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Abstract. Polarization properties of electromagnetic 
Gaussian Schell-model beams propagating through the 
anisotropic non-Kolmogorov turbulence of marine-atmos-
phere channel are studied based on the cross-spectral 
density matrix. Detailed analysis shows that the average 
polarization decreases with increasing the spectral index, 
inner scale of turbulence and generalized refractive-index 
structure parameter. We find the effects of anisotropic 
turbulence on the average polarization is less than that of 
the isotropic turbulence and the depolarization effect of 
turbulence in marine-atmosphere is larger than terrene-
atmosphere. The electromagnetic Gaussian Schell-model 
beam with the parameters of smaller δyy, δxx and Ax, but 
larger Ay will reduce the interference of turbulence. 
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1. Introduction 
Polarization is the important property to the light; it 

has a great number of applications both in the quantum and 
classical realms. Several authors have investigated the 
effects of turbulence and the partially coherent source on 
the polarization of electromagnetic Gaussian Schell-mode 
(EGSM) beams propagation in atmosphere [1–4]. Tang et 
al. propose a coherent multilevel polarization shift keying 
(MPOLSK) modulation scheme using the spatial diversity 
detection in a free-space optical (FSO) turbulence channel 
[5]. Wang et al. have derived analytical propagation formu-
lae for the degree of cross-polarization (SDCP) of two 
Gaussian Schell-mode (GSM) beams propagation through 
non-Kolmogorov turbulence in the region of superposition 
[6]. Roychowdhury et al. find that the degree of polariza-
tion of the electromagnetic beam tends to the value that it 
has in the source plane [7]. Luo et al. have demonstrated 

how the electromagnetic spectral Gaussian Schell-model 
(EM SGSM) beams evolve in the atmospheric turbulence 
[8]. Recently, considerable efforts have been made to 
probe the effects of anisotropic turbulence on the optical 
wave propagation in atmosphere. Toselli et al. proposed 
power spectrum models of non-Kolmogorov turbulence to 
theoretically investigate the effect of anisotropy [9] and 
analyzed the impact of the spectral index variations on the 
long-term beam spread and scintillation index of the plane 
wave and spherical wave for several anisotropic coefficient 
values ζ [10] in the weak turbulence condition. The effect 
of anisotropic Kolmogorov turbulence on the log-ampli-
tude correlation function for plane wave and spherical 
wave fields is investigated in [11], [12]. Yao et al. explored 
the effects of the anisotropic parameter on the spectral 
density, the spectral degree of coherence and on the spec-
tral degree of polarization of the GSM beam [13]. A new 
closed-form expression for the mean square temporal width 
of Gaussian-beam-wave pulses passing horizontally 
through strong anisotropic atmospheric turbulence is devel-
oped by Chen et al. [14]. Cui et al. developed a theoretical 
consequence of the long-exposure turbulence modulation 
transfer function (MTF) for both plane and spherical waves 
propagating through anisotropic non-Kolmogorov turbu-
lence [15]. 

Investigating marine atmospheric turbulence is neces-
sary for the design of optical imaging system and optical 
communication system. Korotkova et al. providing a meth-
odology for computing the probability density function of 
the laser beam intensity in the maritime environment using 
field measurements [16] and Cui et al. [17] derived a new 
analytic expression of the MTF to describe the degrading 
effects of marine atmospheric turbulence on an optical 
imaging system. The polarization fluctuation model of 
GSM beams propagating through the anisotropic non-Kol-
mogorov turbulence of marine/terrene-atmosphere was 
obtained under the restrain of turbulence with the Prandtl 
number Pr = 0.72 and the Obukhov-Corrsin coefficient 
β = 0.72 in the narrow range of the spectral index of non-
Kolmogorov turbulence 3.47 < α < 3.87 [18]. But, to the 
best of our knowledge, there is no report on the polariza-
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tion fluctuations of EGSM beams propagating in aniso-
tropic non-Kolmogorov turbulence of marine/terrene-atmo-
sphere channel. 

The aim of this paper is to develop a theoretical 
model for the average polarization fluctuations of EGSM 
beams in marine/terrene-atmosphere channel with aniso-
tropic non-Kolmogorov turbulence. In Sec. 2 and 3 the 
model for the average polarization of GSM beams based on 
the cross-spectral density matrix is investigated in detail. 
Numerical results and discussions are given in Sec. 4. Con-
clusions are presented in Sec. 5. 

2. Cross-Spectral Density Matrix of 
EGSM Beams 
The second-order coherence and polarization proper-

ties of EGSM beams can be characterized by the 2  2 
electric cross-spectral density matrix [19] 
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components of the electric field at point P(r1) and P(r2), 
representing a fluctuating of electric field. The asterisk 
denotes the complex conjugate and the angular brackets 
denote the average taken over a statistical ensemble of 
realizations of the electric field. 

