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Abstract. In this paper outage performance of a secondary 
user (SU) is evaluated under an amplify and forward (AF) 
relay selection scheme with an imperfect channel state 
information (CSI) while the SU shares spectrum in an 
underlay cognitive radio network (CRN). In underlay, the 
SU coexists with primary user (PU) in the same band pro-
vided the interference produced by SU at the PU receiver 
is below an interference threshold of PU. This limits the 
transmission power of SU and coverage area.  Relays help 
to improve the performance of SU in such underlay sce-
nario. However relays are also constrained in their trans-
mit power due to interference constraint imposed by PU. 
Closed form expression of the outage probability of SU 
with maximum transmit power constraint of relay under 
imperfect CSI is derived. A scaling factor based power 
control is used for the SU transmitter and the relay in or-
der to maintain the interference constraint at the PU re-
ceiver due to imperfect CSI. The impact of several param-
eters viz. correlation coefficient, channel estimation error, 
tolerable interference threshold, number of relays and the 
maximum transmit power constraint of relay on SU per-
formance is investigated. A MATLAB based test bed has 
also been developed to carry out simulation in order to 
validate the theoretical results. 

Keywords 
Cognitive radio, amplify and forward relay, imperfect 
CSI  

1. Introduction 
Due to rapid growth in the field of wireless communi-

cation, the demand for the limited electromagnetic radio 
spectrum is increasing exponentially, which is causing 
spectrum scarcity. It has also been reported by FCC that 
the utilization of electromagnetic radio spectrum allocated 
to a licensed user i.e. PU is very low [1–3]. Cognitive radio 
has been proposed as a promising solution for efficient 

utilization of the underutilized radio spectrum. The cogni-
tive user, also known as SU shares the existing spectrum in 
two ways i.e. spectrum underlay and spectrum overlay. In 
underlay mode, the SUs are allowed to access the licensed 
spectrum allocated to the primary user (PU) as long as the 
interference produced at the PU receiver due to SU trans-
mission remains below a predefined interference threshold 
[4]. Due to this stringent transmit power requirement, cov-
erage area of cognitive radio network is limited. Relays are 
generally used to enhance the system performance. A com-
bination of relay and cognitive radio network is used to 
enhance the performance of SU in cognitive relay network 
[5–8]. Amplify and forward relay (AF) is one of the popu-
lar cooperative protocols where a relay amplifies the re-
ceived signal from the source and transmits it to the desti-
nation. Outage performance is one of the important per-
formance metrics used to evaluate the performance of SU 
user. The performance of SU is evaluated under bounded 
SNR regime i.e. end to end SNR of AF relay which is 
approximated as the minimum SNR of the two hops i.e. SU 
to relay and relay to destination [9]. In [10], outage per-
formance of cognitive relay network is evaluated for 
a given interference constraint of PU in an underlay spec-
trum sharing mode. In [11], outage performance of cogni-
tive relay is evaluated under hybrid spectrum access (un-
derlay and interweave) approach. Further a closed form 
expression for the outage probability is also derived in 
[11]. Outage probability of SU is evaluated under optimal 
relay selection scheme utilizing quotient of signal to noise 
ratio of the relay link and the interference generated at PU 
receiver due to relay in [12]. Further closed form expres-
sions for the outage and bit error probabilities are also 
derived in [12]. In [13], outage probability of cognitive 
cooperative relay network using two decode-and-forward 
relay schemes under the joint outage constraint of primary 
user and peak transmit power of secondary user is evalu-
ated. Performance of SU in an underlay cognitive relay 
network under proactive decode and forward relaying 
scheme has been evaluated under joint constraints of aver-
age and peak interference constraint considering Rayleigh 
faded channel [14]. Performance of SU under AF relay 
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selection scheme has been investigated in [15], [16] under 
the assumption of perfect CSI. In [17], the performance of 
SU in terms of outage and symbol error rate (SER) has 
been evaluated for a Rayleigh faded channel considering 
maximum transmit power constraint of the relay. In the 
above references, SU is assumed to perfectly know the CSI 
of link between SU transmitter (SU-Tx) and PU receiver 
(PU-Rx).The CSI is used in deriving the transmit power of 
SU. Similar assumption has been made i.e. assumption of 
a perfect CSI, between relay and PU receiver (PU-Rx). 

