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Abstract. The guided modal properties of double-positive
and double-negative metamaterial slab waveguides are
numerically analyzed and compared when varying the
dielectric and magnetic constants. As the cutoff frequencies
of both slab waveguides remained unchanged when the
absolute value of the refractive index was kept invariant,
this enabled an effective comparison of the respective
guided modes. Thus, the guided mode dispersion characteristics of the double-positive and double-negative slab
waveguides were analyzed and compared, including several higher order modes. As a result, this comparative
analysis provides greater physical insights and a better
understanding of the guided modal characteristics of
double-negative metamaterial slab waveguides.
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1. Introduction
Based on Pendry’s ideas of practical realizations for
artificial negative permittivity [1], [2] and permeability [3],
Veselago’s theoretical predictions for simultaneously negative material indexes [4] were experimentally verified by
Smith et al. [5], [6]. Since then, a lot of theoretical and
experimental work has been undertaken in relation to both
the novel physics of these unusual materials and their practical and unique applications to microwave and optical
devices [7-9]. Among such applications, planar guiding
structures with double-negative (DNG) metamaterial inclusions have attracted much interest as regards their fundamental modal properties and different applications [10-44],
as double-positive (DPS) dielectric slab waveguides are
commonly used in microwave and optics regimes. The
modal properties of grounded DNG slabs [10-19], DNG
slabs with symmetric [20-28] and asymmetric [28-35]
dielectric claddings, DNG multilayers [36-38], air- or dielectric-filled gaps embedded in DNG materials [39-41],

and dielectric slabs with a DNG cover or substrate [42-44]
have already been investigated and resulted in several
important findings, including a sign-varying power flux
[13, 21], the absence of a fundamental mode [16, 17, 33], a
zero or negative group velocity [18, 25, 34], the coexistence of eigenmodes [23, 31, 33, 34, 41], and an evanescent field enhancement [28]. Thus, numerous potential
applications have been suggested using these geometries
with DNG material inclusions, such as a backward wave
generator [13], compact resonator and phase shifters [14],
bandpass filter [14, 23], contradirectional coupler [24],
optical imager [35], energy-transfer enhancer [35], high
capacity storage [37], anti- and high-reflection coatings
[38], nano-optical waveguide [41], and ultrasensitive optical sensor [41]. Nonetheless, relatively little attention has
been focused on a comparative analysis of DNG slab
waveguides and DPS slab waveguides, despite the potential importance in terms of understanding DNG slab
waveguides in more detail.
Accordingly, this study conducted a comprehensive
comparative analysis of the guided modal properties of
DNG and DPS slab waveguides in order to provide greater
physical insights and a better understanding of the physical
phenomena related to DNG slab waveguides. The guided
modal properties of slab waveguides with several simultaneously positive and negative material constant sets with
identical absolute values for the refractive index are
investigated for both DPS and DNG slab waveguides to
facilitate a comparative analysis of the guided modal dispersion characteristics. In addition, the guided modal
properties of DNG slab waveguides are also briefly compared with those of other relevant geometrical and material
configurations, such as a grounded DNG slab, DNG gap,
and plasmonic/plasma slab.

2. Characteristic Equations of
Ordinary Surface and Surface
Polariton Modes
Fig. 1 shows a symmetric DPS or DNG slab waveguide structure with a height of 2h, placed in a free space
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region, along with four possible distinctive field configurations in the transverse x-direction. The propagation of the
electromagnetic waves is in the +z direction. The dielectric
and magnetic constants (relative permittivity and relative
permeability) are denoted by εri and μri (i = 1, 2), respectively, while subscripts 1 and 2 represent the slab (x < ⎢h⎢)
and surrounding free space (x > ⎢h⎢) regions, respectively.
Various dielectric and magnetic constants were chosen for
the slab, i.e. εr1 and μr1, yet εr2 = μr2 = 1.0 was assumed for
the free space region.

