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Abstract. In wireless communication system, various pa-
rameters such as average symbol/bit error probability 
(ASEP/ABEP), outage probability and average channel 
capacity, etc. are studied for its performance analysis. In 
this paper, the performance of L-Hoyt/Gamma (HG) com-
posite fading channel with Maximum Ratio Combining 
(MRC) employing micro-diversity is analyzed. Closed-form 
expressions for distribution function, moments, outage 
probability and channel capacity are derived in terms of 
hypergeometric functions. Further, the expressions of 
ASEP/ABEP for all formats of coherent and non-coherent 
modulation techniques involving Q-functions and Marcum 
Q-function are derived over the composite fading channel. 
Monte-Carlo simulations are performed to validate our 
analytical results. The analytical results produced here can 
be useful in several wireless applications where multipath 
and shadowing are characterized by Hoyt/Gamma distri-
bution. 

Keywords 
Wireless communication system, shadowing, 
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1. Introduction 
Composite fading environments are frequently en-

countered in mobile radio propagation in which multipath 
fading is superimposed on shadowing [1]. Multipath fading 
is captured by several distributions like Rayleigh, Weibull, 
Nakagami-m and Hoyt. Hoyt distribution is commonly 
used to model the short-term fading characteristics of 
wireless communication systems with more severe fading 
conditions [2], [3]. Closed-form expressions for probability 
distribution function (PDF), moment generating function 
(MGF) and high-order moments of Hoyt distribution were 
obtained in [1], [4], and the expression for cumulative 
distribution function (CDF) was presented in [5]. The 
closed-form analysis for the outage probability of Hoyt 
fading channel under Rayleigh interference and Rayleigh 
fading channel under mixed Rayleigh and Hoyt interfer-
ence were evaluated in [6], [7]. 

In shadowed fading, large-scale signal variation can 
be described in the form of two distributions [2]. These 
statistical models are lognormal distribution and Gamma 
distribution. Shadowing has usually been modeled using 
lognormal distribution. However, using the lognormal PDF 
often leads to analytical complexities, because it is not 
possible to write the closed-form mathematical expressions 
for performance parameters of the system [2]. An alternate 
approach was adopted in [8], [9], where shadowing is mod-
eled by cascading short-term fading, while Holtzman ap-
proximation was used in [10] to find the closed-form ex-
pressions of the Weibull-lognormal composite fading 
channel. All the above approaches have their own limita-
tions in the sense that they do not give accurate results over 
the whole range of the composite fading parameters. 
Gamma distribution is the most acceptable approximation 
of lognormal distribution and is most widely used in liter-
ature to model shadowing effects [11]. The performance of 
several composite distributions like K [11], generalized-K 
[12] and the Weibull-Gamma [13] using gamma function 
have been analyzed in literature. Specifically, in [14] 
a general model of a class of composite fading such as  
η-µ/Gamma is carried out, where the result, as a special 
case, reduced to Hoyt-Gamma case is derived. 

Short-term fading is mitigated through micro-diver-
sity while macro-diversity approach is used to overcome 
the effect of long-term fading. Hinging on the fact that 
selection combining (SC) diversity enjoys the lowest im-
plementation complexity, the performance of macro-diver-
sity and micro-diversity systems using SC were studied in 
[15], [16]. MRC gives the best performance of all the di-
versity techniques, and in [17], the performance of MRC 
receiver over Hoyt fading was studied. However, to the 
best of author’s knowledge, performance analysis of wire-
less communication system with micro-diversity, operating 
over Gamma shadowed Hoyt multipath fading channels is 
not reported in open literature.  

Motivated by this fact, we have derived closed-form 
solution of L-HG composite fading, where Hoyt represents 
multipath fading and Gamma captures the shadowing ef-
fect. Performance metrics such as the amount of fading 
(AF), channel capacity and outage probability in terms of 
output signal-to-noise ratio (SNR) have been derived. The 
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symbol error rates (SER) of coherent schemes are evalu-
ated in the closed-form, and a single generalized result, 
encompassing all linear modulation formats is presented. 
Further, closed-form expressions of error probability of 
non-coherent techniques involving Marcum Q-function are 
derived and compared with the coherent schemes. 

The rest of the paper is organized as follows. In 
Sec. 2, the L-HG distribution is derived, and the perfor-
mance parameters such as AF and outage probability, have 
been calculated. Channel Capacity has been discussed in 
Sec. 3. In Sec. 4, ASEP/ABEP of coherent modulation 
schemes are derived, and in Sec. 5 mathematical expres-
sions for non-coherent schemes are evaluated. In Sec. 6, we 
present the discussion on the closed-form results obtained 
in the preceding sections. Finally, Section 7 concludes the 
work. 

