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Abstract. Analysis of Pickett’s model of the HP TiO,
memristor presented in this paper reveals an ambiguity of
its port equation, which may cause non-convergence, nu-
merical errors, and non-physical solutions during time-
domain simulation. As there is no easy fix of the original
model a new behavioral approximation of static I-V char-
acteristics has been proposed. The approximation matches
well the original model and is unambiguous.
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1. Introduction

Resistive switching elements are considered the key
components for future memory, logic, and neuromorphic
systems [1], [2]. Although the resistive switching phe-
nomenon has been known for a long time, the recognizing
memristor in the TiO, device manufactured by HP labs in
2008 brought feverish interest in this area [3], [4]. The
almost forgotten theory of the “fourth missing element”
postulated by L. O. Chua in 1971 came to light to provide
a solid theoretical framework for mathematical modeling of
memristors [5].

A two-terminal mem-system of the n-th order is
defined by the following equations [4]

Port Equation (PE): y(t) = g(x,u,t)u(t), @)

X = f(x,u,1) 2

where u(f) and y(f) represent voltage (v), current (i) or
derived quantities like charge (g) and flux (¢); u(f) is the
controlling quantity, y(¢) is the dependent quantity, and the
function g is the generalized response. In the case of mem-
ristive systems, (1) relates voltage and current [6]. The
internal state of the mem-system is represented by the
n-dimensional state vector x, whose evolution is governed
by the vector field f. Using formalism (1) and (2), the
problem of modeling a memristive system is divided into
the modeling of static I-V characteristics (PE) and the
modeling of switching dynamics (SE).

State Equation (SE):
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The hot topic of current mem-system research is to
formulate sufficiently accurate yet simple models for
physical devices. The first group of well-known models is
based on the concept of linear SE introduced in [3], where
the state variable is unbounded. To keep the state variable
within physical bounds, the model was later completed
with the so-called window functions by Joglekar [7], Bio-
lek [8], Prodromakis [9] and others. These models are
popular for their simplicity, easy implementation in SPICE
and the possibility of obtaining an analytical solution but,
as shown in a comprehensive study [10], they are not able
to capture the complex nonlinear behavior of real devices.

The only physical model of the TiO, memristor pub-
lished so far is Pickett’s model [11], [12]. The model repre-
sents very well both the static characteristics and the
switching dynamics but its simulation is sensitive to
changes of the excitation signal [10], [13]. Several authors
have proposed simpler generic behavioral models that do
not exhibit simulation problems and can also be used for
other devices. This class includes, for example, models
proposed by Laiho [14], Chang [15], and Yakopcic [16].
However, the study [10] points out a possible danger of
these models predicting incorrectly the memristor behavior.

The purpose of the present paper is to analyze
Pickett’s model, whose port equation is ambiguous and this
seems to be the origin of non-convergence, numerical
errors, and non-physical solutions during time-domain
simulation. The paper proposes a modification of the
model and an improved behavioral approximation. Sec-
tion2 of the paper presents the model analysis and
approximation, and Section 3 demonstrates its use.

2. Modeling the HP Memristor

2.1 Pickett’s Model and its Anomalous
Behavior

The HP memristor is composed of a thin TiO, layer
between two platinum electrodes. After an electroforming
process, most of the oxide is transformed into a highly
conductive channel with oxygen vacancies (TiO,.x) except
for a nanometer insulating barrier near the positive
electrode, see Fig. 1. The barrier width w can be influenced
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Fig. 1. Cross section of HP TiO, memristor and equivalent
schematics of the port equation used in Pickett’s model

[11].

reversibly by a voltage applied across the memiristor,
causing a dopant drift in the conducting channel. The cur-
rent flowing through the memristor is determined mainly
by the tunneling effect through the narrow barrier, which
depends in a highly nonlinear manner on the barrier width
[11].

The only physical model of the HP memristor pub-
lished so far is Pickett’s model [11], [12]. Using the mem-
ristor modeling formalism (1) and (2), the port equation is
represented in an implicit form by a series connection of
aresistor Rg and a Metal-Insulator-Metal (MIM) tunneling
junction.