However in a practical communication system ob-
taining the CSI between SU-Tx and PU-Rx is very diffi-
cult. Therefore the CSI information available at SU-Tx 
regarding the link between SU-Tx and PU-Rx is frequently 
imperfect. In literature there are two ways to model this 
imperfection in the channel: a correlation based model, 
considering the impact of feedback delay to reflect the 
imperfection in the channel [18] and a minimum mean 
square error estimation where imperfection in the channel 
is due to channel estimation error [19]. In an underlay 
mode SU estimates its transmit power based on CSI 
between SU-Tx and PU-Rx. Therefore PU is expected to 
suffer an extra interference if SU allocates its transmit 
power based on imperfect CSI. Suraweera et al. evaluated 
the mean capacity of SU in underlay scenario based on 
imperfect CSI due to feedback delay [18]. However in [19] 
Musavian et al. evaluated the ergodic and outage capacity 
of SU under peak and average interference constraint 
assuming SU has channel estimation error of the CSI 
between SU-Tx and PU-Rx. In [20], impact of imperfect 
CSI of the interfering link on PU for partial AF (fixed 
gain) scheme has been investigated. Further a closed form 
expression for the outage probability of SU under a given 
interference probability of PU (i.e. probability that the 
interference from SU to PU receiver is higher than PU 
interference threshold) has also been derived. In [21], out-
age performance of a cognitive relay network with imper-
fect channel estimation in spectrum sharing model is eval-
uated. In [22], we evaluated the outage probability of SU 
for Rayleigh faded channel with proactive decode and 
forward (DF) relay scheme considering imperfect CSI due 
to feedback delay and PU interference. The performance of 
SU in terms of outage and error probability under imper-
fect CSI has been investigated with AF relay [23].  

In [18–23], the outdated property of the channel is 
expressed either by a correlation based model or an MMSE 
based model. In practice, CSI available at SU transmitter 
contains both the channel estimation error as well as error 
due to feedback delay. In [24], the capacity of SU is evalu-
ated under both the average and peak interference con-
straints considering channel estimation error and feedback 
delay of the channel considering a Rayleigh faded channel. 
In [17], the performance of SU is evaluated under the 
maximum transmit power constraint of the relay with per-
fect CSI. In this paper we extend the analysis of [17] with 
imperfect CSI model of [24] in presence of multiple AF 
relays. A power allocation scheme has also been designed 

to avoid the extra interference on PU caused due to imper-
fect CSI. In this paper we analyze the outage performance 
of SU considering an imperfect channel model similar to 
[24] under AF relay scheme for a given outage constraint 
of PU. We assume that the maximum allowed transmit 
power of SU is sufficiently high, i.e. SU acts as a base 
station. However the relay transmit power may be limited 
by its maximum transmit power limit. Here we consider 
a maximum transmit power constraint of the relay while 
evaluating the outage probability of SU. A power control 
law in line with [22] is designed for the SU and the sec-
ondary relay (SR) in order to protect the primary receiver 
from the SU and SR transmission due to imperfect CSI. 
We derived a closed form expression for the outage proba-
bility of SU for the given relay scheme under imperfect 
CSI. More precisely the contributions of our paper are 

 Analysis of AF based SR capturing both the effect of 
channel estimation error and feedback delay associ-
ated with imperfect CSI. Such analysis is not availa-
ble in the literature to the best of our knowledge. 

 We derived novel closed form analytical expression 
for the outage probability of SU under the joint im-
pacts of channel estimation error (σe

2) and feedback 
delay (ρ) for a given outage constraint of PU. 

 The impact of correlation coefficient (ρ), channel esti-
mation error (σe

2) and maximum transmit power of 
the relay on a scaling factor based power control used 
at relay and SU is also indicated. 