2. HG Statistics 
PDF of received SNR per symbol of conditional Hoyt 

fading channel is given by [1] 
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where γl is the instantaneous received SNR of the lth branch 
and w is the average received SNR of the conditional Hoyt 
distribution. q is the Hoyt fading parameter, having the 
value from 0 to 1 and I0() is the modified Bessel of the first 
type and zeroth order. Short-term fading is mitigated 
through micro-diversity approaches using multiple anten-
nas at the receiver [2]. When MRC diversity is used, the 
overall SNR at the output of the receiver is the sum of SNR 
of all the individual branches multiplied by their propor-
tional weights. Instantaneous output SNR(γ) of MRC de-
tector is given by [1] 
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L is the total number of independent and identically 
distributed (i.i.d.) branches used in diversity combiner. The 
instantaneous received SNR of the lth branch can be written 
as 
 2 2 , 1,2,..., .l l lX Y l L      (3) 

Xl and Yl are independent and normally distributed random 
variables having zero mean and variance σx

2 and σy
2, re-

spectively. The fading parameter is related to the variance 
as q = σy/ σx and σy

2 = w[q2 / (1 + q2)]. The closed-form 
expression for the conditional PDF of γ is given by [15] 
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where 1F1(.;.;.) is	 the confluent hypergeometric function 
and Γ() is gamma function. Here, shadowing is modeled 
using Gamma distribution with PDF given by [2] 
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where γ̄ is average received SNR and m is shaping parame-
ter. Composite PDF of γ can be easily evaluated by [1] 
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Substituting (4) and (5), into (6), we get 
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where the hypergeometric function 1F1(.;.;.) can be simpli-
fied using [18, /9.210/1]. Transforming each exponential 
term by G-function using [19, /07.34.03.0228.01] and rear-
ranging the terms, (7) can be simplified as 
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where s = (1 + q2)/2q, t = (1– q4)/2q2 and G() is Meijer G-
function, whereas (x)n denotes the Pochhammer’s symbol. 
Using [18, /9.31/2] and [19, /07.34.21.0011.01] and after 
some mathematical manipulations, (8) can be written as  
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By putting q = 1 in the definition of s and, t equation 
(9) can be simplified to PDF of K distribution.  

2.1 CDF 

Substituting (9) in the definitions of CDF,
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      and using [20] yields   

 
 

   
2,1th th
1,3

0

12
.

0, ,!

n L mn
m

n
n m

n

P

L
t q

ms
G

n L m mL n m n s q

 

 
 

 







 
                  


   

  (10) 



1098  S. KUMAR, ET AL., MICRO-DIVERSITY ANALYSIS OF ERROR PROBABILITY AND CHANNEL CAPACITY … 

 

Outage probability is the probability that the instanta-
neous SNR falls below a predetermined threshold γth, and it 
can be easily obtained using (10).  

2.2 Moments 

The ith moment of γ is defined by [1] as 
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di iE p   


     . With the aid of (9) and [19, 

/07.34.21.0009.01] it can be easily evaluated as 
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The AF is used to measure the severity of the channel 
and is defined as AF = E[γ2]/E[γ]2 – 1. AF of the L-HG 
composite fading channel can be easily evaluated using 
(11). 

3. Channel Capacity 
Shannon’s channel capacity gives the theoretical up-

per bound to the maximum rate of data transmission over 
a given channel with small error probability. It is an im-
portant performance parameter which is kept in mind while 
designing the system. Motivated by this fact, the closed-
form of channel capacity under optimal rate adaptation 
(ORA) and channel inversion fixed rate (CIFR) are pre-
sented here. 

3.1 ORA 

This scheme is more practical since the transmit 
power remains constant. The average capacity of a fading 
channel is a function of the bandwidth B and γ. The channel 
capacity under this definition is expressed as [1] 
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Putting (9) in (12), and using [19, /07.34.03.0456.01], 
[19, /07.34.21.0011.01], the above equation can be 
simplified as 
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3.2 CIFR 

Under this policy, transmitter allocates higher power 
to the channel with low SNR and lower power to higher 
SNR such that the constant received power is maintained. It 

is the capacity which gives lower bound of data rate 
through any channel. The channel capacity under CIFR 
scheme is defined as [1] 
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Using the result of (11) for E[1/γ] in (14), one can 
easily find out the final expression of Ccifr. 

