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Abstract. Indoor diffuse optical intensity channels are
bandwidth constrained due to the multiple reflected paths be-
tween the transmitter and the receiver which cause consider-
able inter-symbol interference (ISI). The transmitted signal
amplitude is inherently non-negative, being a light intensity
signal. All optical intensity root Nyquist pulses are time-
limited to a single symbol interval which eliminates the pos-
sibility of finding bandlimited root Nyquist pulses. However,
potential exists to design bandwidth efficient pulses. This pa-
per investigates the modified hermite polynomial functions
and prolate spheroidal wave functions as candidate wave-
forms for designing spectrally efficient optical pulses. These
functions yield orthogonal pulses which have constant pulse
duration irrespective of the order of the function, making
them ideal for designing an ISI free pulse. Simulation re-
sults comparing the two pulses and challenges pertaining to
their design and implementation are discussed.
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1. Introduction
The capacity of Radio Frequency (RF) systems is lim-

ited due to scarcity and cost of licensing. Therefore, to meet
the need of growing data rate requirements in wireless com-
munications optical bands are being excessively exploited.
Optical signals have numerous advantages over RF signals,
the most attractive ones being that they are unlicensed and
have many THz of bandwidth naturally associated to them.

Wireless optical intensity channel transmit information
by modulating the instantaneous optical intensity. A Light
Emitting Diode (LED) or a Laser Diode (LD) converts the
input electrical signal to an optical signal. A photodiode de-
tector at the receiver end converts the incident optical inten-
sity signal back to an electrical signal. The optical intensity
channel commonly employs Intensity Modulation and Di-
rect Detection (IM/DD) [2]. Multipath distortion arising due

to the multiple reflected paths between the transmitter and
the receiver in indoor environment cause severe Inter Sym-
bol Interference (ISI), necessitating the use of pulse shap-
ing. Diffuse links [3] are attractive as they allow user mo-
bility and eliminate the need of alignment but at the expense
of bandwidth. The diffuse indoor optical links are severely
bandwidth limited.

For indoor optical applications, signaling design varies
significantly from the conventional electrical channels as op-
tical channels impose the additional requirement of signal
being non-negative. Secondly optical links require that for
the case of indoor optical channels the transmitted signal be
Class I eye safe under all conditions. As a result the peak
transmitted power of the light signal remains constrained.
Received signal is corrupted by free space losses, shot noise
and ambient light noise. For the case of indoor optical chan-
nels distortion due to shot noise is most significant. Shot
noise is modeled as uncorrelated additive white Gaussian
noise [3].

There exists a wealth of literature on design of pulses
that maximize in-band energy [4, 5, 6] to mitigate the ef-
fect of ISI; however these pulses have been designed for the
electrical channel. Halpern [7] proposed a design for finite
duration Nyquist pulses for mean power constrained chan-
nels but not subject to amplitude constraints. Considerable
information on optical intensity channels and their numer-
ous advantages have been investigated [3, 8, 9]. However,
the design of optical intensity pulse to minimize ISI still re-
quires a much deeper study [9]. Steve Hranilovic [1] proved
that all optical intensity root Nyquist pulses must be time
limited to a single symbol interval. The time-limitedness of
the root Nyquist pulse eliminates the possibility of finding
a bandlimited pulse. Steve [1] proposed Prolate Spheroidal
Wave pulse to be used since it is time limited and also has
better spectral concentration among all time limited signals.
For signals limited to a single symbol interval PSWF is the
optimum signal choice [7, 11, 12]. From studies on pulse
shaping techniques for time limited systems [13, 14, 15] Pro-
late Spheroidal Wave Functions (PSWF) and Modified Her-
mite Polynomial Function (MHPF) have emerged as poten-
tial pulse shaping functions as they provide the optimal spec-
tral concentration. Individual discussion on these two con-
tender pulses is widely available but no comparison between
the two has been drawn. Design of a root Nyquist pulse
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which maximizes the in-band fractional energy has been pro-
posed in [4, 7], in context of electrical domain. A linear com-
bination of PSWF pulses proposed in [4] seeks to maximize
the in-band fractional energy and to satisfy the Nyquist crite-
ria. The problem was reduced to solving the linear objective
function. This design can be extended to the optical domain
by introducing an additional constraint of optical signal re-
maining non-negative.

