Both curves fit
well in frequency band the first LH mode propagates.

4.1 Equivalent Circuit of the LHCPW
The equivalent circuit of the unit cell of the LHCPW
is shown in Fig. 9. This circuit contains 4 unknowns (2
inductors and 2 capacitors) and is able to approximate the
dispersion characteristic of the first left-handed mode very
accurately. It consists of LR, CR elements representing the
hosting CPW with the characteristic impedance (3) and the
propagation constant (4), denoted here as k. The impedance
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Zin represents the input impedance of a short-circuited
CPW with finite-extent ground planes of length D, which
is given by the relation
Z in = jZ 0e tan ( β 0 D ) / 2 ,

(15)

where Z0e is characteristic impedance of even mode of the
CPW with finite-extent ground planes [17], and β0 is phase
constant of this line. In our case, the stub length is D=7
mm and Z0e=148.6 Ω and Zin shows the inductive behavior.

layout to make it more realistic. This circuit satisfactorily
models the interdigital capacitor and the parallel shortcircuited CPW stubs. The effect of the coupling between
neighbouring cells is not taken into account. The equivalent circuit is proposed to model only the dispersion characteristic of the first left-handed mode.

L1

β
(1/m)

1st

2nd

L2

C1

LR

C2
CR

4th

3rd

Z in

3000

d

2000

Fig. 9. Equivalent circuit of the unit cell in Fig. 4.
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Fig. 6. Dispersion characteristics of the four lowest modes on
the LHCPW from Fig. 4.
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Fig. 7. Calculated and measured dispersion characteristic of the
LHCPW from Fig. 5.

|S 21|

Fig. 10. Modification of the equivalent circuit in Fig. 9 for derivation of the dispersion characteristic.

The dispersion characteristic is derived using the modified
equivalent circuit shown in Fig. 10, where LR, CR are replaced by a section of the transmission line with characteristic impedance Z0, phase constant k and length d’. The
length of the whole unit cell is d, see Fig. 4. The ABCD
matrix of the unit cell is calculated [15]. Then the dispersion characteristic is obtained by applying Floquet’s theorem in the form
cos ( β d ) =
+

(dB)

-20

1
( 2 + Yp ( Z s1 + Z s 2 ) ) cos ( kd ') +
2

(

)

j
Z s1 + Z s 2 + Yp ( Z 02 + Z s1 Z s 2 ) sin ( kd ' )
2Z 0

,

(16)

where

-30
-40
-50

measured
Microwave
Studio

-60
-70
4

5

6

7 f(GHz)

Fig. 8. Measured and calculated modulus of S21 of the manufactured LHCPW.

An ideal left-handed transmission line consists only of
series capacitor C1 and the parallel inductor formed by the
impedance Zin. Parasitic series inductor L2 and parallel
capacitor C2 have been added to the model of the LHCPW

Z s1 =

L1 / C1
,
jω L1 + 1/( jωC1 ) + 1/( jωC2 )

(17)

Zs2 =

−1/(ω 2 C1C2 )
+ jω L2 ,
jω L1 + 1/( jωC1 ) + 1/( jωC2 )

(18)
−1

⎛
⎞
L1 / C2
+ jZ 0 e tan ( β 0 D ) ⎟ . (19)
Yp = ⎜
+
+
ω
ω
ω
j
L
1/(
j
C
)
1/(
j
C
)
⎝
⎠
1
1
2

The circuit elements Zs1, Zs2 and Yp are obtained by the
star-delta transformation of elements L1, C1, C2 and by
some additional circuit rearrangements.
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A comparison of the dispersion characteristics computed by (16), measured and computed by the MwS, is
shown in Fig. 7, where only the first LH mode is depicted.
It can be seen that the curve calculated by (16) approximates the dispersion characteristic of the first LH mode
very accurately. The values of the lumped elements from
Fig. 9 were determined by fitting the dispersion characteristic defined by (16) to the dispersion characteristic calculated by MwS. The resulting values are L1=99 nH,
C1=0.091 pF, L2=7.25 nH and C2=0.34 pF.
a)

C1
(pF)