4. ASEP of Coherent Modulation 
Scheme 
In this section, we derive the closed-form expression 

of the coherent modulation scheme. The general formula 
for ASEP/ABEP is given by [1] 
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where Pe(γ) is the instantaneous Symbol/Bit error rate of 
the modulation scheme and pγ(γ) is the PDF of the fading 
channel. The generalized probability of error for coherent 
modulation schemes is given by [21] 
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Here D, αd and c0 have their usual meaning as in [21]. It is 
analytically difficult to perform the averaging of instanta-
neous error probability in (15) by directly applying (16) in 
terms of Q-function. Thus, we need to resort to the ap-
proximate form of Q-function. There are various approxi-
mations to this Q-function suggested in the open literature 
[22–25]. However, all these approximations are not very 
precise as compared to second-order analytical approxima-
tion (as is evident from [23, Fig. 2 and 3]). The Q() func-
tion is approximated using [21], [23] as 
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Here 1 20.3070, 0.4389a a   and 1 1.0510.b   ASEP can be 
found by substituting (9) and (16) into (15) and using the 
approximate form of Q-function as in (17). The resultant 
expression is given by 
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This integral can be solved by expanding the square 
bracket of the integrand using Binomial expansion 
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    Transforming each expo-

nential term by G-function using [19, /07.34.03.0228.01] 
and then using the results of integral of the product of two 
G-functions in [19, /07.34.21.0011.01], generalized closed-
form solution of ASEP for all formats of coherent modula-
tion techniques is given by 
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where C(d,r) is the combination of r objects from a set of d 
objects. The next section deals with the derivation of the 
average probability of error for non-coherent modulation 
techniques. 	

5. ASEP/ABEP of Non-Coherent 
Modulation Scheme 
There are certain situations in wireless communica-

tion where phase recovery at the receiver cannot be tracked 
accurately. In such scenarios, the wireless communication 
system must depend on the non-coherent reception, such as 
square-law detection of Frequency-shift-keying (FSK) 
signal [22] or differential coherent modulation technique 
such as Differential phase-shift-keying (DPSK). Some of 
the related works in evaluating the closed-form expressions 
of the non-coherent techniques has been carried out in the 
past [23], [26], [27]. In this section, we have proposed the 
analytical formulas for non-coherent schemes over compo-
site HG fading with diversity. 

5.1 Multiple-FSK (MFSK) 

The instantaneous symbol error probability of MFSK 
is given by [22] 

     11

e
1

1
( ) 1, exp

1 1

pM

p

p
P C M p

p p
 





  
     
 . (20) 

Here, each symbol of MFSK represents (log2M) bits. The 
ASEP expression for MFSK is obtained by substituting 
(20) and (9) into (15) and using [19, /07.34.03.0228.01], 
[19, /07.34.21.0011.01] 

     

 

       

 

11

ave
0 1

1,2
2,1

12
1,

! 1

1 ,1
.

01

n Ln
pM

n
n

n p

L
t q

P C M p
L n m n s p

m n Lpq
G

p s




 

 

 
     

   

   
 

  

 
 (21) 

5.2 Differential-QPSK (DQPSK) 

Bit error probability for non-coherent DQPSK is 
given by [22] 

 
2 2

e 1 0

1
( ) ( , ) I ( )exp

2 2

a b
P Q a b ab    

 
   

 
  (22) 

where  1 ,Q a b   is the Marcum Q-function of the first 

order and    2 1 1 2 , 2 1 1 2a b    . Substituting 

(22) and (9) into (15) and using the expressions of Marcum 
Q-function and modified Bessel function [22], one can 
write the resulting expression as  

 

 

   

   
 

   
 

1

ave
00

2,0
0,2

0 0

2

2
0

2

!

0,

exp
! 1

d
1

exp
2 !

n L mn m

n
m n m

n

zk

k l

p

p

L
t q

P
L n m n s

s
G

n L mq

ra
x

b l l k

r
x

p
















  
 




 

 





 
 
  

  

 
   

         
 
   
 



 



 (23) 

where x = (a2 + b2)/2, r = ab/2, and z = 2l + k. Using [19, 
/07.34.03.0228.01] and [19, / 07.34.21.0011.01], we can 
obtain the final result for ABEP of DQPSK as 
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6. Numerical Results and Discussion 
In this section, we confirm the validity of our perfor-

mance parameters. All the computations and simulations 
were carried out in MATLAB (version R2014a). The de-
fault value of γ ̄ is taken as unity in all the calculations. To 
validate the accuracy of the derived expressions, Monte-
Carlo simulations are also included with 107 numbers of 
samples for generating L-HG composite distribution. It can 
be observed that the simulation results are in close match 
with the numerical results obtained by keeping enough 
number of terms in the infinite series. In Fig. 1, outage 
probability is plotted against the normalized outage thresh-
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old (γth /
 γ ̄ ) for several values of m and q using closed-form 

expression (10). It is evident from the results that outage 
probability  increases  with  the  increase  in  γth  indicating 
an increase in the likelihood of failure to achieve a given 
threshold level. 