In this work we propose root Nyquist pulse designs.
The non-negativity constraint limits the root Nyquist pulses
to be time-limited [1]. Although this eliminates the possi-
bility of finding bandwidth limited root Nyquist pulses, po-
tential still exists to find bandwidth efficient pulses for these
channels. Pulses can be shaped such that most of the en-
ergy is concentrated in the band of interest [16]. Section 2
presents the discussion on root Nyquist pulse and shows that
they are strictly time limited to a single symbol interval. Sec-
tions 3 and 4 focus on the discussion of PSWF and MHPF
pulses. In Section 5 a comparison is drawn between the two
pulses. Conclusions are presented in Section 6.

2. Optical Intensity Root Nyquist
Pulses
For the case where receiver filter is matched to the

transmitted pulse, to ensure zero ISI the pulse shape at the
output must satisfy the Nyquist criteria [15] given by:∫

x(τ)x(τ− kT )dτ = δk0 (1)

where δkl = { 1 k = l
0 otherwise.

An optical intensity root Nyquist pulse satisfies the
non-negativity constraint in addition to the Nyquist criteria.
All practical optical intensity root Nyquist pulses are time-
limited to single symbol duration [1]. The root Nyquist pulse
is required to be of small duration so that the number of in-
terfering neighbors is small. This eliminates the possibility
of obtaining band-limited root Nyquist pulses.

The search therefore reduces to bandwidth efficient
pulses. Most of the energy needs to be concentrated in a fi-
nite band. The main objective is to maximize the in-band
fractional energy of the time-limited root Nyquist pulse. In-
band fractional energy is defined as the ratio of the energy
of the pulse in the given bandwidth to the total energy of the
time limited pulse. Its expression is given as [9]:∫W

−W |X( f |2d f )∫
∞

−∞
|X( f |2d f )

= K (2)

where K∈(0,1).

The (1-ε) fractional energy bandwidth of a transmitted
symbol x(t) with Fourier Transform X( f ) is defined as [9]:

Wε(x) =Wε[0,∞) :
∫ W

−W
|X( f |2d f )≥ (1− ε)

∫
∞

−∞

|X( f |2d f )

If ε is chosen such that out of band energy is small, then
x(t) can be thought of as efficiently band-limited to Wε(x).

The prolate spheroidal wave functions (PSWF) and
modified hermite polynomial functions (MHPF) give the
highest spectral concentration of all time limited signals
[14, 15] and are discussed in detail in the next sections.

3. Prolate Spheroidal Wave Functions
Prolate spheroidal wave functions (PSWF) have the

highest spectral concentration of all time-limited signals.
They are strictly time-limited to [0, T ] and have maximum
energy in the band of interest, i.e. [-Ω, Ω] of all unit en-
ergy functions. These functions are solution to the integral
equation [15]:∫ T/2

−T/2

sinΩ(t− s)
π(t− s)

ψi(s)ds = λiψi(t). (3)

Here ψ(t) represents the PSWF, λ is the amount of energy
contained in [−T/2,T/2], Ω is the bandwidth and T is the
pulse duration.

PSWF are an improvement on other pulses as they sat-
isfy the double orthogonality property. This double orthog-
onality property guarantees unique demodulation at the re-
ceiver. ∫

∞

−∞

ψm(t).ψn(t) = δmn, (4)∫ T/2

−T/2
ψm(t).ψn(t) = λmδmn (5)

where ψn(t) is the PSWF of order n.

ψn(t) is written in terms of prolate angular function of
first kind [15] as:

ψn(t) = ψn(Ω,T, t) =
(2λn(c)/T )1/2S1

0n(c,2t/T )

{∫ 1
−1[S

1
0n(c,x)]2dx}1/2

(6)

where {∫ 1
−1[S

1
0n(c,x)]

2dx}1/2 = 2
2n+1 where S1

0n is the pro-
late angular function of first kind and λn is the fraction of
the energy of ψn(t) that lies in the interval [-1, 1].

