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Abstract. In this paper, we present an efficient numerical
technique for the analysis of a reflectarray and its design
refinement by the characterization of the “actual” influence of each radiating element when embedded in the
antenna structure. The method makes use of the MLayAIM,
a fast full-wave formulation suitable for the analysis of
electrically large multilayered printed arrays which have
one or more planar metallizations and vertical conductors.
The low numerical complexity of the analysis method
allows the development of a recursive procedure that,
starting from the equivalent currents relevant to each cell
of the reflectarray when this is immersed in the actual
antenna layout, calculates the real phase-shift introduced
by each radiating element and corrects its dimensions to
better fit the antenna requirements.
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1. Introduction
Recently, printed reflectarrays have received increasing attention [1]. Compared to conventional shaped reflectors, the manufacturing processes are much simpler,
because they are based on conventional techniques used in
multi-layer printed circuits [2]. In addition, when contoured beams are desired, they do not require any specific
mould as in shaped reflectors. As a result, increasingly
tight requirements have started to be accommodated and
this has significantly complicated their structure.
Several approximations are necessary in practical
design work-flows to design the antenna with reasonable
computational, human and time resources [3]. As a consequence, pre-prototyping refinements of the initial design
are very desirable to cut production and/or prototyping
costs, especially in view of the complexity of the reflectarray. Full-wave modeling methods play a key role in this
scenario for their potential ability to take into account all
the physical issues of interest, such as complex multilay-

ered substrates, mutual coupling among cells, finiteness of
the radiating aperture, etc. However, to be useful, they
must be accurate and at the same time flexible and fast,
since the computational electromagnetic task associated to
the reflectarray is, in many cases, a challenge [4]. They are
electrically large overall, and require a very fine, or nonuniform meshing of the radiating elements because these
latter are resonant. The phase response critically depends
on the accuracy with which the resonant behavior is
captured in the numerical model.
For this purpose, a two steps approach has been used:
first, the reflectarray is designed using a computational
procedure similar to that described in [3], which has been
proven to yield accurate patterns and absolute gains.
Specifically, a Physical Optics approach is used where the
phase-shift introduced by each radiating element of the
reflectarray is supposed equal to the phase of the reflection
coefficient of the zero order Floquet mode calculated by
assuming the element embedded in a periodic lattice. Then,
a full-wave analysis of the entire antenna is performed by
using the MultiLayer Adaptive Integral Method
(MLayAIM) [5], that is highly suitable for the analysis of
multilayered structures, such as reflectarrays, which present a large number of planar metallization and a few vertical conductors. MLayAIM is an extension of the AIM
formulation [6] in which the array patches can be of arbitrary shape and orientation and are modeled with sub-domain triangular basis functions. This method makes use of
a 2D-FTT/CG scheme, reducing the CPU time per iteration
to O(Nlog2N) and the memory requirement to O(N). No
restrictions are present on the thickness and the number of
dielectric layers that separate each metallization or the
vertical conductors can cross.
The full-wave analysis allows us to estimate the
equivalent currents relevant to each cell of the reflectarray
when this is immersed in the actual antenna layout. Thus,
the right mutual coupling effect is taken into account. From
these currents, the actual element factor of each cell is
computed and compared to the one resulting in the step
one, where the radiating element is treated as a cell of a
periodic lattice. The results of the analysis are then reused
in the design procedure in order to better fit the antenna
requirements.

740

F. DE VITA, P. DE VITA, A. FRENI, EFFICIENT ANALYSIS FOR THE DESIGN REFINEMENT OF LARGE MULTILAYERED …

2. MultiLayer Adaptive Integral
Method (MLayAIM)
Consider an arbitrarily microstrip structure consisting
of N m metalized layers in a multilayer medium, as that
sketched in Fig. 1. Each layer is characterized by relative
permittivity  ri , relative permeability ri ,and thickness hi .
As well known, the equivalent currents J s relevant to the
microstrip structure can be found by solving the following
MPIE [7]



 
1
A
nˆ  E i  j nˆ  G , J s 
nˆ   G  ,   J s , (1)
j
A

where G and G  are the Green’s function for the vector
and scalar potential, respectively. The notation , is used
for integrals of dot products of two functions separated by
the comma over their common spatial support. To solve the
integral equation (1), one first subdivides the surface S of
the metallic structure into small triangular patches, and the
unknown current
 is expanded by using a suitable set of
basis functions jn (r ) (e.g. the Rao-Wilton-Glisson (RWG)