1

0.18
2

3

0.12

4

109

were simulated by the MwS. Stub length D, stub central
conductor width s and stub slot width w were varied, Fig.
4. The dispersion characteristics computed using (16) were
fitted to the characteristics computed by MwS, and the
resulting element values are summarized in Fig. 11. The
simulations were fulfilled in the range D = 3÷8 mm, s =
0.125÷0.4 mm and w = 0.1÷0.5 mm for several combinations of these dimensions. Each combination of the geometrical dimensions determines a different frequency band
in which the first LH mode propagates.
It can be seen from Fig. 11 that the values of C1 are
roughly constant, the values of C2 decrease slowly with
growing D. Element L2 shows a linear dependence on stub
length D, which determines the frequency band of the first
LH mode on the line. The value of L1 varies ±0.5 % of its
nominal value for every combination of geometrical dimensions, therefore it is not shown in Fig. 11.

5
0.06

b)

3

4

5

6

7 D (mm)

C2
(pF)

0.55

1

0.50
5

0.45
0.40

3

0.35

4
2

0.30
3

c)

4

5

6

L2

5. LH Volume Structure
The proposed novel volume structure is shown in Fig.
12, along with the orientation of the electromagnetic wave
propagating between the layers of the structure. It consists
of a periodically repeated unit cell, which is shown in Fig.
13. The unit cell is repeated 6x15 times in the horizontal
plane in one and two half layers placed vertically. The
structure is vertically terminated by electric walls, which
are placed at the horizontal symmetry planes of the layers.

7 D (mm)

5

electric wall

(nH)

10

4

8

3

6

2

4

1

2
3

4

5

6

E

7 D (mm)

Fig. 11. Values C1 (a), C2 (b), and L2 (c) calculated for different
D, s, and w. 1 – s=0.4 mm, w=0.1 mm, 2 – s=0.125 mm, w=
=0.275 mm, 3 – s=0.125 mm, w=0.1 mm, 4 – s=0.25 mm, w=
=0.25 mm, 5 – s=0.125 mm, w=0.5 mm.

A very similar LHCPW was presented in [18], where also
the equivalent circuit of the unit cell was determined. The
equivalent circuit structure is the same like in Fig. 1d,
where additional series resistance and shunt conductance
were added. These equivalent circuit elements were extracted simultaneously from S-parameters based on effective medium theory [19]. The circuit elements, however,
are valid only for one fabricated line and any dependence
on the structure geometrical dimensions is missing.

4.2 LHCPW Equivalent Circuit Elements
In order to determine the equivalent circuit element
values, several structures with the same shape as in Fig. 4

H

k

inductive pins

Fig. 12. Manufactured bulk metamaterial.

The idea of the structure also starts from the L-C equivalent
circuit of Fig. 1c. The unit cell in Fig. 13 consists of a
parallel-plate waveguide section, which is broken by serially connected vertical stubs and shunted by vertical pins.
The vertical stubs are short-circuited. Their input impedance represents the series capacitance and the pins represent the shunt inductance. The dimensions of the structure
were obtained by an optimization performed by the MwS
with the aim to obtain a structure with a preferably wide
frequency band of LH wave propagation, and at the same
time to achieve the minimum of insertion losses. The structure was fabricated, measured and its equivalent circuit was
determined.
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2 C Z 0, k 0
l'/2

b

parallel
plate waveguide

h

Z0 , k 0 2 C
l'/2

L
d

Fig. 14. Modified equivalent circuit of the unit cell in Fig 13.

stubs
p

l

a

Fig. 13. Detail of one unit cell of the bulk material.

5.1 LH Volume Structure Equivalent Circuit
As has already been mentioned, the structure originates from the equivalent structure of Fig. 1c. A modified
circuit suitable for deriving the dispersion relation is shown
in Fig. 14. By applying Floquet’s theorem, the dispersion
relation was derived in the form
1
⎛ l′ ⎞
cos ( β d ) = cos ( k0 l ′ ) − 2
cos 2 ⎜ k0 ⎟ +
2ω LC
⎝ 2⎠
1 ⎛ 1
1 ⎞
+
⎜
⎟ sin ( k0 l ′ ) .
2ω ⎝ CZ 0 LY0 ⎠

(20)

200

100
50
0

μ0 b
,
ε 0ε r a

(21)

4

6

8

10

f (GHz)

Fig. 15. The dispersion characteristic of the bulk structure.