The prolate angular function of the first kind is given
by [15]:

∑
∞
k=0,2,... dk(c)Pk(c, t) n even

S1
0n(c, t) =

∑
∞
k=1,3,... dk(c)Pk(c, t) n odd

(7)

where c is the time bandwidth product given by c = ΩT/2,
Pk(c, t) is the Legendre polynomials [13][18] and dk(c) sat-
isfy the recursion relation[14]:

αkdn
k+2(c)+(βk−χn(c))dn

k (c)+ γkdn
k−2(c) = 0 (8)

where the coefficients α, β, γ are given by:
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αk =
(k+1)(k+2)c2

(2k+3)(2k+5)
, (9)

βk =
(2k2 +2k−1)c2

(2k−1)(2k+3)
+ k(k+1), (10)

γk =
(k)(k−1)c2

(2k−1)(2k−3)
. (11)

In order to compute dn
k (c) the following equation [15] is

solved:

Odn = χndn. (12)

Here dn are the eigenvector and χn are the eigenvalues.
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Fig. 1. Time Domain Representation of Prolate Spheroidal
Wave Functions of order 0, 1, 2, 3. Note that the pulse
duration is same for all orders and the number of zero
crossings is equal to the pulse order.
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Fig. 2. Frequency Domain Representation of Prolate Spheroidal
Wave Functions of order 0, 1, 2, 3.

Figures 1 and 2 represent the time and frequency char-
acteristics for the PSWFs respectively. From the figures it
can be deduced that the pulse duration and bandwidth is ex-
actly the same for all orders n. Another interesting property

being that number of zero crossings equals n. These pulses
are double-orthogonal. Pulse duration and bandwidth can be
bartered by utilizing the time-bandwidth product.

For wireless optical intensity channel only PSWF or-
der 0 pulse can be utilized as it fulfills the amplitude non-
negativity constraint. However, making use of the interesting
property of PSWF pulses that the number of zero crossings
on time axis equals the pulse order n and the pulse duration
is same for all pulse orders, one approach could be to make
a linear combination pulse of these orders and analyze its
properties.

3.1 Time Bandwidth Product
To get a better understanding of time-bandwidth prod-

uct c, PSWF order 0 pulse was plotted for different values of
c. As time was kept confined to duration of 2 nanoseconds,
the variation of c had a direct impact on bandwidth. The c
value ΩT/2 effect the width of main lobe of PSWF pulse,
as the c value increases; the main lobe becomes compressed
causing an expansion in frequency domain (as seen in the
Figs. 3 and 4).

3.2 Linear Combination Pulse

Since we have limitations on channel bandwidth we
need to concentrate most of the energy in our band of in-
terest. We wish to maximize the in-band fractional energy
which is given by: ∫W

−W |X( f |2d f )∫
∞

−∞
|X( f |2d f )

= K. (13)

Nigam [4] proposed a linear combination of PSWF
pulses which maximize the in-band fractional energy. The
linear combination pulse is given as:

g(t) =
2N+2

∑
0

a jψ j(t). (14)

Here ψ j(t) is the PSWF of j-th order; N is the number of
PSWFs used and a j are the coefficients which need to be
determined.

Maximizing the in-band fractional energy reduces the
problem [4] of determining the coefficients a j to

Maximize:
2N−2

∑
0

a jψ j(0)λ j (15)

Subj to Nyquist Criteria:
2N−2

∑
0

a jψ j(kT ) = δk. (16)

This ensures that the overall pulse is zero at multiples of T
except k = 0.

However, this pulse was designed for transmission in
the electrical domain. Extending these results to the opti-
cal domain introduces an additional constraint that the trans-
mitted pulse remains non-negative. Taking into account all
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Fig. 3. Effect of varying time-bandwidth product c (time repre-
sentation).
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Fig. 4. Effect of varying time-bandwidth product (frequency
representation). As the time-bandwidth product value in-
creases the bandwidth occupied by the pulse increases.

these constraints the problem reduces to evaluating the lin-
ear objective function subject to linear constraints which can
readily be solved by applying the simplex method. The re-
sults show that the coefficients for higher order PSWF pulse
approach zero.