the transverse propagation constant in the slab region is
given by k1 = k0 ( β 2 − μr1ε r1 )1/ 2 , the same as k2 . Since the
field configurations of this mode are exponentially decaying in both transverse directions from the interface, as
shown in Fig. 1(b), which is similar to the surface plasmon
polariton at a metal/dielectric interface [46], this mode is
called the surface polariton (SP) mode in this study and
only a monomodal property is expected. Consequently,
from the boundary-value problems for this condition, the
characteristic equations of the asymmetric (m = 0, 2, 4, ⋅⋅⋅)
and symmetric (m = 1,3,5, ⋅⋅⋅) TMm modes for the SP
modes can also be obtained respectively as follows:
k1ε r 2 tanh ( k1h ) + k2ε r1 = 0 ,

(3)

k1ε r 2 coth ( k1h ) + k2ε r1 = 0 .

(4)

The resultant characteristic equations (3) and (4) for the SP
modes of DNG slab waveguides are the same as those for
single-negative (SNG) slab waveguides that include plasma
or plasmonic slabs [47-49].
It should be noted that the characteristic equations for
the TE modes can be easily obtained by interchanging the
dielectric and magnetic constants with each other based on
the duality principle, and the modal properties of the TM
and TE modes are also identical if both material constants
are thought to be interchangeable, which has already been
confirmed in part in the case of grounded DNG slab
waveguides [10]. Thus, only the TM mode characteristics
will be investigated in this study.

Fig. 1. Schematic illustration of symmetric slab waveguide
and sketches of field profiles for (a) surface polariton
(SP) and (b) ordinary surface (OS) modes. The
asymmetric and symmetric modes are denoted by “as”
and “s”, respectively.

Following the standard steps in boundary-value problems, i.e. enforcing continuation of the fields at interfaces
between the slab and free space regions, the characteristic
equations can be derived. The characteristic equations of
the TMm mode for asymmetric (m = 0,2,4,…) and symmetric (m = 1,3,5,…) modes, as shown in Fig. 1(a), can be
obtained respectively as follows:
k1ε r 2 tan ( k1h ) − k2ε r1 = 0 ,

(1)

k1ε r 2 cot ( k1h ) + k2ε r1 = 0

(2)

where k1 and k2 are the transverse propagation constants in
the slab and free space regions, and given by
k1 = k0 ( μr1ε r1 − β 2 )1/ 2 and k2 = k0 ( β 2 − μ r 2ε r 2 )1/ 2 , respectively, in which case β ( = β / k0 ) is the normalized propagation constant and k0 is the free space wave number. Here,
the allowed guided mode region for the normalized propagation constant is μr 2ε r 2 < β < μr1ε r1 , which is the same as
that of the surface waves in a conventional dielectric slab
waveguide [45]. As such, this mode is called the ordinary
surface (OS) mode in this study, which can be supported in
both DPS and DNG slab waveguides.

However, under certain conditions in the case of
DNG slab waveguides, the normalized propagation constant can transcend the higher limit of the OS mode due to
the negative indexes, i.e. β > ( μr1ε r1 )1/ 2 . In this situation,

3. Numerical Results and Discussion
The guided modal properties of slab waveguides can
be analyzed in terms of their dispersion curves, i.e.
normalized propagation constant versus normalized
frequency ( k0 h ) , which are solutions of the characteristic
equations (1) to (4) outlined in the previous section. First,
the modal behavior of DPS slab waveguides is investigated
with several combinations of simultaneously positive
dielectric and magnetic constants. The DPS and DNG
materials considered here were assumed to be isotropic and
homogeneous magneto-dielectric materials [50] with
potentially non-unity magnetic constants. Fig. 2 shows the
dispersion curves of the asymmetric and symmetric TMm
modes for five different DPS material combination sets, i.e.
{ ε r1 , μr1 }={+0.5, +8.0}, {+1.0, +4.0}, {+2.0, +2.0},
{+4.0, +1.0}, and {+8.0, +0.5}, which were chosen to
investigate how dissimilar DPS material sets with the same
positive refractive index, i.e. n1 = ( μr1ε r1 )1/ 2 = +2.0 , would
affect the modal properties of the waveguide. Note the set
of ε r1 = +4.0 and μr1 =+1.0 corresponded to conventional
dielectric materials. The normalized cutoff frequencies,
where the normalized propagation constant is the same as
that of the embedding free space, i.e. β =1.0 , were not
changed for any of the DPS material constant combinations
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Fig. 2. Guided dispersion characteristics of double-positive
slab waveguides. (a) Asymmetric and (b) symmetric
modes.
TM0
0

