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Abstract. The uplink inter-cell interference is a major 
impairment in wireless systems. In this paper, we provide 
a geometrical-based framework for its analysis in networks 
with convex polygonal coverage area. Algebraic expres-
sions for the Angle-of-Arrival (AoA) statistics of the uplink 
interfering signals are obtained. Simulation results vali-
date the model. Representative examples show the depend-
ence of the AoA on system geometry and demonstrate the 
relation between uplink interference and the radiation 
pattern of the receiver antenna. The proposed model is 
a generalization of previous studies in simpler geometries. 
It is a useful tool for the design, simulation and perform-
ance evaluation of wireless communication systems. The 
obtained expressions simplify the analysis of wireless net-
works and reduce the complexity and computational cost of 
their modeling and simulation.  
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Angle-of-Arrival, polygon, interference, radiation 
pattern, geometric modeling, wireless networks. 

1. Introduction 
Uplink (UL) interference is a major performance 

degradation factor in wireless communications [1], [2]. It 
usually deduces from the non-coherent summation at the 
desired unit, e.g. a base station (BS), of interfering signals 
from nodes that are served by this unit or nodes served by 
other ones, intra- and inter-cell interference, respectively, 
or from the coexistence of networks that operate in the 
same frequency band [3], [4]. UL interference increases 
with node density and transmission rate and reduces system 
capacity and the quality of service (QoS) levels. 

The development of models that describe UL interfer-
ence has been of interest since the very early stages of the 
development of wireless communications [1], [2], [5]-[12]. 
The author in [1] assumed a hexagonal cellular layout with 
aligned the closest edges of the cells. He provided simple 
closed-form expressions for the AoA distribution of the 
uplink interfering signals and explored the impact of cell 
sectorization and BS antenna radiation pattern on system 
capacity. An extension of this work for arbitrary hexagonal 

layouts was provided in a recent study [10]. The use of the 
moment-matching method and the application of the spatial 
Poisson process theory in the modeling of the spatial ran-
domness of the interfering nodes allowed the description of 
first-, second- and zero-tier intercell interference in [2]. 
The authors in [5] assumed a circular node distribution and 
provided useful results for the statistics of the AoA of the 
uplink interfering signals that allowed the description of 
cochannel interference in the uplink of a cellular system. 
The model in [6] considered intracell and intercell log-nor-
mal shadowing, Rayleigh fading and diversity reception. In 
that study, it was found that the received signals in the 
uplink of a narrowband TDMA system could be modeled 
as Gaussian variables if they were conditioned on shad-
owing, transmitter(s) position and data sequences. Somekh 
et al. [7] proposed a simple Wyner-like multi-cell model 
with cells arranged in a circle and derived analytical 
expressions for the sum-rate capacities in intra-cell TDMA 
scheduling. The accuracy of Wyner-like models was also 
investigated in [11] where it was shown that such models 
are valid in dense networks but they fail for small number 
of active nodes. A 3-D geometric stochastic model for the 
study of cochannel interference in cellular systems was 
suggested in [8]. That model considered signal spread in 
both azimuth and elevation planes and allowed the investi-
gation of the impact of antenna beam tilting on UL inter-
ference rejection. A stochastic geometry framework was 
also provided in [9] and allowed the description of UL 
interference and outage probability in two-tier femtocell 
networks considering power control and signal attenuation 
due to path loss and large-scale fading. According to the 
authors, their approach allowed the creation of an infra-
structure for curbing cross-tier interference to increase UL 
capacity in shared spectrum networks. Recently [12], 
expressions for the UL interference statistics in cellular 
OFDMA networks under large-scale log-normal and small-
scale Rayleigh shadowing were obtained and exhibited the 
significance of the modulation scheme, esp. for large code 
frame lengths such the ones suggested in the IEEE 802.16 
standards [13]. 

Nowadays, complex models and powerful computer-
aided analysis tools are common in the study and analysis 
of UL interference. However, in order to reduce the re-
quired complexity and computational cost for the charac-
terization and description of networks performance, several 
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research attempts target to its analytical description. Geo-
metric models fulfill these requirements by describing 
signal propagation in a simple but adequate way. These 
models idealize signal reception via a geometric abstraction 
of the spatial relationships among the communicating 
nodes. Commonly used in the modeling of the wireless 
propagation channel, e.g. [14]-[16], their simplicity and 
low computational cost have also made them popular in 
interference modeling [1], [5], [8]-[10], [17], [18].  