N



basis functions [8]), i.e., J n (r )   I n jn (r ) , where In are unn 1

known coefficients and N the number of interior edges
(unknowns). Then, the MoM solution technique is applied
to the surface integral equation (1), and the matrix equation
is ZI  V .

function and the scalar potential, respectively, due to the
interaction between the metallization p and p  . It is
worth noting that to solve the planar problem by using the
formulation proposed in [9] it is sufficient to evaluate the
xx -component of the dyadic Green’s function.
As in the classical Adaptive Integral Method (AIM)
[6], the efficiency is achieved by splitting the reaction
integral domain of the planar part into a near-interaction
(strong) region, and a non-near-interaction (weak) region,
based on an appropriate choice of the error of the reaction
integral terms. Hence, the planar impedance matrix Z p is
further divided into the sum of a strong- and a weak-matrix, i.e., Z p  Z s  Z w , where Z s represents the (strong)
near-field interaction and Z w the (weak) non-near-field
interaction. The former one is calculated Z s  Z p  Z w
similarly as in [6], and is the only one that we have to
store. Concerning the weak- matrix, we introduce a set of
 

auxiliary basis functions  n (r ) and  nd (r ) which produce
a good approximation of the field radiated by a RWG basis
function at a large distance. In particular, for each RWG
basis function lying on a plane z  z p , we chose a set of
L  ( M  1) 2 point-like current elements (usually L  9 )
located at the nodes of a regular Cartesian two–dimensional grid, parallel to the x, y plane and located at z  z p ,
i.e.,
L 
 
 
 
jn r    n r     n ,i r  ri  ,

(3)
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Fig. 1. Geometry of the problem (array of 5x3 elements).

The impedance matrix Z  Z e  Z p is then divided
into the sum of a non-planar (external) matrix Ze and
a planar matrix Z p . The planar matrix represents the interaction relevant to those basis functions that lie on a z-constant plane. In particular, in reflectarray analysis these basis
functions represent the majority; hence, the external matrix
Ze is a very sparse matrix and its storage does not present
any problem. Hence, in the following, we will focus our
attention on the planar-matrix Z p evaluation only.
Let P be the number of metallizations on which the
p
planar part of the structure lies, each element Z mn
of the
p
planar-matrix Z can be expressed, assuming the Galerkin
discretization scheme, as follows
 
     
a


Z mnp  j  jm (r )   G pp
' ( r , r )  jn ( r ) dr dr 
S

S

  
    
1
  
 


  jm (r )  G pp
' ( r , r )   jn ( r ) dr dr

j S
S

(2)

 
jn (r ) lies on the p 
where the basis function
 
metallization, while jm (r ) on the p metallization. Gapp´
and GΦpp´ are the xx -component of the dyadic Green’s


d

where n,i ,  n ,i are the translation coefficients of the ex
pansion and ri is the position vector of the i -th grid node.
The translation coefficient are chosen so as to reproduce
the first ( M  1) 2 multipole moments of the original basis
function [4], i.e., for 0  q1 , q2  M ,
L




i 1

( xn ,i  xc ) q1 ( yn ,i  yc ) q2 
,

  f n ( x, y, z p )( x  xc ) q1 ( y  yc ) q2 dx dy

n ,i

(5)

Tn

L


i 1

( xn ,i  xc ) q1 ( yn ,i  yc ) q2 
, (6)
 
    f n ( x, y, z p )( x  xc ) q1 ( y  yc ) q2 dx dy

d
n ,i

Tn

where, to minimize the numerical roundoff errors,
xc , yc , z p are the center of the RWG basis function support. The set of auxiliary basis functions allows us to approximate each element of the weak matrix as follows




w
Zmn
 j   m, j   n,i G a  z p , z p , i   j  
L

L
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1 L L d d 
   G  z p , z p , i   j  .
j j 1 i 1 m, j n,i

(7)
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By sorting out the RWG basis functions with respect to the
P planar metallizations, it is possible to rewrite the weak
matrix Zw={Zwpp`} as a sum of P  P sub-matrices
T