TM1
0.907

TM2
1.814

TM3
2.721

TM4
3.628

Tab. 1. Normalized cutoff frequency of TMm mode.

and are listed in Tab. 1. There was no normalized cutoff
frequency for the TM0 mode and its normalized
propagation constant approached unity as the normalized
frequency was decreased, which is already well known for
conventional dielectric slab waveguides. In the case of
conventional dielectric slab waveguides with different
dielectric constants yet a fixed magnetic constant of unity,
the normalized propagation constant increases with
a higher dielectric constant for the slab, and exhibits
a higher field concentration inside the slab region.
However, for the DPS metamaterial slab waveguides in
this study, it is interesting to note that the normalized
propagation constant had a lower value with higher
dielectric constants (yet lower magnetic constants), and
exhibited a less confined field inside the slab region. As
expected, the guided modes remained within the region of
μr 2ε r 2 < β < μr1ε r1 for both the asymmetric and symmetric
modes and the dispersion curves followed a well-behaved
tendency with respect to the material constant variations,

Next, the guided modal properties of the DNG slab
waveguides were considered with several negative material
sets. Fig. 3 shows the guided dispersion characteristics of
the DNG slab waveguides with several sets of
simultaneously negative dielectric and magnetic constants
of { ε r1 , μr1 }={‒0.5, ‒8.0}, {‒0.8, ‒5.0}, {‒1.0, ‒4.0},
{‒2.0, ‒2.0}, {‒4.0, ‒1.0}, and {‒8.0, ‒0.5}. Similar to the
previous DPS metamaterial cases, each material set was
chosen to generate an identical negative refractive index of
n1 = −( μ r1ε r1 )1/ 2 = −2.0 . In the case of the grounded DPS
and DNG slab waveguides, all the symmetric TMm modes
were suppressed by the electrical symmetry at x = 0 (in
Fig. 1), leaving only asymmetric TMm modes [10, 14],
which is different from the present structure. As shown in
Fig. 3(a), the principal modes of the asymmetric and
symmetric TMm modes, i.e. the TM0 and TM1 modes, were
quite different from those in the DPS slab waveguides
shown in Figs. 2 (a) and (b). In the case of ε r1 ≥ 1.0 , all
the TM0 modes were suppressed, as predicted by Baccarelli
et al. [17]. Meanwhile, all the TM1 modes existed in the
form of backward waves with negative slopes in the
dispersion curves for every material combination set
considered here. The normalized cutoff frequencies of the
TM1 mode for all the material constant sets considered in
Fig. 3(a) were identical at k0 h = 0.907 , which was the
same as that for the DPS slab waveguides shown in Tab. 1.
This indicates that the normalized cutoff frequency of the
slab waveguide remained invariant, even for
simultaneously negative dielectric and magnetic constants,
when the absolute value of the refractive index was kept
the same. This was also true for the higher order modes of
the DNG slab waveguides, as shown in Figs. 3(b) and (c).
As the normalized frequency decreased, the normalized
propagation constants of the TM1 mode increased to the SP
mode region, corresponding to the symmetric field
configuration in Fig. 1(b), indicating that the solutions of
the characteristic equations (2) and (4) were seamlessly
continued over the OS and SP mode regions at β = 2.0 to
complete the guided modal properties of the TM1 mode.
When also considering the cases of ε r1 < 1.0 , i.e.,
ε r1 = −0.8 and μr1 = − 5.0 [“A” in Fig. 3(a)]; ε r1 = −0.5
and μr1 = − 8.0 [“B” in Fig. 3(a)], the TM0 modes that were
suppressed in the case of ε r1 ≥ 1.0 were found to exist in
the form of a backward wave in a lower normalized
frequency region. However, while the TM0 mode in this
case had no cutoff, making it similar to the TM0 mode in
the DPS slab, the normalized propagation constants
approached to infinity as the normalized frequency
decreased, whereas those of the TM0 modes for the DPS
slab waveguides approached to unity. As such, a higher
electromagnetic field concentration inside the slab region
can not be expected based on reducing the height of the
DPS slab waveguide. In contrast, the principal modes of
the DNG slab waveguide were tightly confined in the form
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β / k0 = 3.055 and β / k0 = 2.236 , respectively, which only
belonged to the SP mode region. Therefore, no
continuation of the normalized propagation constants over
the OS and SP modes was observed, as distinct from the
previous case of the TM1 mode. In the case of the
plasmonic slab waveguides, the TM0 and TM1 modes both
existed as SP modes, which is the only propagation
mechanic for this waveguide. Meanwhile, the TM0 mode of
the DNG slab waveguides resembled that of the plasmonic
slab [48], whereas the TM1 mode of the DNG slab also had
solutions in the OS mode region, as mentioned, due to the
DNG index, which differed from the case of the plasmonic
slab. Furthermore, the TM1 modes for ε r1 < 1.0 exhibited
forward waves with a positive slope in the dispersion
curves, while the normalized propagation constant
asymptotically approached to β / k0 = 3.055 and
β / k0 = 2.236 for cases “A” and “B”, respectively.
Eventually, the TM0 and TM1 modes exhibited common
guided modal properties for ε r1 < 1.0 with a higher
normalized frequency regime, despite their different field
profiles, as shown in Fig. 1(b). This phenomenon only
occurred in the SP mode region at higher normalized
frequencies, i.e. with a higher physical frequency or thicker
slab. At this higher normalized frequency, the SP modes at
both interfaces, i.e. at x = ± h , were essentially decoupled
with each other inside the slab region, giving the
appearance of a single interface between the free space and
the DNG half space. In other words, the SP modes at
x = ± h appeared to be independent. The normalized
propagation constant of the single interface for the TM
mode with a non-unity negative dielectric and magnetic
constants in region 1 was derived as follows:

6

Fig. 3. Guided dispersion characteristics of double-negative
slab waveguides. (a) Principal modes of asymmetric
and symmetric modes, (b) higher order modes of
asymmetric modes, and (c) higher order modes of
symmetric modes.

of backward waves inside the slab region due to the very
slow phase velocity ( k0 / β ) . Thus, reducing the height of
the DNG slab waveguide to a subwavelength scale can
produce a higher field concentration inside the slab region
for use in compact transmission line applications. As the
normalized frequency increased, the normalized
propagation constants of the TM0 mode for the cases of
“A” and “B” asymptotically approached the values of

ε r1ε r 2 ( ε r1 μr 2 − μr1ε r 2 )
.
ε r21 − ε r22

(5)

If the surface plasmon polaritons at a single
metal/dielectric interface is considered with unity magnetic
constants in each region, equation (5) can be reduced to
β / k0 = [ε r1ε r 2 / ( ε r1 + ε r 2 )]1/ 2 , which is well known [46],
and the TE mode version of equation (5) can also be
derived in a similar way [49]. Thus, for the cases of “A”
( ε r1 = −0.8 and μr1 = − 5.0 ) and “B” ( ε r1 = −0.5 and
μr1 = − 8.0 ) in Fig. 3(a), the normalized propagation
constants from equation (5) were β / k0 = 3.055 and
β / k0 = 2.236 , respectively, which were identical to the
normalized propagation constants obtained from the
characteristic equations (3) and (4) for a higher normalized
frequency regime. Thus, it was confirmed that this
phenomenon was not just a coincidence, but resulted from
the surface polaritons at a single interface. This was also
found in cases of DNG gap [41] and SNG slab [48, 49]
waveguides. However, this phenomenon is hardly seen in
the OS mode region, as the electromagnetic fields inside
the slab region are oscillatory rather than evanescent in the
transverse direction and more or less coupled with each
other.
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Fig. 4(a) shows the guided modal properties of the
DPS and DNG slab waveguides for ε r1 = ±8.0 and
μr1 = ±0.5 , as an exemplary case of higher absolute values
for both dielectric constants of the DPS and DNG
materials. As mentioned previously, the TM0 mode of the
DNG slab was suppressed and the normalized cutoff frequencies were the same for both cases. It is interesting to
note that with a higher normalized frequency far above
from the normalized cutoff frequency, the normalized
propagation constant of the forward TM2 (TM3) mode for
the DNG slab approached that of the TM0 (TM1) mode for
the DPS slab, and the other higher order modes also followed this tendency. This phenomenon was probably due
to the absence of the principal forward TM modes for the
DNG slab in the OS mode region. In other words, since the
forward TM2 mode of the DNG slab was actually the first
asymmetric forward wave in the OS mode, it tended to
behave like the first asymmetric mode of the DPS slab
waveguide. Likewise, since the forward TM3 mode of the
DNG slab played the role of the first forward symmetric
mode in the OS mode region, it followed the modal behavior of the TM1 mode as the first symmetric mode of the