The tunneling current is expressed by Simmons’s
formula for MIM junctions with image forces [17] as
a function of the internal voltage vy and the barrier width
w, which is the state variable. The equations read

_sgn(v)Jj
o 3)
{¢1 exp(—BAw\/a) - (¢1 + e|vg|)exp(—BAWM)}
where

2
= Ae B d7~2m - e In(2) , (4a,b,c)
27th h 87e.5,w
1.24
=AY | 1o 22| (5ab)
&, 34, +4/1—2e|vg|
Aw = WZ - Wl ) (6)
PRPRNIE N XU BT
2w Aw wi(w—w,)

The symbol A4 represents the junction area, e is the electron
charge, m is the electron mass, 7 is the Planck constant, &
is the dielectric constant of the insulator, and ¢, is the bar-
rier height. The variables w; and w, represent the barrier
limits at the Fermi level, and ¢ is the mean barrier height.
The numerical constants appearing in (5) and (7) are the
result of several approximations introduced by Simmons
[17]. The model is symmetric with respect to the applied
voltage vg.

The state equation of Pickett’s model reflects the
highly asymmetric dynamical behavior for ON switching
(im < 0) and OFF switching (i > 0) [11]

dw _
dt

for iy, >0

f.,sinh (Zﬂj exp (— exp (u - MJ - ij for iy, <0
i w b ) w

on C
®)
Parameters fo,, fott; fons Loffs don> doft> D, and w, in (8) are just
fitting parameters without any direct physical meaning.

Paper [11] presents the parameters of Pickett’s model
identified for a particular TiO, memristor. The corre-
sponding i-v characteristic iy(vg) of the tunneling barrier
alone is plotted in Fig. 2(a) for three different values of w.
The curves exhibit negative differential resistance and
global activity even for Aw > 0, which is presented in [12]
as the limit of model validity. This behavior does not cor-
respond to the expected characteristics of MIM junctions.

Although the state equation (8) does not impose any
explicit limit on w, the boundary values corresponding to
the ON and OFF states can be obtained numerically as
Won = 1.23 nm and wy = 1.86 nm for the model parame-
ters published in [12].

Fig. 2. 1-V characteristics of Pickett’s model: (a) the tunnel
barrier alone; (b) in series with Rg=214 Q (solid line)

drawn for w=1.54 nm.
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Fig. 3. (a) Reference circuit for simulation; (b) example of
incorrect time-domain waveform in PSpice.

Figure 2(b) shows the complete i-v characteristic
im(vy) including the series resistance Rg=214 Q, see
Fig. 1. If the memristor is driven by a DC voltage source
Vs with a series resistance of 2.4 kQ (reference network
from [11]), then the circuit admits two solutions, one of
which is non-physical. Figure 2(b) also shows (dashed)
load lines for the source voltages 0 V and 5 V.

The abrupt nonlinearity of the Port Equation (3)
causes convergence problems in the time-domain simula-
tion. Moreover, if simulated without any parasitic capaci-
tance, it is possible that the corrector routine of the time-
domain integration method [18] “jumps” to a non-physical
solution, an example of which is shown in Fig. 2(b).

The time-domain simulation of the reference circuit
with Pickett’s model from [11] in PSpice is shown in
Fig. 3. The circuit was driven by a rectangular voltage
waveform with low level 0 V, high level 5V, rising and
falling times 100 ns, and frequency 10 kHz. The initial
condition was w(0)=1.228 nm and the integration step
was limited to 35 ns. For the first three periods the low
level of current corresponding to V=0V is zero, which is
correct. For the last two periods the solution “jumps” to
an incorrect negative current, which can also be seen in
Fig. 2(b) on the load line for Vs=0 V.

2.2 Modification of Pickett’s Model

In the original Simmons’s model [17] the quantities
wy and w, represent limits of the potential barrier at the
Fermi level. They are given as two real roots of the cubic
equation

2
P =~k B, ©)
w T 2w

which lie inside the interval (0, w).

To decrease the complexity and the computational

cost, Simmons proposed the following approximate
solution:
w1 _ 12lw , (103)
%
W2:W1+W I_L ,foreVgS% (10b)
3¢, +44-2ely,
and
w, =1.2/1W, (113)
2
Wy = (¢ —5.64) 2 for ev > gy (11b)

evg

As can be clearly seen, Pickett’s model uses only ap-
proximation (10) irrespective of the voltage v across the
barrier. The limiting value of ¢ was identified as 0.95 eV
in [11].

Figure 4 compares approximations (10) and (11) with
the exact solution of (9). The approximation of w, using
(10b) differs significantly from the exact solution for
evg > ¢y, which is the origin of the abrupt nonlinearity in
Fig. 2(a).

