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Abstract.  Inter-carrier interference and multiple access
interference due to carrier frequency offset (CFO) are two
major factors that deteriorate the performance of orthogonal
frequency division multiple access (OFDMA) and multicar-
rier code division multiple access (MC-CDMA) in wireless
communication. This paper presents a new mathematical
analysis for spectral efficiency of OFDMA communication
systems over a frequency selective Rayleigh fading environ-
ment in the presence of multiple users. It also compares the
spectral efficiency performance of OFDMA and MC-CDMA
at different load, signal-to-noise ratio, CFO and delay spread
conditions. MC-CDMA is found to be more resilient to CFO
in general, however, OFDMA performs better at high load.
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1. Introduction

Orthogonal frequency division multiple access
(OFDMA) is a well known technique used in both wire-
less and wired communication applications. It offers high
data rate, high spectral efficiency and multiple access ca-
pability. It is used in standardized wireless communication
techniques like long term evolution (LTE), WiMax, digital
video broadcasting, etc. Multicarrier code division multiple
access (MC-CDMA) is a promising future communication
technique [1]. It combines OFDM and code division multiple
access (CDMA) to give advantages of both, including high
data rate, high spectral efficiency, robustness to frequency
selective fading, multiple access capability and narrow band
interference rejection among others [2-4]. However, due
to carrier frequency offset (CFO) both OFDMA and MC-
CDMA systems suffer from inter-carrier interference (ICI)
and multiple access interference (MAI), [5-9]. The CFO
appears due to frequency difference of local oscillators in
transmitter and receiver, and the Doppler shift in frequency
due to motion of transmitter and/or receiver. The spectral ef-
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ficiency degradation of MC-CDMA, in the presence of CFO,
over a frequency selective Rayleigh fading environment is
studied in [10], [11]; a lower bound of spectral efficiency in
the presence of asynchronous interferers is derived. Previous
research work on the performance of OFDMA in the presence
of CFO has mostly focused on symbol/bit error rate [12—16].
The analyses mostly use Gaussian or improved Gaussian ap-
proximation, which are not accurate due to correlation in
frequency response of the adjacent subchannels, especially
atlow bit error rates [17]. In [18-20], average capacity/ spec-
tral efficiency of OFDM with CFO in Rician and Rayleigh
fading environment is analyzed respectively. However, their
analysis can not be extended to multiuser OFDMA that con-
siders interference from other users (though in [19] accurate
conditional Gaussian approximation is used). The presence
of multiple users, which act as interferers, is worth consid-
ering because CFO results in MAI to other users. Each
transmitter has different CFO as compared to the receiver,
therefore, CFO mitigation techniques are unable to cater for
all the different CFO’s due to transmitter heterogeneity.

In this paper, we derive a new expression for the
lower bound of spectral efficiency of an asynchronous up-
link OFDMA system that takes into account degradation due
to CFO in the presence of multiple transmitters. We use this
expression to compare the spectral efficiency of OFDMA
with that of MC-CDMA. We base our analysis on accurate
conditional Gaussian approximation for ICI and MAI, and
consider the fading experienced by subcarriers to be corre-
lated. The complexity of the numerical calculations of our
result depends on the number of subcarriers, and does not
increase with an increase in the number of transmitters. In
Sec. 2, we present the system model, and in Sec. 3, we an-
alyze the spectral efficiency. Numerical results are given in
Sec. 4, and Sec. 5 concludes the paper.

2. System Model

Consider an asynchronous OFDMA uplink mobile
communication system with K transmitters in a small ge-
ographical area. Let the transmitted signal of the k™ trans-
mitter, be represented during an arbitrary signaling interval as
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Ne-1
sk() = O Eurbpxd™H, te [T, T]. (1)
n=0