 The impact of tolerable interference threshold (Ith), 
correlation coefficient (ρ), PU outage constraint (δ) 
on the SU outage performance is also indicated. 

 A MATLAB simulation testbed is developed in order 
to validate the analytical result. 

The remainder of the paper is organized as follow: 
Section 2 describes the system model considered in this 
paper. In Sec. 3, necessary analytical formulation is pre-
sented and analytical expression for the outage probability 
of SU is derived. Section 4 shows the numerical results 
depicting the impact of several parameters on outage prob-
ability following our derivation. Finally, Section 5 con-
cludes the paper. 

2. System Model 
The system model considered in this paper consists of 

a secondary transmitter (SU-Tx), Nr number of SR-s, a SU 
receiver (SU-Rx) and a primary receiver (PU-Rx) as shown 
in Fig. 1. All the channels are assumed to be independent 
and identically distributed (i.i.d) Rayleigh faded channel 
with zero mean and variance one. Our model can be ex- 
tended for non i.i.d faded channel. However for ease of 
mathematical tractability we consider an i.i.d faded channel 
in the present case. Let 

sph , 
ir ph ,

isrh , and 
ir dh (i = 1,2,..,Nr)  
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Fig. 1. System model for cognitive relay network. 

denote the instantaneous fading coefficients of the links 
from SU-Tx to PU-Rx, from i-th SR to PU-Rx, SU-Tx to i-
th SR, and i-th SR to SU-Rx respectively. Therefore the 
channel power gain, gxy = hxy2 is exponentially distrib-
uted, where x,y= {s,r} or {p,d}. 

We assume that there is no direct link between SU-Tx 
and SU-Rx. Further it is assumed that SU-Tx and SR do 
not transmit simultaneously. The communication in the 
secondary network starts as follows: In the first hop, the 
relay having the highest SNR among the links between SU-
Tx and SR is selected. The selected SR amplifies the re-
ceived signal with gain G as in [16] and forwards it to the 
SU-Rx. The interference from the PU transmitter at the SR 
and SU-Rx is neglected. 

The CSI available at the transmitter of SU and SR are 
used to estimate the transmit power of SU and SR under 
a peak interference constraint. However in practical envi-
ronment, the obtained CSI at the SU (hsp) and the selected 
relay (

kr ph ) are imperfect due to channel estimation error or 

feedback delay or due to presence of the both. Therefore, if 
the transmit power of SU and SR are allocated based on the 
imperfect CSI, the interference received at the PU receiver 
may exceed the allowable interference threshold of PU. We 
consider the imperfect channel model similar to [24] to 
incorporate the joint impact of channel estimation error (σe

2 

and σ2) and correlation coefficient (ρ) as 

 xy xyh h    (1) 

where   20, 1xy xyh CN     is an outdated channel 

impulse response with estimation error, 
2

2 1 1      . Here ε1 ~ CN(0, λxy) and 

ε2 ~ CN(0, 2λxy) are uncorrelated and ε ~ CN(0, λxy), 
2 21 (1 )     . It is to be noted that 2 2(0 1)    is 

a measure of accuracy in the channel estimation from the 
link x to y and (0 1)    is the channel correlation 

coefficient which accounts for the error due to feedback 
delay caused by the time varying property of the channel. 
A lower value of ρ corresponds to a higher feedback delay. 
Thus following the imperfect channel model as in (1) the 
CSI available at the SU and SR are given as 

 sp sph h   , (2) 

 
i ipr p irh h    (3) 

where 
sph and 

ir ph  are the imperfect CSI available at the 

transmitter of SU and SRi with   20, 1sp sph CN     and 

  20, 1
i ir p e r ph CN     respectively. Further ε is 

CN(0,αλsp), 2 2(0 1)    and 2 2(0 1)e e    are the 

channel estimation error (i.e. error variance associated with 
MMSE based channel estimation) for the link from SU-Tx 
to PU-Rx and the i-th relay to PU-Rx respectively. The CSI 
of the source to relay and relay to destination link are 
assumed to be perfect. Further we also assume that SU as 
well as the selected k-th relay knows 

sph , 
ir ph , σe

2 and ρ. 