It has to be noticed, that UL interference depends on 
the shape of the network area. In practice, the coverage 
area of a wireless network is irregularly shaped and influ-
enced by man-made structures and terrain contour. How-
ever, approximate methods are suggested for analytical 
convenience. Common approaches are: the circular-shaped 
networks [5]-[8], [17], [19] that rise from the fact that the 
coverage area of omni-directional transmitters is, ideally, 
a circular disk; the hexagonal one [1], [2], [4], [9], [10], 
[12] which allows the full coverage of the network area; 
the rectangular approach [20]-[22] that is suitable for 
small-scale networks in indoor environments; the rhombus 
approximation [22], [23] which may be used when direc-
tional antennas are employed; the polygonal approach 
which is popular in wireless sensor networking [24]-[26] 
because the coverage area of these networks usually com-
prise Voronoi polygons [27]-[29] to assure reduced energy 
consumption and full network coverage. 

In this paper, we develop an analytical framework for 
the calculation of the azimuth AoA of the incoming inter-
fering signals at a fixed receiver. We extend previous 
works [1], [5], [10], and derive analytical expressions for 
the cumulative distribution function (cdf) and the probabil-
ity density function (pdf) of the AoA  of the uplink inter-
fering signals from interferers distributed in a convex po-
lygonal-shaped area. The obtained formulation is further 
used for the description of the spatial characteristics and 
the calculation of the outage probability of UL inter-cell 
interference. Comparisons with simulation results and 
notable models validate our proposal. Finally, we explore 
the relation between system geometry and AoA statistics 
and investigate the impact of the radiation pattern of the 
receiver antenna on system performance. 

The proposed model suits for the design, analysis and 
simulation of polygonal-shaped networks. Applications can 
be found in areas such as wireless sensor and mobile ad 
hoc networking and in irregular (non-uniform) cellular 
systems but it can also be used in the study of regular-
shaped networks with simple geometric layouts such as 
hexagonal, square and circular ones. The analytical de-
scription of the AoA statistics and UL interference simpli-
fies the analysis and simulation of a wireless network and 
reduces the computational requirements. Moreover, the 
obtained formulation is more convenient than other 
approaches when network planning assumes n-gonal 
coverage areas. 

The rest of the paper is organized as follows: Section 
2 describes system geometry and modeling assumptions. In 

Section 3, we derive the mathematical formulation. Com-
parisons with simulation results and models in the literature 
are provided in Section 4. Section 5 presents numerical 
examples and applications in wireless networking. Finally, 
conclusions are drawn in Section 6. 

2. System Geometry and Assumptions 
We consider a polar coordinates system (let us call it 

system #1) with origin at a fixed reference point O, a con-
vex n-gon with vertices at Pi(ρi, φi), i = 1,…,n, where 
φi+1 > φi, and a point O’(ρ0, φ0) outside the n-gon, see 
Fig. 1. It can be easily shown that the ith side of the n-gon, 
that is, the line segment with endpoints (ρi, φi) and 
(ρi+1, φi+1) (it is ρn+1 = ρ1 and φn+1 = φ1) is expressed  as 
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In order to develop our model, we neglect the vertical 
spreading of the propagating waves and consider a single 
line-of-sight signal path between each interferer and O'  
(single-bounce model). 

 

 
Fig. 1. System geometry; an irregular hexagon scenario. 

3. Mathematical Formulation 
This section consists of two parts. In the first, we de-

rive the analytical formulation for the AoA pdf and cdf of 
the uplink interfering signals due to interferers that are 
uniformly distributed within a convex n-gonal region, at 
a receiver outside the n-gon. Next, we present simple well-
known formulas for the probability of the UL inter-cell 
interference so as to improve the clarity of the presentation. 

3.1 Derivation of the Uplink AoA Statistics 

In order to develop our model, we set the origin of 
a new polar coordinates system (we call it system #2) at O'  
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and the point O at (ρ0, φ0). The coordinates of the ith vertex 
of the n-gon in systems #1 and #2, (ρi, φi) and (ρi’, φi’), 
respectively, are related as: 
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The solution of this system gives the new coordinates as: 
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Substitution of (3) and (4) in (1) provides the expressions 
of the n-gon’s sides ri’(φ’) in system #2 (obviously, the 
transformation can be applied to all points in the 2D plane). 