Firstly, we constrain the PSWF pulse to have unit value
at time zero, then solving (13) and (14) for the coefficients
a j we get the values shown in Tab. 1. As can be observed
the PSWF order 0 pulse makes the major contribution to the
linear combination pulse, in fact up to c = 8 PSWF 0 pulse is
the only contributor, beyond c= 8 other even-ordered PSWF
pulse shapes come into play. This proves that PSWF order 0
pulse is the optimum pulse which fulfills the non-negativity
criteria.
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Fig. 5. Comparison between the optimal linear combination
pulse and PSWF order 0 pulse proves that the optimal
pulse follows the shape of the PSWF order 0.
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Fig. 6. No appreciable change in bandwidth between the two is
observed proving that the major input is from the order 0
pulse in the optimal pulse design.

c a0 a1 a2 a3 a4 a5
2 1 0 0 0 0 0
4 1 0 0 0 0 -0
8 1 0 0 0 0 -0
10 0.9396 0 0.0860 0 0 0
16 0.9442 0 0.0795 0 0 0
20 0.9479 0 0.0668 0 0.0085 -0

Tab. 1. Coefficient values computed for the linear combination
pulse for different time-bandwidth product using Sim-
plex Methods. Note in order to ensure uniformity the
PSWF pulses were scaled to have unit value at time 0.

Figure 5 compares the optimal pulse with the PSWF
order zero pulse, the linear combination pulse has a quicker
decay rate and from the plot in Fig. 6 it can be observed that
there is no significant change in band occupied by the two.



RADIOENGINEERING, VOL. 24, NO. 1, APRIL 2015 21

4. Modified Hermite Polynomial
Function
The Hermite polynomials are defined by [15][19]:

hen(t) = (−1)ne
t2
2

dn

dtn (e
−t2

2 ) (17)

where n = 0,1,2, ..−∞ < t < ∞. Hermite polynomials are
not orthogonal [15]. However, they can be modified to be-
come orthogonal as follows:

hn(t) = e
−t2

4 hen(t) = (−1)ne
−t2

4
dn

dtn (e
−t2

2 ). (18)

The general formula for defining Modified Hermite Polyno-
mial Functions (MHPF) is given by [15]:

hn(t) = kne
−t2

4 n!
n/2

∑
i=0

(−1
2
)i tn−2i

(n−2i)!i!
. (19)

The constant kn where n = 0,1,2, . . . is indicative of the en-
ergy of the pulse given by [15]:

kn =

√
En

n!
√

2π
. (20)

Figure 7 and Figure 8 represent the time and frequency
response for the MHPFs. It can be observed that the pulse
duration and bandwidth is exactly the same for different or-
ders n with the number of zero crossings in time domain be-
ing equal to n. These pulses are orthogonal to one another.

5. Comparison
The MHPF and PSWF are very different functions so

drawing a comparison between the two is fairly complex.
We confined the PSWF and MHPF pulse to similar time du-
rations and observed the pulse shapes obtained.

PSWF pulse’s duration and bandwidth can be bartered
using a time-bandwidth product c where c = ΩT/2. The
MHPF pulses have no such constant c so only one pulse
shape is obtained for a given pulse duration. However, the
MHPF pulse time duration and bandwidth are inversely re-
lated as ΩT/π [20].

The curves obtained when the MHPF and PSWF gener-
ated pulse shapes have identical time domain characteristics
were plotted side by side to draw a better comparison. For
instance, in the current scenario when the time bandwidth
product c = 16 with pulse duration T = [−1,1], the MHPF
and PSWF pulse have identical time domain characteristics
(also shown in Fig. 9). While comparing the frequency do-
main plots obtained it was observed that the band occupied
by the MHPF pulse is 1.3 times the band occupied by PSWF
pulse which is roughly equal to π/2 (Fig. 10).
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Fig. 7. Time domain representation of MHPF pulse for order 0,
1, 2. Different order pulses have identical pulse duration.
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Fig. 8. Frequency representation for MHPF order 0, 1, 2 pulse.
Note the constant identical bandwidth for different orders
of the pulse.
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Fig. 9. PSWF (c=16) and MHPF pulse. The two pulse shapes
appear to be exactly similar.
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Fig. 10. Comparison between MHPF pulse and PSWF pulse
(c = 16). Both occupy similar bandwidth as is expected
from the similar time response.

