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Abstract. At present, most of simulation programs can 
characterize gate delays of microwave transistors. How-
ever, the delay is mostly approximated by means of first-
order differential equations. In the paper, a more accurate 
way is suggested which is based on an appropriate second-
order differential equation. Concerning the transmission 
line delay, majority of the simulation programs use both 
Branin (for lossless lines) and LCRG (for lossy lines) mod-
els. However, the first causes extreme simulation times, and 
the second causes well-known spurious oscillations in the 
simulation results. In the paper, an unusual way for mod-
eling the transmission line delay is defined, which is also 
based on the second-order Bessel function. The proposed 
model does not create the spurious oscillations and the 
simulation times are comparable with those obtained with 
the classical models. Properties of the implementation of 
the second-order Bessel function are demonstrated by 
analyses of both digital and analog microwave circuits. 
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1. Introduction 
The second-order Bessel function [1] appears to be an 

efficient mathematical tool for a general-purpose delay 
modeling. In the paper, an appropriate mathematical form 
has been chosen for an approximation of both MESFET 
and transmission line delays. The models have been 
implemented into and checked by our software tool CIA 
(Circuit Interactive Analyzer). Properties of both models 
have been checked by the analysis of microwave analog 
and digital circuits. 

2. General Properties of the 2nd-Order 
Bessel Function 
Distributed phenomena are described by the partial 

differential equations in the exact way. However, we should 

use an appropriate approximation of the exact solution of 
the partial differential equations in both MESFET and 
transmission line modeling due to convenient model com-
plexity. In characterizing the bipolar junction transistor [2], 
the second-order Bessel function is efficiently used for 
modeling the delay of collector current at high frequencies. 
However, that function can also be used for modeling the 
MESFET and transmission line in a similar precise way. 

Consider a linear second-order differential equation 
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(which is used in [1] for the model of collector current of 
the microwave bipolar junction transistors) to be solved for 
� �� � as a result—the parameter ��  will be defined later. 

Using the Laplace transform of (1), we get 

� � � � �� � � � � �� � , (2) 

where � is the Laplace operator and �� ��  is the second-
order Bessel function 
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To examine the frequency properties of (3), let us set 
� �� � , and formulate the argument � �� � of �� ��� , i.e., 
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The group delay is the value of the derivative of � �� � 
with respect to� , i.e., it is possible to write 
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Fig. 1. Classical Branin model of the lossless transmission line, which will be approximated by means of the 2nd-order Bessel function. 
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Fig. 2. Novel way of MESFET or pHEMT gate delay modeling. 

Consider now �  to be appreciably lesser than �� . 

For example, for � �� �
� � , � � � �

�
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� � � � ��� 	� � � —

therefore, the last member in the denominator in (5) (i.e., 
�
� ) may be neglected, resulting to the simple formula 
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Thus, the group delay is approximately constant, and (1) 
can therefore be considered to be a very accurate tool for 
the delay modeling. 

If the phase delay �
�

 is determined in degrees at 
� �� �� � , where�  represents, e.g., a new MESFET model 
parameter, the time delay at this frequency can be ex-
pressed by the formula 
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Comparing (6) and (7), we obtain the final equation 
for the model parameter ��  (in fact, ��  is not a primary 
model parameter; it is derived from the primary parameters 
�
�

 and � , the phase delay in degrees and reciprocal limit 
frequency, respectively): 
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—however, if the phase delay ��
�

 is determined in radians 
at � �� �� � , we obtain the more natural form 
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2.1 Limit of Approximating by the 2 nd-Order 
Bessel Function 

If the function (3) is used for the delay modeling, the 
magnitude of � �� � has to be also checked. For � �� � , the 

magnitude of �� ���  can easily be expressed as 
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Fig. 3. New CIA built-in sub-element called ϕ-shift. 
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Fig. 4. One element of the new transmission line model created 
by the four ϕ-shift sub-elements. 
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This magnitude decreases to � ��. � for � �� �
� � . 

Therefore, the angular frequency �  should not be greater 

than �� �� —in other case, the ϕ-shift element also changes 
the amplitude of the signal (not only the phase). 

Substituting � �� �
� �  in (4), we obtain the shift 

� ��� �
��
�� �� ��	 
 	 
� �� 
���
��� � . (11) 

—therefore, the phase shifts greater than approximately 
��
  cannot be modeled by one equation ((1) or (3)) only. 

3. Modeling the MESFET Gate Delay 
During the transient operations in a FET, the electron 

depletion width under the gate must be changed by charge 
transport [2]. Hence, a change in the gate voltage does not 
cause an instantaneous change in the drain-source current. 
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Fig. 5. Digital circuit with both enhancement- and depletion-mode MESFETs used as a test of the model with the 2nd-order Bessel function. 
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Fig. 6. Additional delay given by the 2nd-order Bessel function. 

This delay can be accurately defined by means of an 
appropriate differential equation (see (1) and Fig. 2) 
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with the following natural initial conditions: 

� � � � � � � � � �	 	 �	 ��� � �� � � �� . (13) 

As the �	�  source is unilateral and DC conditions cannot 

change, the ���  is also necessary (see Fig. 2 and [3], e.g.) 

� �� �� � . (14) 

The solution of (12) can be performed in a numerical 
way by means of a circuit analyzer’s integration algorithm. 
However, a mixed analytical-numerical solution is also 
possible, because the affiliated homogenous differential 
equation to (12) is linear. 