As expected, the outage probability is shown to de-
crease with increase in m and q, hinting an improvement in 
performance of the receiver. The effect of channel condi-
tion improvement with diversity is clearly shown in the 
plot. AF is plotted as a function of m for several values of q 
in Fig. 2. It can be easily observed that AF reduces as m 
and L increases, showing improved performance. Further-
more, as q increases, AF plot shifts downwards, while it 
can also be observed that the gap among the curves de-
creases as L increases. Moreover, in Fig. 3 the impact of 
the fading parameter q on the channel capacity is illustrated 
for various values of diversity order L based on (13). The 
graph reveals that increasing the values of q or L both helps 
overcome the effects of fading. Figure 4 depicts the aver-
age channel capacity as a function of the average received 
SNR for the ORA and CIFR schemes with different values 
of  the  fading  parameter  q.  The  outputs  of  Monte-Carlo 

 
Fig. 1. Diversity effect on outage probability for several 

values of m and q. 

 
Fig. 2. AF versus m for several values of q and L. 

 
Fig. 3. Effect of diversity and fading parameter on channel 

capacity with ORA for m = 1. 

 
Fig. 4. Channel capacity with ORA and CIFR as a function of 

average SNR for m = 2 and L = 4. 

simulations are also provided and shown to exactly match 
with the analytical results. It is evident that, as the average 
received SNR increases, the capacity of both the transmis-
sion schemes improves. We also find that CIFR achieves 
the lower capacity than ORA. This is because of the fact 
that CIFR uses a fixed transmission data rate, whereas 
a large amount of transmitting power is required to com-
pensate for the deep channel fades. 

Comparison of QPSK and DQPSK (non-coherent) 
schemes for different values of L is shown in Fig. 5. As 
observed, an excellent match between the analytical results 
produced by putting closed-form expression (19) for QPSK 
and (24) for DQPSK with the simulations results are 
achieved. It is observed that the performance of the system 
improves with an increase in L as shown by downshifting 
of the plots. Secondly, QPSK outperforms DQPSK signifi-
cantly. In Fig. 6, ASEP of DEQPSK has been plotted over 
the composite fading channel for several values of m, q and 
L. The theoretical curves have been constructed based on 
expression (19). It is observed that the plots shift down-
wards with the increase in the fading and shape parameters 
indicating an improvement in the system performance. 
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Figure 7 demonstrates the plots for M-ary QAM using the 
analytical expression (19) over L-HG composite fading 
channel under the various constellation size M = 2, 4 and 8. 
It is noted from the results that the plot shifts upwards for 
the higher constellation.  

 
Fig. 5. ABEP Comparison between QPSK (coherent) and 

DQPSK (non-coherent) for different values of L. 

 
Fig. 6. ASEP of DEQPSK for HG for several values of m, q 

and L. 

 
Fig. 7. ASEP of M-QAM for various values of M and L. 

 

Modulation  
L = 1 L = 4 

q=0.4 q=0.8 q=0.4 q=0.8 
BPSK (19) 14 2 26 4 
QPSK (19) 16 3 29 5 
8-PSK (19) 20 4 35 6 
2-PAM (19) 11 2 21 3 
8-PAM (19) 22 4 39 6 
2-QAM (19) 14 2 27 4 
8-QAM (19) 21 4 37 6 
DEQPSK 19) 17 3 31 5 

BFSK (21) 15 3 29 5 
DQPSK (24) 13 2 27 4 

Tab. 1. Number of terms (N) required for accuracy at 7th place 
of the decimal digit in the numerical evaluation of 
(19), (21) and (24). 

ABEP/ASEP expressions presented herein are given 
in terms of infinite series. We have truncated the series by 
including the finite number of terms N ensuring to achieve 
accuracy at the seventh place of the decimal digit. In 
Tab. 1, we have calculated the number of terms required to 
achieve this accuracy in (19), (21) and (24) as a function of 
q and L with m = 1. The number of terms needed to be 
summed to achieve the desired accuracy depends on q, L 
and the modulation technique being used. The value of N 
decreases with increase in q, indicating that more number 
of terms are required for more severe fading conditions. It 
can be observed that we need more number of terms for 
higher diversity order system. 

7. Conclusions 
Taking note of the fact that Hoyt is known to capture 

the severe multipath fading and Gamma distribution is 
most widely used to model shadowing, we have analyzed 
the performance of L-HG composite fading model. Closed-
form expressions for PDF of instantaneous SNR, outage 
probability, AF, channel capacity and ASEP/ABEP of the 
composite L-HG were obtained in terms of generalized 
hypergeometric functions and the corresponding results are 
demonstrated. These expressions can be useful in the per-
formance evaluation of L-HG composite fading environ-
ment. Moreover, the analytical results are found to be in 
close agreement with the simulation results. 
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