1
⎡ω
⎤
μ0 p
ω
ε r ( h − b ) / 2⎥
tan ⎢
ε 0ε r a
⎣ c0
⎦

,

(22)

⎡ ⎛ b
L = 2 ⋅10 ⋅ b ⎢ ln ⎜
⎣ ⎝r π

r π⎤
⎞
⎥ ,
⎟ + 0.5 + 0.447
b ⎦
⎠

S 21
(dB)

-20

Microwave Studio
measurement

-30
-40
-50
-60
-70

where p is the thickness of the stub and (h-b)/2 is its
length, Fig. 13. L is the inductance of the pin, the value of
which may be obtained using the formula [20]
−7

Microwave Studio
equation (21)
measurement

150

where b is the thickness of the waveguide and a is its
width. k0 is the propagation constant of the electromagnetic
wave propagating through the parallel-plate waveguide. C
is the capacity at the input plane of the vertical stub. Its
value is frequency dependent and may be obtained by the
following formula
C=−

β
(1/m)
250

Here d=p+l (Fig. 13) and Z0=1/Y0 is the impedance of the
parallel-plate waveguide
Z0 =

In order to fit the dispersion characteristic obtained by
MwS well, the real length was increased by empirically
obtained 25%. The dispersion characteristic for our particular structure dimensions (a=20 mm, b=10 mm, h=24
mm, p=3 mm, r=0.5 mm, d=10 mm) and εr=1 is shown in
Fig. 15 in comparison with the dispersion characteristic
obtained by the MwS and with the dispersion characteristic
obtained by measurement of the fabricated structure. It can
be seen that characteristics obtained by the different methods fit each other quite well, mainly in the high wavelength
limit area (for β→0), where the transmission line equivalent circuit model may be correctly used.

(23)

where r is the radius of the pin. Finally, l’ is the modified
length of the parallel-plate waveguide section. Its real
length has been increased in order to take into account
scattering at the junction between the parallel plate
waveguide and the vertical stub.

-80

4

5

6

7 f (GHz)

Fig. 16. S21 of the bulk structure.

The frequency dependence of the transmission coefficient
of the structure (measured and calculated by the MwS) is
shown in Fig. 16. As can be seen, the agreement is very
good. The medium transmits the wave above 4.75 GHz.
The frequency band of the LH wave propagation is apparent from the dispersion characteristic shown in Fig. 15.
This band spans between 4.75 and 5.65 GHz. The frequency band of RH wave propagation is from 5.72 to 11.9
GHz. The bands of the LH and RH propagation nearly
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merge, and cannot be distinguished in the transmission
characteristic, Fig. 16.

6. Conclusions
This paper summarizes the results of an investigation
of left-handed media composed of periodic structures.
Each cell of the periodic structure is represented by a segment of the hosting line with a series capacitor and a parallel inductor. These media were treated both as a periodic
structure and as a continuous transmission line. The latter
is valid when the cell length is much shorter than the wavelength. To validate this concept the LH parallel strips were
investigated.
A new left-handed coplanar waveguide was designed,
fabricated and measured. The dispersion characteristic
calculated by the CST Microwave Studio predicts the passbands of the LH and RH modes. The lowest pass-band of
the LH wave verified experimentally is about 0.8 GHz in
width. A simple equivalent circuit of the left-handed coplanar waveguide was demonstrated and the dispersion
characteristic of the first left-handed mode computed using
this circuit was compared with the curve computed by the
CST Microwave Studio.
A novel bulk metamaterial has been proposed. Its
structure incorporates the matrix of the LH transmission
lines repeated both horizontally and vertically. These lines
consist of parallel strip segments shunted at their centers by
inductive pins representing parallel inductors. The segments are separated by short circuited stubs representing
series capacitors. The structure behaves as a metamaterial
in the frequency band from 4.75 to 5.65 GHz. The transmission and dispersion characteristics of this medium were
calculated and measured. They agree very well with each
other.
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