Therefore based on the estimate of 
sph , and 

ir ph , we 

allocate scaling factor based power to the SU transmitter 
and i-th relay (

ir
p ) under imperfect CSI following [22]: 

th th , 1, 2, ...and min ,
i

isp

r
p

r
s m r

r

P i N
I I

p p
g g

 
 
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where η(0 <   1) and ηr(0 < r  1) are scaling parame-
ters which take care of the excessive interference produced 
at PU receiver due to SU and relay transmission under 
imperfect CSI. 

The communication in the secondary network starts 
as follows. In the first time slot, the SU broadcasts its 
message to Nr SR-s and the relay having the maximum 
signal to noise ratio of the SU-Tx to SR link is selected. 
The SNR at the selected k-th relay is given as 

 th

0 0

k k

k

s sr sr
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p g I g

N g N
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 .    (5) 

The value of η is obtained as per the outage constraint of 
PU following [22] 
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where δ is the allowable outage constraint of PU and  
Pout-su

pu  indicates the outage probability of PU due to SU 
transmission. 

Now using the joint pdf of spg  and spg  as given in [25] 
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where I0(.) is the zeroth-order modified Bessel function of 
first kind [26], equation (6) can be solved for η as  

  
2

2 2 2
1 1 1 1

1 1
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 
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  (7) 
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where  2
1 2   . 

In the second time slot, the selected k-th relay 
amplifies the received signal and forwards it to the SU 
destination. The SNR at the SU destination is given as 

 
0

k k
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r d
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Further the value of 
kr

  is obtained for the given 

outage constraint (δ) of PU as follows 
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where pu
out relP   is the outage probability of PU due to relay 

transmission and fx(.) denotes the probability density 
function of x. Now using the joint pdf of 

kr pg and ˆ
kr pg  as 

in [25] 
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where I0(.) is the zeroth-order modified Bessel function of 
first kind [26], equation (9) can be simplified as 
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It is difficult to obtain a closed form expression for the 
scaling factor (ηr) for a given outage constraint (δ) of PU. 
So we evaluate (10) numerically to obtain η for a given δ. 

The SNR of the source relay destination link under 
AF relay can be written as [27] 
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3. Outage Probability Analysis 
The outage probability of SU is defined as the proba-

bility that the mutual information between the transmitted 
message and the received message is less than a given 
target rate, R [28]. The outage probability of SU under AF 
relaying is given as 
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Now I1 and I2 of the above equation (12) are given as  
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Now substituting I1 and I2 in (12), the outage 
probability of SU is given as 
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where I3, I4, I5 and I6 are given below as 
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Thus equation (14) represents a novel closed form 
expression for the outage probability of SU as developed 
by us. 

4. Numerical Results 
In this section the numerical results in terms of closed 

form expression of the outage probability of SU as derived 
in Sec. 3 are validated by MATLAB simulation. The 
simulation parameters considered are as follows: SU target 
rate, R = 1 bps/Hz, 1

i i isp sr r d r p       , N0 = –20 dB. 
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Fig. 2. Scaling factor of relay versus allowable interference 

threshold (δ = 0.01). 
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Fig. 3. Outage probability of SU versus allowable interference 

threshold (δ = 0.01, 2 = 0, e
2 = 0, Pm = 10 dB). 

In Fig. 2 the scaling factor (ηr) to be used in power 
control of the relay transmitter is plotted against the allow-
able interference threshold for different levels of maximum 
transmit power (Pm) of relay. It is observed that the value 
of scaling factor of the relay increases as the allowable 
interference threshold (Ith) increases. However the value of 
scaling factor is more in the case where the relay has 
a maximum transmit power constraint as compared to the 
case of without maximum transmit power constraint. Fur-
ther it is observed that the required scaling factor for power 
control reduces as the maximum transmit power of the 
relay (Pm) increases since the probability of transmitting 
with Pm decreases. Further the impact of channel correla-
tion coefficient (ρ) and estimation error (σe