Table 2 compares the band occupied by the PSWF and
MHPF generated pulse while having similar parameters. c-
PSWF denotes the value of time-bandwidth product to ob-
tain a PSWF pulse shape similar to MHPF for the same
time-duration. It can be observed that the band occupied by
MHPF pulse is 1.2 – 1.3 times the one of PSWF pulse, there-
fore it can be safely said that the PSWF is most efficient in
terms of bandwidth occupancy.

Time c-PSWF BW-PSWF BW-MHPF Factor diff.
[−1,1] 16 0.154 0.196 ' 1.3
[− 3

4 ,
3
4 ] 10 0.1295 0.138 ' 1.1

[− 1
2 ,

1
2 ] 4 0.081 0.104 ' 1.3

Tab. 2. Comparison of band occupancy of PSWF and MHPF
generated pulse shapes under similar time duraction.

To validate the benefits of the pulse design technique
utilized, optical data transmission in indoor environments
has been simulated. The unequalized OOK system has been
adapted for validation. The input bits, assumed to be inde-
pendent identically distributed (i.i.d) and uniform on [0,1]
are passed through a transmitter filter whose impulse re-
sponse allows pulse shaping. The block diagram of the
simulative setup is shown in Fig. 11 which uses the ceil-
ing bounce model to cater for indoor light propagation [21].
The input signal x(t) is passed through a multipath channel
impulse response h(t) and noise n(t) is added. On the re-
ceiver end matched filter detection is employed as depicted
in Fig. 11. To characterize the system performance, the eye
diagram analysis (Fig. 12 and 13) has been utilized. The ef-
fect of multipath propagation and intersymbol interference is
catered for better with our self designed pulse as the opening
of the eye (Fig. 13) on an arbitrary amplitude scale is wider
compared to the scenario where a rectangular pulse is used
(Fig. 12).
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Fig. 12. Eye diagram using rectangular pulse for the Ceiling
Bounce model.
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Fig. 13. Eye diagram using self designed pulse for the Ceiling
Bounce model.

6. Conclusion
This paper investigates ISI free pulses satisfying the

non-negative amplitude constraint of optical intensity chan-
nels for high speed optical wireless communications [22].
The optical intensity channels constrain the pulse to be non-
negative; also there is a limitation on channel bandwidth.
This non-negativity constraint limits the root Nyquist pulse
to be time limited [1]. Modified Hermite polynomial and
Prolate Spheroidal wave functions have been proposed as
potential pulse shaping functions. Both are time-limited
and have most of the energy concentrated in a finite band.
PSWF pulses’ time and bandwidth can be bartered using
a constant c (the time-bandwidth product i.e. ΩT/2). Vary-
ing values for c it is possible to arrive at a point where
the MHPF and PSWF pulse have identical curves for any
given time-duration. Comparing the bandwidth occupancy
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Fig. 1. Block diagram for the simulation setup
Fig. 11. Block diagram for the simulation setup.

of MHPF and PSWF under this scenario it was observed that
the MHPF pulse occupies a band roughly 1.2 times the band
occupied by the PSWF pulse. For a major segment (range
of c values), the MHPF pulse occupies more than twice the
band when compared to the PSWF pulse. Also from op-
timizing the linear objective function PSWF order 0 pulse
emerges as most efficient in terms of bandwidth concentra-
tion. MHPF pulses hold the advantage of being easier to
generate as they have a closed form expression, contrary to
the PSWF pulse which lack a closed form solution. Since
both PSWF and MHPF pulses satisfy the optical channel
constraints, they are well suited for ease of implementation
and fulfill system bandwidth requirements.
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