We consider k£ = 1 as the desired transmitter and the
rest (k > 1) as other users or interferers. In (1), b, are
the modulated symbols; these are assumed to be complex
valued, independent and identically distributed random vari-
ables with unit variance. E, j is the energy assigned to
subcarrier n, where n = 0,1,2,...,N. — 1. We assume
channel state information (CSI) is only available at the re-
ceiver and not at the transmitter, hence, the total energy is
the same for each user and uniformly distributed over N,
subcarriers, Egx = Ejx = ... = E,x = E. We also as-
sume that all transmitters use the same number of subcar-
riers. fnx is frequency of the n'M subcarrier, used by k™
transmitter. All subcarriers are assumed to be equally spaced
in frequency, giving fnx — fmix = (n—m) /T, where T is
the symbol duration and T, is the length of cyclic prefix.
The transmitted signal is subjected to a frequency-selective
multipath Rayleigh fading channel with a transfer function,
Guk = X1y Qi 27Tk where g and 7, are complex
amplitude and propagation delay of the /™ path, respectively,
and o < Tk £ ... £ Tr-1k- We assume that all g
are zero mean uncorrelated complex Gaussian random vari-
ables with normalized power, such that, Y,/ ' E [| gk |2] =
Therefore, {Gok, - - -, Gn, -1} are jointly complex Gaussian
random variables with non-zero cross correlation. We adopt
Jakes” model [21] and the assumptions therein to calculate
the cross correlation, which is given as

E[GixGl] = 1+J2w<f, ) @

where o represents channel delay spread and Doppler fre-
quency has been assumed to be zero.

We assume that cyclic prefix duration is selected such
that, T, > 77_1k, hence intersymbol interference is com-
pletely avoided. Perfect time synchronization is also assumed
between the transmitter-receiver pair. Let r(¢) be the received
signal, after removing the cyclic prefix, it can be represented
as

K Nc-1

r0) =Y Y VEGux byt @) (3)

k=1 n=0

where 7 (¢) is additive white Gaussian noise (AWGN) with
two sided power spectral density of Ny/2. The CFO of k-th
transmitter and the receiver is Agx/T, where A represents
CFO normalized to the frequency separation between adja-
cent subcarriers.

The received signal is decoded by a conventional corre-
lation receiver. Let Z represent the receiver decision variable
for the n = 1 subcarrier of the desired (k = 1) user, then

A K Ne-1
1 ‘ < A
Z=7 / Gy e (N N VEG i by et
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xe2TF 1 4 p (z)) @

The decision variable can be separated into four dis-
tinct components Z = S+ I} + I, + N, where S, I1, I, and N
represent, respectively, desired signal, MAI, ICI and AWGN
component. These are given respectively as follows:

T
1 A
S = VEby, - /|Gl,1|2e12”%’dt,
0

T
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T
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It is worth mentioning that I, is due to A; only, and
it goes to zero when A; is zero, where A; is the CFO of
desired transmitter with the receiver. A; is a determinis-
tic quantity that can be estimated. For simplicity, we re-
place A; with just A in the rest of the paper. As far as
the statistics of MAI in (5) and ICI in (6) are concerned,
these are large sums of correlated random variables and due
to correlation the central limit theorem is not applicable.
Hence, the assumption of /; and I; being Gaussian random
variables can not be justified. However, if we condition
on Go1,...,GN,-1.15-- - Goks -+ -GN, -1k then the cen-
tral limit theorem is applicable as b, i and b, ; are indepen-
dent, identically distributed random variables. We, therefore,
approximate Z as a conditional Gaussian random variable,
conditioned on Gy g, ..., G Np-LK- The conditional variance
is given in (12), shown in Appendix, conditional mean is
given as follows:

E
E[ZIGo1. ... GN,-1k] = /711 Psine (ran) . ()

The instantaneous SINR is therefore a random variable
given in (13), shown in Appendix, which can be simplified
as:

SINR = |Gy,1 1%/
K Ncg-1
55 ol pnwn_Zn¢ S =t B
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where
Pk = sinc? (m (N (k= 1) +n =1+ ag)) /sinc? (14;)

is the fraction that gives the MAI contribution from
each subcarrier of the k" interferer, and p, =
sinc? (7 (n =1 + A1) /sinc? (A1), is the fraction that gives
ICI contribution from each subcarrier due to CFO.