Z wpp   j  Λ xp  G app  Λ xp 
T
T
1
 Λ dp  G pp Λ dp
 j  Λ yp  G app Λ yp 
j

(8)

x
y
d
where Λ p , Λ p and Λ p are sparse matrices with each row
containing only L nonzero elements. Considering the
unknown vector relevant to the weak part composed by P
vectors as I w   I 1w ; I w2 ;; I wP  , and by employing a conjugate gradient (CG) method as the iterative solver, one
can
write
the
matrix-vector
multiplication
V w  V 1w ;V w2 ;;V wP   Z w I w as follows

T

V pw  j Λxp 

Np

G
p1

Np

a
pp

Λxp I p 
N

p
T
1
 j Λ  G Λ I  Λdp  Gpp Λdp I p
j
p1
p1

y T
p

a
pp

. (9)

y
p p

a

GΦpp´

It is worth noting that G pp´ and
are Toeplitz block
matrices. The matrix-vector products in (9) are evaluated
using the 2D-FFT pair. In case that vertical basis functions
are not present, this gives rise to a complexity of the order
O  N log 2 N  . When vertical basis functions are present,
the asymptotic behavior O  N log 2 N  continues to be
prevalent only if their number Nv is a few hundred. Differently, for structures where the number of vertical basis
functions is proportional to the area of the array, we have
an asymptotic behavior O  NN v  , where N v  N /  and
 is the average density ratio between the number of
unknowns and the number of vertical basis functions.

3. Element Factor of Each
Reflectarray Cell
In the design procedure, each cell of the reflectarray
is considered as a radiating element able to add a specific
phase difference to the field incident on it. In order to calculate this phase difference for a specific frequency and
direction of the incident field (supposed a plane wave) each
element is considered embedded in a periodic lattice. The
latter assumption, although approximate, allows us to
easily obtain a reflectarray layout.
Then, the full-wave analysis of the entire antenna is
performed and the actual contribution of each single radiating element is extract. In fact, among the outputs of the
full-wave analysis we can easily identify the equivalent
currents flowing on each reflectarray element and find the
far-field radiated in any direction of interest. To this field
we have also to add the influence of the multilayered
structure on which the radiating element is printed. As
a matter of fact, in the numerical simulation the multilayered structure is considered infinite, but now is relevant

only to a single cell of the reflectarray. The influence of the
cell finiteness can be conveniently considered by using the
physics optics approximation in evaluating the scattering
from a portion of the multilayer substrate, having the same
geometry and position of the cell containing the radiating
element. Thus, for each element of the reflectarray on
which a locally plane wave
 is impinging along ˆ , we have
to add the electric field E s scattered by the element cell of
dimension Lx, Ly to that radiated by the equivalent currents
coming from the full-wave formulation. Namely,




jkLx Ly e jkr sin(u ) sin(v)
Es 
rˆ   M s   0 rˆ  J s 
4
r
u
v

(10)

where u  Lx k0 ˆ  rˆ   xˆ / 2 , v  Ly k0 ˆ  rˆ   yˆ / 2 , while



  jkˆr Eei
Ehi
Jse
 1  e  zˆ  nˆ   1   h  zˆ ˆ  nˆ , (11)





and




M s e jkˆr   Eei 1   e  nˆ  zˆ   Ehi 1   h  zˆ  nˆ  . (12)

In the previous equations ẑ is the unit normal pointing
outward the reflectarray, nˆ  nˆs  ˆ , nˆ  nˆ  ˆ ,  h and
 e are the TEz and the TMz reflection coefficients, respectively, of the portion
 of the multilayer substrate under
observation, and Ehi , Eei the relevant components of the
incident wave.
Acting in this way, we can regard each radiating element as a single element in the array, but its element factor
now takes into account the mutual coupling between the
elements of a structure that is aperiodic.