Based on the assumptions in Section 2, the probability 
of the AoA of the uplink interfering signals at O'  due to 
the interferers within the n-gon, is proportional [1], [5], 
[10] to the area of the overlap between the region 

    2
min', ' : ' atan 'x y y x    C R  that is defined 

from the rays φ’min and φ’ with tip at O’, and the n-gon (dark 
shaded region in Fig. 2). 

 

 
Fig. 2. Calculation of the AoA distribution of the uplink 

interfering signals. 

The area of the overlapping region is obtained from 
the summation of n terms that are related to the triangles 
with tip at O’ and opposite side each of the n-gon’s sides. 
The absolute value of each term is the area of the overlap 
between the corresponding triangle and region C while its 
sign depends on system geometry. For example, in the case 
illustrated in Fig. 2, the desired area is the area of the trian-
gles O’P2P3, O’P3P4 and O’P4Q1 minus the area of the 
O’P2Q2 triangle.  

Since the interfering nodes are uniformly distributed 
within the n-gon, the cdf of the AoA equals to the product 
of the area of the overlapping region and the density of the 

interferers [1], [5], [10]; the last is inversely proportional to 
the area of the n-gon. Thus, the AoA cdf is  
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with φ’i,min = min(φi’, φi+1’) and φ’i,max = max(φi’, φi+1’). The 
index i0 is equal to i when φi’< φi’+1; otherwise, it is 
i0 = i + 1. 

The AoA pdf f(φ’) is the derivative of F(φ’). The 
differentiation of (5) with respect to φ’ gives, after some 
algebraic manipulation, that 
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where  
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3.2 Expressions for the Uplink Inter-Cell 
Interference Probability 

The amount of overlap in the angular domain between 
the radiation pattern of a receiving antenna and the spread 
of an incoming signal from an undesired source is a meas-
ure of the degree of UL interference from this source [5]. 
Thus, the convolution between the radiation pattern of the 
receiver antenna at O'  and  'f   gives the probability 
 'P   that an interferer within the n-gon interferes at the 

angle '  [1], [5], [8], [10]. For N interfering sources, the 
probability  ' |P M  that M N  sources interfere at '  
is the sum of all the products of the probability that M 
sources interfere at '  by the probability that the remain-
ing N M do not [5].  

In order to achieve adequate signal reception, the de-
sired signal power should be higher than the minimum 
required signal power level at the receiver input. Moreover, 
the desired signal should be stronger than interference by 
a margin known as interference protection ratio. In wireless 
communications, a measure of system performance is the 
outage probability. In general, this performance metric 
represents the probability of failing to achieve adequate 
signal reception. It may be defined as the average prob-
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ability that the desired signal power does not exceed the 
interference power by a given protection ratio   which 
equals to the minimum value of the wanted-to-unwanted 
signal ratio at the receiver input so as to achieve a specified 
reception quality at the receiver output. In our case, the 
outage probability is obtained [5], [8], from the expression  

      
1

0 | ' |
N

M

P CIR P Z M P M 


    (9) 

with CIR  the carrier-to-interference ratio, Z CIR    the 
carrier-to-interference plus protection ratio (in dB), 
 ' |P M  the average  ' |P M  over ' , and 
 0 |P Z M  the conditional probability of interference 

from M sources. The last term depends on the propagation 
medium [5], [8], [30]-[32]. For example, for non-coherent 
addition of interfering signals with equal received local 
mean power and propagation in a Rayleigh fading envi-
ronment, it is approximated [31] as 

    100 | 1 1 10
MZP Z M

    . (10) 

4. Model Validation 
In order to validate the proposed model, we 

performed simulations for different system geometries. 
Here, we show the results for a representative case. System 
parameters were chosen so as to verify the accuracy of the 
model in a complex scenario. In particular, we consider 
a convex heptagon with vertices coordinates specified in 
Tab. 1 (distances are normalized to the maximum ρi, 
i =1,…,n). The r0 and φ0 are 0.6 and 50 deg, respectively. 
 

i  1 2 3 4 5 6 7 

i  0.3 0.6 0.9 1 0.6 0.6 0.4 

 degi  15 78 110 165 240 271 312 

Tab. 1. Coordinates of the heptagon’s vertices. 

In each simulation run, a single node was randomly 
positioned within a unit circle centered at O. The random 
points in the n-gon were generated using the acceptance-
rejection method [33]; in order to achieve this, we used (1) 
to express the sides of the n-gon in polar coordinates. In 
Appendix, the algorithm flowchart for the calculation of 
the AoA pdf is illustrated. The simulations ran on a HP 
Z200 SFF Workstation with Quad Core Intel XeonTM at 
2.4 GHz with 4GB RAM. The source code was written in 
Borland C++ Builder 5.0.  