Spectral efficiency of the system depends on the SINR
in (8), and can be evaluated by using the well known Shannon
capacity expression

C =E [log, (1 + SINR)] )
where the random variable SINR is given
in (13), it consists of N. X K random variables
Got,....GN.-1,15---,Gok, - -GN .~L,K-

The direct method to compute right hand side of (9)
would require N, X K—fold integrations, making it very com-
plex. Gaussian approximation of the interference in the de-
nominator in (8) is incorrect due to correlation between the
numerator and the denominator. Moreover, it would still
require finding K probability distribution functions of the

summations ZnN:"O_ ! |G,,,k|2, where k € [0, K]. Furthermore,

the summation ZQ’:"& ! IG,l,kI2 can not be considered as chi
square distributed due to correlation between G, x’s. In the
following, we find an accurate yet simpler solution to (9).

3. Spectral Efficiency Analysis

In this section, we derive a new lower bound for the
spectral efficiency expression in (9), rewritten as

K N.-1
C=E|log,[1+IG1iI*[ > > [Guil pui
k=2 n=0
Ne-1 -1
+ G _ . (10
n;¢l| n1| s Esinc? (7TA1) )

Let pnx = E [pn.k], then Jensen inequality asserts that

K Ne-1
C>E 10g2 I+ |G],]|2 Z Z |Gn,k|2,[)n,k
k=2 n=0
No-1 -
+ G . (11
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Jensen inequality is applicable because the function is of
type y = log, (1 +a/(x+b)), and y is always convex
(0%y/dx* > 0) for non-negative a, b and x.

Now, we can rewrite (11) in a more desirable form us-
ing [22, Lemma 1] to get (14), shown in Appendix.

When n=1 p, = 82/ (1-1+2a))* = 1, there-
fore Zn On;t] |Gy, 1| Pn + |G1.1|* can be written simply as

< |Gn,1| Pn, hence (14) can be simplified as in (15),
both shown 1n Appendlx In (15) the Gaussian quadratic
forms Z "|G,.x|* appear in the exponent. Therefore,
known results for the moment generating function of the
Gaussian quadratic forms [23, eq. (4a)] can be applied to
obtain explicit expression for the lower bound on the spec-
tral efficiency of OFDM in the presence of CFO as given
in (16), shown in Appendix. Where, |.| represents deter-
minant of a matrix, Iy, is the N. X N, identity matrix,
whereas A and A}c are N. X N. matrices where a typ-

ical element is given by A;; = E [G,;lGj,l] \pip; and
A}( (i,j)=E [Gi,zG;‘.’ﬁ/ﬁi,kﬁj’k], respectively.

Equation (16) is the desired expression for spectral ef-
ficiency with CFO. It is worth mentioning that (16) requires

a single integration as compared to N, X K integrations in
the direct method.

4. Numerical Results

In this section, we present some numerical and sim-
ulation results to show tightness of the spectral efficiency
bound. MATLAB was used to simulate and generate all nu-
merical results. Table 1 gives a list of parameter values used
in simulation.

In Fig. 1, spectral efficiency using (16) is plotted
against A, the simulation result was generated using (10)
with 10° iterations. We used E;/Ny of 0dB and 10dB and
the results are shown for a fully loaded system. A 312.5kHz
frequency separation (1/7") between neighboring subcarriers
(IEEE 802.11a) and channel delay spread (o) of 0.1us is
used. It can be clearly seen that our analysis provides a tight
lower bound. Numerical values of the analysis and simula-
tion results are also shown in Tab. 2, for Eg/Ny of 10 dB. The
results clearly show the tightness of the lower bound found
by our analysis.

In Fig. 2, spectral efficiency degradation due to CFO
is shown for both OFDMA and MC-CDMA at partial load-
ing condition. MC-CDMA shows more resilience to CFO
than OFDMA. A CFO of 25 % (A = 0.25) results in a spec-
tral efficiency drop of 23 % (from 0.088 to 0.068 bits/sec/Hz)
for OFDMA while for MC-CDMA it only drops 8 % (from
0.096 to 0.088 bits/sec/Hz). This is due to the diversity gain
offered by MC-CDMA, which is not present in OFDMA. The
spectral efficiency for both MC-CDMA and OFDMA drops
to zero when the normalized CFO reaches one as expected,
since subcarriers start overlapping.