The transition between (10) and (11) is discontinuous.
Therefore the direct use of those formulae in simulation
models may bring serious problems both for model pa-
rameter identification and for time-domain integration.
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Fig. 4. Comparison of approximate and exact solutions of (9)
for (a) wy and (b) w,. Approximation (10b) is plotted

intentionally for v, > 0.95 V.
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Equation (9) leads to a cubic polynomial with three
real roots, which can be solved using Viéte’s trigonometric
substitution

2 3
a=-w l'i‘ﬁ ’ b=¢0w s C= 1154w ) (12a,b,C)
v, Ve v,
p=b—%a2, q=22—7a3—%ab+c, (13a,b)
M:21/—£, a=larccos _4 —2Z , (14a,b)
3 3 2 p
2z a 15
w =M cos 0{+? —E’ ( a)
A\ a 15b
w, = M cos a+T 3 (15b)

where a, b, ¢, p, g, M, and a are auxiliary variables to keep
the procedure lucid.

The solution is now smooth, but at the cost of
computational complexity. In addition, there is an obvious
singularity for vz =0, where (9) leads to only a quadratic
equation. The problem can be overcome by forcing some
minimal vg in (12).

2.3 Approximation of Port Equation

The first step of building a behavioral approximation
of PE consists in normalizing the barrier width. Let us
define a new state variable x € [0, 1]

e W W (16)

Woff - Won

For x =0 the memristor is in the ON state, which is
obtained by long-term application of a negative voltage.
On the other hand, the long-term application of a positive
voltage brings the memristor to the OFF state with x = 1.
For the model parameters published in [12] we obtain
Won = 1.23 nm and wy = 1.86 nm.

Figure 5 shows the static nonlinear i-v characteristics

of the barrier from [11] for a constant state variable x

(negative resistance sections not plotted). For low voltages,

i.e. for |vg| << @y/e the static characteristic can be simplified
to [17]

[ JBe _ 17

Iy _(2AW\/% exp( BAW\/%)jvgs a7

which justifies the use of the linear approximation at the

origin. As Aw oc x in (17) and with respect to the almost

equidistant spacing of individual curves in Fig. 5, the linear
memristance Ry in the low-voltage region can be

approximated by
R, =R, (ﬁ] (18)
ROH

vg V)

Fig. 5. 1-V characteristics of the tunnel barrier for different x.

where R,, and R, are memristances for the ON and OFF
states, respectively.

The exponential function can be better fitted to ex-
perimental characteristics in comparison with the power
function proposed in [14], [16], and [19].

The middle region is dominated by the first exponen-
tial term in curly brackets in (3), where the applied voltage
influences the mean barrier height ¢. Therefore a reason-
able approximation is based on the exponential function.

The proposed port equation is based on the modified

equation [20]
i = sen(v, k) sinh (K, + k0], ) + ks (exp (ke v, ) -1)
(19)

where k to kg are fitting parameters. The exponential term
with ks and k¢ models the region for vg > 1 V.

Neglecting the exponential term, the memristance at
the origin, i.e. for [vg << @)/e, can be obtained as

Ry=—— 4R (20)
diy/dv,
which gives

R, —— 1 4pg forx=1, Q1)
ky(k; +k,)

and

+R forx=0. (22)

R =
off kl kz k3

For the parameters from [11] the best-fit of (19) gives
the following values of parameters: k; =1.021x107 A,
kr=4383, k5 =5297 V", ky=1.608 V', ks =5.317x10°",
ke=22.35V'. The value of the series resistance Rg was
the same as in the original model.

3. Model Evaluation

Figure 6 compares the original static /-}" characteristic
(3)—(7) with correction (12)—(15) and with approximation
(19). The original Pickett’s model is considered a reference
here as it was fitted to a real device [11]. After correcting
wy and wy in Section 2.2, Simmons’s model does not track
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Fig. 7. Comparison of hysteresis loops.

fully the static characteristics near the OFF state for
vm > 1V (dashed curve). On the other hand, the proposed
approximation (19) shows a nearly perfect match (dotted
curve).

Figure 7 shows a comparison of hysteresis loops
between Pickett’s reference model and approximation (19).
Both models were driven by a 1 kHz harmonic voltage
with an amplitude of 4.5 V and a DC component of 1.5 V.
The initial condition was w(0) = 1.228 nm, i.e. x=0. As
can be seen, there is good agreement between the two
models.
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