The components of EGSM beams in the turbulent 
marine-atmosphere can be written as [20] 
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where k = 2π/ = ω/c is the wave number, ω is the fre-
quency, z is the propagation distance,  is the wavelength 
and ψ(ρ, ρ’, z, ω) is the random part of the complex phase 
of a spherical wave propagating through the non-Kolmogo-
rov turbulence of marine-atmosphere specified at any two 
points with position vectors ρ and ρ’ in the source plane. 

Substituting (2) in (1), the cross-spectral density 
matrix elements of the electric field at the position 
ri = (ρi, z) in the output plane can be obtained [7]. 
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Here    1 1 2 2exp , , ; , , ;
a

z z       ρ ρ ρ ρ  is the phase 

correlation function and is given by [20] 
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where J0(·) is the Bessel function of zero order. 

In the paraxial optical channel, after approximating 
the Bessel function by its two first terms: J0(x) ≈ 1 – x2/4, 
the phase correlation function can be approximated as 
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where ρH is the lateral coherence length of the spherical 
wave in marine/terrene-atmosphere channel and 
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where  n   is the power spectrum of refractive-index 

fluctuations of turbulence. 

3. Average Polarization of EGSM 
Beams 
In this paper we employ the anisotropic non-Kolmo-

gorov power spectrum reported in [10], [11] for marine/ter-
rene-atmosphere by using generalized von Karman model 
[10], [12], marine/terrene-atmosphere model [18], [20]. 
According to the discussion in [9], we apply the approxi-
mation of the anisotropy existing along the direction of 
propagation (z axis) of the beam, and by the discussions in 
[21] for the spectral model of non-Kolmogorov atmos-
pheric turbulence [20], the power spectrum of refractive-
index fluctuations of non-Kolmogorov turbulence can be 
expressed as [18] 

 

   
 

 
 

6 / 2

2 2

2 2

/ 22 2
0

1

exp /

n n
H H

H

A C a b


 







 
   

 

 

 

  
     
   






 (6) 

where 3 5  ,  2 2 2
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an effective anisotropic factor, κ0 = 2π/L0, L0 is the outer 
scale of turbulence, Cn

2 is the generalized refractive-index 
structure parameter with units m3 – α, κH = c(α)/l0, l0 is the 
inner scale of turbulence, and  
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For Kolmogorov α = 11/3 and isotropic turbulence 
ζ = 1, Equation (6) is reduced to the power spectrum of 
refractive-index fluctuations of  Kolmogorov turbulence of 
marine/terrene-atmosphere. 

By the marine/terrene-atmosphere spectrum (6), the 
lateral coherence length of the spherical wave is given by  
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Making use of the integral formula [20] 
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we find that 
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where U(a; b; z) is the confluent hypergeometric function 
of the second kind. 

The elements of the electric cross-spectral density 
matrix can be expressed in the form [22] 
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where Sl
(0)(ρ1’, ω) and Sm

(0)(ρ2’, ω) denote the spectral 
density of the component El and Em,and  (0)

2 1,lm  ρ ρ  

denotes the spectral degree of coherence of the field which 
is given by the expression [23] 
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where the coefficients Al, Blm, σl and σlm 
are independent of 

position but they generally depend on the frequency ω. σl 
 

is the width of the source beam and σlm is the source corre-
lation coefficient. Moreover, Blm is the complex correlation 
coefficient of the electric field and satisfy relations Blm = 1 
(l = m), │Blm│ ≤ 1 (l ≠ m) and Blm = B*

lm. 

The cross-spectral density matrices of EGSM beams 
are given by expression in the form 
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Based on the discussion on the elements of the cross-
spectral density matrix of the electric field in the output 
plane [8] and after a straightforward calculation, we have 
the cross-spectral density matrix of the EGSM beam in the 
output plane ( , )zρ  
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The degree of polarization of the EGSM beam at the 
position ( , )zρ  can be expressed as follows 
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where Tr  is the trace of the cross-spectral density matrix. 
If the electric field components are uncorrelated, that is, 

0xy yxB B  [8], Equation (16) is simplified to 

 

 
( , ; ) ( , ; )

, ,
( , ; ) ( , ; )

xx yy

xx yy

W z W z
P z

W z W z

   
 

   





  (17)

 



RADIOENGINEERING, VOL. 25, NO. 4, DECEMBER 2016 655 

 

where 
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The average cross-spectral density matrix elements in 
the receiving aperture are given by 
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where D  is the diameter of receiving aperture.  

The average polarization (AP) of the EGSM beam in 
the receiving aperture is given by
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4. Numerical Results and Analysis 
To analyze the effects of anisotropic factor, inner 

scale, propagation distance, refractive-index structure pa-
rameter, the outer scale, and spectral index of non-Kolmo-
gorov turbulence on the AP of the propagation beams, we 
calculated the AP of the EGSM beam propagation along 
a marine/terrene-atmosphere turbulence channel by using 
(20). The results of the simulations are shown in Figs. 1–7. 
To simplify the subsequent analysis, here we take 
σx = σy = 0.02 m.  