In Fig. 3, spectral efficiency versus Es/Ny is shown
for OFDMA and MC-CDMA. The curves are drawn for A
values of 0.1 and 0.2, the spectral efficiency increases with
E;/Np as expected and the decrease in spectral efficiency
with increasing CFO is also evident. Moreover, the spectral
efficiency sharply increases in the range of 0dB to 20dB,



224

J. AHMED, SPECTRAL EFFICIENCY COMPARISON OF OFDM AND MC-CDMA WITH CARRIER FREQUENCY OFFSET

Spectral Efficiency (bits/sec/Hz)

Spectral Efficiency (bits/sec/Hz)

Spectral Efficiency (bits/sec/Hz)

Number of Subcarriers (N¢) 128
Channel delay spread (o) 1us
Frequency separation between
adjacent subcarriers (f; — f;) | 312.5X 103 Hz
Signal to noise ratio (Es/Ny) 10dB

Tab. 1. Simulation parameter values.
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Fig. 1. Spectral efficiency bound versus A of OFDM for some
E/Naovalues.
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Fig. 2. Degradation in spectral efficiency due to A for OFDM
and MC-CDMA.
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Fig. 3. Spectral efficiency versus E /Ny for A of 0.1 and 0.2.
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Fig. 5. Spectral efficiency versus K for some A values.

with marginal increase after 10 dB. The degradation effect of
CFO is more severe for OFDMA than MC-CDMA, due to,
no diversity gain in OFDMA. Furthermore, this degradation
is more pronounced at higher E;/Ny values as compared to
the lower values.

Figure 4 shows the degradation in spectral efficiency
against o normalized to 7. In case of MC-CDMA, larger val-
ues of normalized o give better spectral efficiency. In case of
OFDMA, no change is observed. This is because, the correla-
tion between subcarriers decays faster when the normalized
o is increased, and lower correlation between subcarriers
increases the diversity gain of MC-CDMA. Since, OFDMA
does not take advantage of lower correlation to offer diversity,
hence it’s spectral efficiency does not increase.

Figure 5 shows the spectral efficiency versus total num-
ber of users/interferers (K) for A of 0.1 and 0.2. The results
are only shown for a maximum K value of 20, as that is the
interesting part of the result. When K > 20, the spectral
efficiency follows the same trend. The spectral efficiency
of OFDMA and MC-CDMA monotonically increases with
K, since the channel utilization is increasing. In case of
OFDMA, this increase is almost linear because OFDMA
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| Normalized CFO between transmitter and receiver (A) | 0 | 0.1 | 0.2 | 0.3 | 0.5 | 0.7 | 0.9 |
Spectral efficiency found by simulation [bits/sec/Hz] 0.6944 | 0.6562 | 0.5791 | 0.4988 | 0.3465 | 0.1929 | 0.0332
Spectral efficiency found by analysis [bits/sec/Hz] 0.6944 | 0.6555 | 0.5791 | 0.4983 | 0.3463 | 0.1921 | 0.0330

Tab. 2. Comparison of simulation and analysis results.

users offer little interference to each other. While, in case
of MC-CDMA, this increase is more pronounced when the
number of users is small but the rate of increase reduces as
the number of users increases due to MAIL. Comparing the
two curves, it is clear that MC-CDMA has higher spectral
efficiency than OFDMA at low load condition due to diver-
sity gain offered by MC-CDMA. On the other hand, OFDMA
gives higher spectral efficiency than MC-CDMA at high load
condition due to smaller interference.

5. Conclusion

In this paper, we have presented a new expression for the
lower bound of spectral efficiency of OFDMA transmission
in the presence of asynchronous users and CFO. Numerical
results show that the bound is indeed tight and is a close
approximation of the spectral efficiency. Using the spectral
efficiency bound we compare the performance of OFDMA
and MC-CDMA at several load, SNR, CFO and delay spread
conditions. It is clearly evident that MC-CDMA is more
resilient to CFO and takes full advantage of low correlation
among subcarriers to offer diversity. However, due to its in-
herent nature, users generate higher interference to each other
than OFDMA. Therefore, at high load condition, OFDMA
offers higher spectral efficiency than MC-CDMA. High load
condition is normally experienced at peak hours and in dense
urban areas.
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