DPS slab waveguide. Fig. 4(b) shows the guided dispersion
characteristics of the DPS and DNG slab waveguides for
ε r1 = ±0.8 and μr1 = ±5.0 , as an exemplary case of low
absolute values for the dielectric constants to compare with
the previous case in Fig. 4(a). As in the previous case, the
forward TM2 (TM3) mode of the DNG slab waveguide
approached the TM0 (TM1) mode of the DPS slab
waveguide with a higher normalized frequency in the OS
mode region, however, it was not as clear as the case
shown in Fig. 4(a), probably due to the existence of the
forward TM1 mode in the DNG slab waveguide.
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Figs. 3(b) and (c) show the dispersion curves of the
higher order asymmetric and symmetric TMm modes for
the DNG slab waveguides, respectively, when using the
same absolute values for the material sets as those considered in Figs. 2(a) and (b). Forward and backward waves
always coexisted and their normalized cutoff frequencies
did not change with the various material constant combinations, even in the case of negative material constants, as
mentioned previously. The backward wave propagation
region, extending from the bifurcation point (meeting point
of the forward and backward waves) to the normalized
cutoff frequency, became wider when increasing the absolute value of the dielectric constants. As the dielectric
constants were increased, the normalized propagation constants of the backward waves also increased, as with the
DPS slab waveguides, as shown in Fig. 2, however, the
forward waves of the DNG slab waveguides had lower
normalized propagation constants, which was contrary to
the case of the DPS slab waveguides. Thus, the forward
waves of the DPS and DNG slab waveguides would be
expected to be closer with higher absolute values for both
dielectric constants.

121

2.0
TM2

1.5

TM0

1.0

0

TM1

1

TM2

2

TM3

TM4

TM5

TM3

TM4

TM5

3

4

5

k0h

6

Fig. 4. Guided dispersion characteristics of double-positive
and double-negative slab waveguides for (a)
ε r1 = ±8.0 and μr1 = ±0.5 , and (b) ε r1 = ±0.8 and
μr1 = ±5.0 . The black and grey lines denote the DNG
and DPS slab waveguides, respectively.

4. Conclusion
The guided modal characteristics of DPS and DNG
slab waveguides were comparatively investigated as regards the OS and SP modes using several combinations of
dielectric and magnetic constants with identical absolute
values for the refractive index. For both the DPS and DNG
slab waveguides, the normalized cutoff frequencies remained invariant for all the selected material constants,
even when inversing the material signs, thereby enabling
an effective comparison of the guided modal properties. As
a result, the extensive comparative analysis conducted in
this study provides greater physical insights and a better
understanding of the guided modal dispersion properties of
DNG metamaterial slab waveguides. Although the comparative guided modal characteristics were only analyzed
for a basic symmetric slab waveguide structure, the results
are also valid for asymmetric slab waveguides.
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