4. Modeling the Transmission Delay 
Let us consider the classical Branin model in Fig. 1 

[2], where ��  is the characteristic impedance of the trans-
mission line. The main problem of this model is introduced 
by the incompatibility of the � �� 
�  delays with the 
numerical integration methods. Therefore, another approxi-
mation of the delay model is necessary [4]. An unusual sug-
gestion can also be created by the differential equations 
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The solutions of (15) and (16) are used as the approxi-
mation of the delayed voltages and currents, i.e., 

	 � 
 	 � � � 
 � � � � � � � � � �� � � ��� � � � � � � �	 
 	 
� � . (17) 

In fact, a novel unusual model is created in this way. 
First, a new circuit element called ϕ-shift is implemented 
with the symbol, which is drawn in the left part of Fig. 3. 
Second, one element of the new transmission line model is 
created in the way, which is shown in Fig. 4—this is an 
unusual analogy of the Branin model. 

Let us emphasize again that the phase shift must not 
be greater than approximately ��
— see (11). Therefore, 
several Branin subcircuits (the circuit in Fig. 4 with the 
“Bessel” approximation of the delays) must be serially 
connected in the case of greater phase shifts. 

The model of transmission line based on (15)–(17) 
has quite different properties than LCRG one. The LCRG 
model generates spurious oscillations—on the contrary, the 
new model generates smoothed shapes of all the signals. 
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Fig. 7. Microwave voltage-tunable distributed oscillator used as a test of the transistor gate delay model based on the 2nd-order Bessel function. 
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Fig. 8. Comparison of the two output voltages for the zero and 

nonzero gate delays, ����� versus ����� GHz detected. 

5. Testing the MESFET Gate Delay 

5.1 Testing Digital Circuit with MESFETs 

Consider a fast digital circuit in Fig. 5 [7] with the 
trapezoidal pulse at the input—see Fig. 6. A substantial part 
of the delay is caused by the MESFET nonlinear capacitan-
ces, of course. However, another part of the delay is caused 
by the distributed circuit phenomena, which is also shown 
in Fig. 6. This additional part of the delay has been mod-
eled in the way described in Fig. 2. In this simple circuit, 
the additional delay is not fundamental. However, for more 
complicated digital circuits, accurate modeling is necessary. 

5.2 Testing Distributed Microwave Oscillator 

As another more sophisticated example, consider a 
distributed tunable oscillator in Fig. 7 [5]. The oscillator 
has been developed in our university and the analyses with 
CAD tools have been performed by the classical Berkeley’s 
SPICE 3 system and our CIA program, because the tools 
based on harmonic balance did not converge for this circuit. 

Formerly, the gate delay has not been modeled (the 
SPICE 3 model is unable to define it)—the importance of 
the gate delay modeling is demonstrated here. The results 
are shown in Fig. 8. The curve marked “without delay” can 
be obtained by any of the standard circuit simulators; the 
curve marked “with delay” has been computed by the CIA 
program—the �������� transistor has had the gate phase 
shift �� �. 
  at �� GHz (i.e., the limit ��
  was not 
exceeded). 

As observed, the period determined by the new model 
is slightly greater, which is expected. However, the phase 
shifts induced by the transistor delays cause somewhat 
greater magnitude, which is also important. Note that the 
steady-state has been detected by the CIA extrapolation 
algorithm monitoring the intersection of the output voltage 
with the level ��� V (automatically). As the oscillator is 
tunable, a number of analyses had to be performed—
therefore, the automatic period detection is very important. 

The measured results [5] confirm the simulated ones. 
For the bias voltages shown in Fig. 7, the oscillation 
frequency ����� GHz has been measured. In the tuning 
range, the output power �–�� dBm has been measured (the 
level �� dBm is related to the output voltage � V). 
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Fig. 9. Feedback microwave oscillator with great amplitude of output used as a test of both “Bessel” and LC transmission line models. 
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Fig. 10. Harmonic analysis of the output waveform created by 

LC model (detected period is ���� GHz). 

6. Testing the Transmission Delay  
Consider a feedback microwave oscillator in Fig. 9 

[6]. The oscillator has a number of harmonic components, 
and therefore it is very appropriate for testing the trans-
mission line model. The pins � and � mark the exterior gate 
and drain, respectively; the pin � marks the output. 

The first analysis has been performed by the classical 
LC model of the two transmission lines (4 LC sections were 
used, the inductance and capacitance per section were 
� � � ���. nH and � � � ��. pF, respectively). The second 
analysis has been performed with the 2nd-order “Bessel” 
model of the two transmission lines (as defined in Fig. 9, 
four sections has been used, each of them with the phase 
shift �� ��. 
  at ���� GHz—for the accuracy purposes, it is 
better to use more sections with lesser values of shifts to 
protect the amplitude of the signal). 
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Fig. 11. Harmonic analysis of the output waveform created by 

“Bessel” model (detected period is ����� GHz). 

The two results are compared using the Fourier com-
ponents of the outputs—see Figs. 10 and 11. The proposed 
model suppresses the spurious oscillations (see the higher 
harmonic components of the signals). Moreover, the new 
model has claimed a lesser number of integration steps—
��� in comparison with ��� for the LC model. 

7. Conclusions 
The second-order Bessel function has been proposed 

as an efficient tool for modeling the delays in microwave 
and RF circuits. A practical way for using this function for 
modeling the MESFET gate and transmission line delays 
was outlined. The models have been checked using both 
digital and analog microwave circuits. The results show that 
the modeling of the delays caused by the distributed circuit 
phenomenon could be very important for the overall 



6 J. DOBEŠ, K. ULOVEC, MODELING DELAYS OF MICROWAVE TRANSISTORS AND TRANSMISSION LINES BY THE 2ND-ORDER… 

precision of the simulations, and therefore it should be 
implemented into the CAD tools. 
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