Fig. 3 shows the spatial distribution of the generated 
points for 104 snapshots. Next, Figs. 4 and 5 plot the 
analytical cdf and pdf curves calculated from (5) and (7), 
respectively, and the simulation results obtained from 106 
independent runs. The simulated values were averaged 
over 2-deg intervals. The required computational time for 
the derivation of the AoA pdf and cdf simulated curves 
was 1.81 sec. We notice that the simulation results closely 
match theory. 
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Fig. 3. Spatial distribution of the generated nodes. 

-30 0 30 60 90
0.0

0.2

0.4

0.6

0.8

1.0

cd
f 

of
 th

e 
A

oA

AoA (deg)

 Analytical
 Simulation

 
Fig. 4. AoA cdf of the uplink interfering signals; analytical 

curve and simulation results. 
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Fig. 5. AoA pdf of the uplink interfering signals; analytical 

curve and simulation results. 

Our proposal extends previous models for the de-
scription of UL interference in regular-shaped networks. 
For example, the AoA cdf and pdf expressions in the cir-
cular-based model [5] are obtained from (5) and (7) by 
setting ρ0 the distance between the BSs in the desired and 
the interfering cell, φ0 = 0, (ρi, φi) = (R, 2π(i – 1)/n), 
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i = 1,…,n, with R the radius of the network and n a very 
large integer number. In the case of hexagonal cellular 
networks [10], we set n = 6, ρ1…6 = r, where r is the cir-
cumradius of the cell, φi = 60(i – 1), i = 1,…,6, and ρ0 is the 
distance between the BSs in the desired and the interfering 
cells. In this case, the value of ρ0 depends on the reuse 
factor; moreover, the angle φ0 is further related to the cell 
layout (see [34] for a detailed analysis and examples on the 
choice of these parameters). 

5. Examples and Discussion 
In this section, we first investigate the impact of sys-

tem geometry on the AoA statistics of the UL interfering 
signals. Then, we study the relation between interference 
and antennas radiation pattern and apply the obtained for-
mulation in the study of cochannel interference in a cellular 
network. 

In Figs. 6 and 7, we see the relation between the UL 
AoA cdf and pdf and the receiver position. The interfering 
network is a heptagonal-shaped one with vertices coordi-
nates given in Tab. 1. For the sake of clarity, the x-axis in 
the figures shows the AoA minus the φ0 angle. Fig. 6 
shows that the slope of the cdf curves increases with ρ0 
while the changes in φ0 shift them along the polar axis; this 
shift reduces with the increment of ρ0. Also, for a given φ0, 
the cdf curves intersect at φ’ = φ0 for any ρ0. It has to be 
noticed, that the complexity of the relation between the 
AoA cdf and φ0 is due to the dependence of the first on the 
shape of the interfering network. The impact of receiver 
position on the AoA statistics is further highlighted from 
the study of the AoA pdf, see Fig. 7. As it was expected 
from system geometry, the pdf curves flatten as ρ0 de-
creases while any change in the angle φ0 shifts similarly the 
curves along the polar axis. The shape of the curves is also 
affected from φ0. In particular, the pdf curves show peaks 
at φi’ while their irregular shape is due to the irregularities 
in the shape of the interfering region. 

In a wireless communication system, a measure of UL 
interference is the probability that a node interferes at the 
desired receiver. Fig. 8 illustrates the probability of UL 
inter-cell interference from a distant node, P(φ), at receiv-
ers with omni-directional antennas and antennas with co-
sine-like radiation patterns [35], side-lobe level SLL = 
–15 dB and varied half-power beamwidth (HP) (typical 
radiation pattern characteristics of receiver antennas in 
cellular networks [36]). System geometry is similar to the 
example in Section 4. We notice that the probability that 
a node causes interference at a given angle increases with 
HP. Moreover, the receiver is more vulnerable to interfer-
ence from nodes that are spread in a wide area when the 
half-power beamwidth of the receiving antennas increases. 
This behavior is attributed to the increase of the interfering 
signals that penetrate the main lobe of the antenna radiation 
pattern. Based on the above, we expect smaller perform-
ance degradation due to UL interference in narrow-beam 
systems (similar conclusions were drawn in [1], [5], [10]). 
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Fig. 6. Impact of receiver position on the AoA cdf (ρ0 = 1: 

black curves; ρ0 = 1.5: dark grey curves; ρ0 = 2: light 
grey curves). 
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Fig. 7. Impact of receiver position on the AoA pdf (ρ0 = 1: 

black curves; ρ0 = 1.5: dark grey curves; ρ0 = 2: light 
grey curves). 
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Fig. 8. P(φ) versus φ in systems with different receiver 

antenna configurations. 