4. Results
As an example of application we have designed (by
using a procedure similar to that described in [3]), and
manufactured, the reflectarray shown in Fig. 2: it consists
in 35  35 modified Malta Cross elements printed on
a h  1.6 mm grounded substrate (  r  3 , tan( )  0.003 ).
The element grid spacing is 11.5 mm so that the reflectarray results 402.5  402.5 mm 2 (about 16  16 at the
central frequency of 11.7 GHz ). The modified Malta Cross
element [10] presents two degrees of freedom (the element
size and the slots length) which are used to guarantee that
each element in the array not only provides the right phase
delay at a specific frequency, but also that this phase delay
varies in such a way as to compensate for the frequency
variation of the incident field phase. The planar reflecting
surface lays in the ( x, y ) plane and its centre has been
chosen as the origin of the Cartesian coordinate system.
The RA is illuminated by a standard horn (SIVERS IMA
Philips PM7320X/01) located in x  0.1955 m , y  0 ,
z  0.73m , and radiates the maximum field in the direction   15 ,   0 .
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the characteristics of each radiating element have been
evaluated supposing it in a periodic lattice with a periodicity of 11.5 mm both along x and y . We can note that the
curve relevant to the MLayAIM solution better agrees with
the measurements in comparison with the one expected
from the design procedure. This disagreement can be
explained by the fact that the design procedure does not
take into account the mutual coupling between adjacent
cells. If one look at the map of Fig. 4, where the absolute
phase difference between the theoretical phase expected
from the design and that calculated by using the full wave
approach is shown, it is evident that the actual aperiodic
configuration introduces a phase perturbation up to 80°,
that slightly modifies the theoretically expected radiation
characteristics of the reflectarrays.
Fig. 2. Photograph of the reflectarray prototype.
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Fig. 3. Measured and calculated gain in the plane xz at
11.7 Ghz (vertical polarization).

Fig. 4. Map of the absolute phase error between the ideal
phase shift that each radiating element should introduce on the reflectarray plane and the one reconstructed by the MLayAIM formulation.

Fig. 3 shows the measured (solid green curve) and
computed (solid red curve) gain pattern in the xz plane at
11.7 GHz. In the same figure is also shown the pattern we
expected from the design [10] (dashed blue curve), where

Fig. 5. Amplitude of the equivalent reflection coefficient
reconstructed by the MLayAIM formulation.

Fig. 5 shows the amplitude of the ratio between the
field radiated in the direction   15 ,   0 by each
cell of the reflectarray and the field that should be radiated
in the same direction when the power incident on the cell is
scattered isotropically. It is worth noting that a few cells
present a ratio greater than one. We can also note that on
the periphery of the reflectarray several cells are poorly
radiating in the main lobe direction (i.e., the ratio between
the scattered and the incident field is less that 0.3). This
phenomenon is explainable by considering that a strong
mutual coupling between the radiating elements is present
and each cell is about half wavelength. Hence, the contribution of each cell is not isotropic and, depending of their
position in the reflectarray, the cells show different directivity values in the direction   15 ,   0 .
The map of the absolute phase error in Fig. 4 allows
a refinement of the antenna design. Namely, the radiating
elements dimensions are modified in such a way as to reduce the error between the ideal phase shift and the one
reconstructed by using the MLayAIM formulation. To
operate this correction, the relation between the phase shift
introduced by the element and its dimensions calculated by
considering the element embedded in a periodic lattice is
still used. As a matter of fact the phase error we would like
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to compensate is quite small and we can assume that the
periodic approximation is enough accurate to model the
small difference required in the element dimensions.
A damping factor is, however, introduced to assure the
convergence.
The design so obtained is once again analyzed by
using the MLayAIM formulation, a new map of the absolute phase error calculated, and the procedure repeated
recursively. Each step requires about 19 minutes on
a Centrino 1.8 GHZ, 2 GB RAM.
After a few steps the procedure converges to the
result shown in Fig. 6 where it can be noted an increase of
about 1dB with respect to the first design. If we further
repeat the refinement procedure the improvements is still
present but it is almost unnoticeable.
35

Gain (dB)
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5. Conclusions
In this paper we have presented a method that allows
the full-wave analysis of large printed reflectarray. The
method maintains the accuracy of the standard MoM but
drastically improves the computation efficiency in terms of
both memory and computational time requirements. The
results obtained by using the proposed full-wave technique
are then reused in the design procedure in order to better
take into account of the mutual coupling between the radiating elements of a structure that is actually aperiodic.
A simple recursive procedure has been described to better
fit the antenna requirements.
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