2) on scaling 
factor of the relay is also indicated. As the channel correla-
tion coefficient (ρ) increases, the scaling factor of relay 
increases. Higher value of ρ indicates the estimation is 
approaching towards more perfect information of the chan-
nel state (i.e. a better CSI) while lower value of σe

2 indi-
cates a better CSI or reduction in imperfection of CSI esti-
mation. 
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The joint impact of number of relays (Nr) and channel 
correlation coefficient (ρ) on SU outage is shown in Fig. 3 
The outage probability of SU against allowable interfer-
ence threshold is plotted in Fig. 3 for several values of Nr 
and ρ. The outage probability of SU improves as the num-
ber of relays (Nr) increases. It is also observed that higher 
value of ρ yields an improvement in SU performance. 
An increase in correlation coefficient indicates a better 
estimation of CSI which implies that SU can transmit at 
higher  power  level without violating the interference  con-
straint (Ith) imposed on PU. The outage probability of SU is 
also plotted for the perfect CSI case and it is compared 
with imperfect CSI case for different levels of channel 
imperfections.  

The performance of SU for several values of channel 
estimation error of the source and the relay link (2 and 
e

2) while keeping other parameters fixed is plotted in 
Fig. 4. As the channel estimation error increases (2 or e

2) 
the outage probability of SU increases. An increase in 2 or 
e

2 due to increase in channel estimation error yields 
a reduction in the transmit power of SU or the selected 
relay and this in turn results in an increase in the outage 
probability of SU. The performance of SU is better when 
MMSE based estimation error is zero, i.e. the channel is 
perfectly estimated though a correlation error due to feed-
back delay ( = 0.9) is present. It is also observed that the 
performance of SU is better for the same level of estima-
tion error (i.e. 2 = 0.3, e

2 = 0) in the SU to PU link as 
compared to the estimation error (i.e. 2 = 0, e

2 = 0.3) in 
the relay to PU link. 

The impact of PU outage constraint (δ) on SU outage 
probability is shown in Fig. 5. The performance of SU is 
better for higher values of δ as compared to the lower val-
ues of δ. As δ increases the allowable transmit power of SU 
increases and hence an improvement in the outage proba-
bility of SU is obtained. 
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Fig. 4. Outage probability of SU versus allowable interference 

threshold (δ = 0.01, ρ = 0.9, Nr = 9, Pm = 10 dB). 
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Fig. 5. Outage probability of SU versus allowable interference 

threshold (ρ = 0.95, Nr = 5, Pm = 10 dB, 2 = 0, e
2 = 0). 
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Fig. 6. Outage probability of SU versus allowable interference 

threshold (ρ = 0.9, Nr = 5, δ = 0.01, 2 = 0, e
2 = 0). 

The impact of maximum transmit power (Pm) of the 
relay on SU performance is indicated in Fig. 6. It is ob-
served that the performance of SU improves with Pm as 
compared to the case without Pm. Further it is also ob-
served that the performance of SU degrades as Pm in-
creases. As Pm increases, the probability of transmission at 
a level of Pm by the relay reduces which increases the out-
age probability of SU following the explanation given in 
connection of Fig. 2. 

5. Conclusion 
In this paper performance of a cognitive relay net-

work using an AF based SR is evaluated in terms of outage 
probability. An AF relay is selected based on the quality of 
the links between SU-Tx and relays. The link between the 
selected k-th relay to PU-Rx is assumed to be imperfect 
due to feedback delay as well as channel estimation error. 
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We derived an exact closed form expression of the outage 
probability of SU with AF relay for a given outage con-
straint of PU. The impact of feedback delay and the chan-
nel estimation error on SU outage probability is evaluated. 
It is observed that the performance of SU degrades as the 
channel estimation error or feedback delay increases. How-
ever the use of relay yields an improvement in the outage 
probability of SU. The impact of maximum allowed trans-
mit power of relay, allowable interference threshold and 
PU outage constraint is also indicated. The performance 
degradation due to imperfect CSI can be compensated by 
increase in number of available relays (Nr) in the selection 
set. 
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