As an application example, we study the dependence 
of UL cochannel interference on the BS antenna radiation 
pattern in a cellular system. We consider a hexagonal sin-
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gle cluster network with the BSs centered at each cell. For 
simplicity, we neglect the interference from cells other than 
the first ring ones. We further consider Rayleigh fading 
only and assume that the mean received power from each 
interferer is the same. The receiving antennas are flat-top 
beamformers [5] with SLL = –10 dB. With no loss of gen-
erality, we set γ = 8 dB and the nodes activity level equal to 
0.4. Fig. 9 plots the outage probability as a function of the 
receiving antennas beamwidth for different CIR values. 
Clearly, the outage probability increases significantly with 
beamformer beamwidth indicating the advantages of sec-
torization and the use of narrow-beam antennas. Apart 
from this, this performance degradation increases with 
CIR.  
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Fig. 9. Outage probability as a function of the beamformer 

beamwidth for CIR equal to 0, 10...40 dB. 

Now, let us consider a UMTS system with hexagonal 
single cluster cellular layout. For the sake of convenience, 
we assume that the system is interference limited. The 
authors in [39] were based on the technical report 3GPP 
TR 23.907 v1.2.0 [37] (similar outcomes have been 
reached in the technical specification 3GPP TS 23.107 
v11.0.0 [38]) and suggested that a maximum acceptable 
outage probability in the uplink of a WCDMA cellular 
system is equal to 10-2 for voice and video and 10-3 for 
web-browsing and data transmission services. From Fig. 9 
comes that in the first case, a CIR greater than 20 dB is 
required, even in systems with narrow-beam antennas; 
when we use antennas with beamwidth greater than 
120 deg the CIR should be increased by at least 10 dB. In 
order to support web–browsing and data transmission ser-
vices, antennas with beamwidth less than 120 deg and 
a CIR greater than 40 dB are requisite. 

It has to be noticed that the application of the pro-
posed model is limited in narrowband communication 
systems and/or flat fading propagation environments. In 
particular, (5) and (7) are frequency-independent quanti-
ties; however, several studies, e.g. [40]-[42], have shown 
a dependence of the angular spread of radio signals on 
signal frequency. However, the proposed model can pro-
vide a framework for a more sophisticated and extensive 
analysis that includes additional issues such as the fre-
quency dependence. For example, in the geometric mod-

eling of the wireless medium, single cluster and/or single 
ray concepts are often extended to multi-cluster and multi-
ray models so as to describe wideband and/or frequency-
selective propagation channels [43], [44]. A similar 
approach could be followed here by considering multiple 
arriving paths from each interferer at the receiver front end 
(multi-bounce model).  

6. Conclusions 
In this paper, we proposed a geometrical-based sto-

chastic model for the calculation of the AoA of the uplink 
interfering signals in networks with polygonal-shaped 
coverage areas. Our approach is a generalization of simpler 
models in the literature. Analytical expressions for the 
statistics of the AoA of the uplink inter-cell interfering 
signals were derived. Simulation results validated the pro-
posal. We investigated the impact of system geometry on 
the AoA statistics and showed the importance of the radia-
tion pattern of the receiver antenna on UL interference 
rejection. The main contribution of this work is the consid-
eration of polygonal-shaped networks. The analytical de-
scription of the AoA statistics assists in network planning, 
design and performance evaluation and reduces the 
requirements of system-level simulations. 

Appendix 
 

1jr n

 

Fig. A1. Flowchart of the simulation algorithm. 
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In this Appendix, we illustrate the flowchart of the 
AoA pdf curve simulation algorithm. Parameter N repre-
sents the number of simulation runs, n1,2 are random num-
bers uniformly distributed in the range [0,1] and φAoA, j, 
j = 1,…,N, is the calculated value of the uplink AoA in the 
jth iteration. The AoA cdf is directly obtained from the 
calculated pdf values [33]. 
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