To compare the effects of marine-and terrene-atmos-
phere  turbulence  on the AP, in  Fig. 1  and  Fig. 2, we give 
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Fig. 1.  AP as functions of wavelength  for marine/terrene 
atmosphere with different anisotropic factor ζ. Here we 
take α = 11/3.  
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Fig. 2. AP as functions of wavelength  for marine/terrene 
atmosphere with different spectral index α. Here we 
take ζ = 1.  

the curves of the AP for marine-and terrene-atmosphere 
turbulence links, where the curves depend that AP as func-
tion of wavelength  for different values of spectral index 
α (Fig. 1) and anisotropic factor ζ (Fig. 2) with parameters: 
Cn

2 = 10–14 m3 – α, z = 10 km, L0 = 1 m and l0 = 1 mm. One 
can see from the figures that the AP increases as wave-
length and spectral index increases, and we know long-
wavelength infrared radiation possesses better all-weather 
transmission than the shorter wavelength radiation [22]. 
From Fig. 1, we can find the curve with larger anisotropic 
factor can lead to minor changes of AP compared with 
other curves, and the anisotropic turbulence will lead to 
lower polarization fluctuation. 

In Fig. 3 and Fig. 4, we plot the curves of the AP as 
a function of the inner scale l0 for given outer scale L0 and 
refractive-index structure parameter Cn

2 with parameters: 
α = 11/3, z = 10 km, and  = 1550 nm. By Fig. 3 and 
Fig. 4, it can be seen the smaller inner scale or refractive-
index structure parameter is, the stronger polarization fluc-
tuation we get. At the same time, we can also find under 
the condition of same transport parameters, the polarization 
fluctuation in terrene-atmosphere channel is stronger than 
that in marine-atmosphere channel. 

1 2 3 4 5 6 7 8 9 10

x 10
-3

0.5

0.51

0.52

0.53

0.54

0.55

0.56

0.57

0.58

l
0
 (m)

P
A

V
G

 

 

m-a L
0
=1m

m-a L
0
=10m

t-a   L
0
=1m

t-a   L
0
=10m

 
Fig. 3. AP as functions of inner scale l0 for marine/ terrene    

atmosphere with different outer scale L0. Here we take 
Cn

2 = 10–14 m3 – α. 
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Fig. 4. AP as functions of inner scale l0 for marine/terrene 

atmosphere with different refractive-index structure 
parameter  Cn

2. Here we take L0 = 1 m. 

We plot Fig. 5 to show the AP changes as the change 
of inner scale l0 and propagation distance z in marine-at-
mosphere channel. From this figure, it is clearly seen that 
the AP decreases as propagation distance z increases, and 
from Figs. 3, 4 and 5, it can be seen as inner scale l0 in-
creases, the AP increases. This phenomenon displays that 
the turbulence with larger inner scale will have lower inter-
ference to polarization state of the EGSM beam propagat-
ing through marine atmosphere channel.  

Figure 6 and 7 show the AP as functions of the outer 
scale L0 and Ay with the change of δxx, δyy and Ax. From 
Fig. 6, we can find that the influence of outer scale on the 
AP can be ignored, and the AP decreases with the increas-
ing of δyy and δxx. Figure 7 shows that for the given Ay, the 
AP increases with decreasing Ax. But for given Ax, the AP 
has a least value as the Ay increases from 0 to 5 or greater. 
Figure 6 and 7 indicate that if we transmit the EGSM 
beams with the smaller δyy, δxx and Ax, but larger Ay, we 
will receive higher AP.  
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Fig. 5. AP as functions of propagation distance z and inner 

scale l0 in marine-atmosphere channel. Here we take 
 = 1550 nm, α = 11/3, z = 10 km, and and L0 = 1 m. 
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Fig. 6. AP as a function of outer scale L0 in marine- 

atmosphere channel with different δxx and δyy.  
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Fig. 7. AP as a function of Ay in marine-atmosphere channel 

with different Ax.  

5. Conclusion 
In this paper, the cross-polarization expression of 

EGSM beams propagating through the anisotropic non-
Kolmogorov turbulence of marine/terrene-atmosphere was 
obtained. The results show that the AP decreases with the 
decrease of inner scale and spectral index; the smaller scale 
eddies and anisotropic factor can lead to higher polariza-
tion fluctuation. We also find that the turbulence fade of 
the marine-atmosphere channel is larger than that of the 
terrene-atmosphere channels. The EGSM beam with the 
parameters of smaller δyy, δxx and Ax, but larger Az, will 
reduce the interference of turbulence. These results can 
help us choose and modulate the optimal parameters of 
EGSM beams to retain the robustness of polarization as the 
information carrier in quantum optical communications, 
and our result may be useful for remote sensing and optical 
communications. Due to the difference of refractive-index 
fluctuations caused by clean seawater turbulence and ma-
rine/terrene turbulence, in the future study, we will re-
search the effects of turbulent water on the AP of EGSM 
beams. 
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