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Abstract. The spatial selectivity of multipath fading determines the spatial diversity strategy to increase the performance of the communication system. This paper analyses the
three-dimensional (3-D) spatial selectivity of Rician channel
to strive to alleviate the current lack of analytical studies.
A 3-D multipath angular power density (APD) model for Rician channel is proposed. Analytical expressions of the 3-D
multipath shape factors are given based on the APD using
the multipath shape factors theory. Finally, some important spatial fading statistics like the fading rate variance,
level crossing rate (LCR), average fade duration (AFD), spatial correlation and coherence distance are derived, and the
analysis on the impact of 3-D spatial angular directions on
these spatial fading statistics is presented through simulations. The results would provide useful insight on quantifying
and simplifying the analysis and design of the 3-D multiple
input multiple output (MIMO) beamforming technology and
smart antenna arrays.
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1. Introduction
One of the key characteristics of a mobile communication channel is multipath fading due to the reflection, diffraction and scattering phenomena of radio waves. The spatial
selectivity of multipath fading impacts on the performance of
the spatial diversity system. Therefore, a general characterization of the spatial selectivity is needed. In [1], the multipath
shape factors theory was proposed, and the factors of angular
spread, angular constriction and azimuthal direction of maximum fading were shown to describe the statistics of received
signal fluctuations in a two-dimensional (2-D) channel. The
theory can quantify and greatly simplify the description of
multipath fading statistics of non-omnidirectional channels,
so many researchers have analyzed the spatial selectivity of
multipath fading based on the theory. Applications of these
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shape factors in Rician and Nakagami-m channels were discussed in [2] and [3]. Power angle profiles were measured
in different indoor locations, and detailed angle-of-arrival
(AoA) shape factors describing the spatial properties of the
millimeter wave channel at 60 GHz were derived in [4]
and [5]. Quantitative analysis of some notable scattering
models and various spatial channel measurements were presented using multipath shape factors in [6] and [7]. The shape
factor of angle spread was evaluated to compare the different
directional multipath characteristics in the urban and suburban scenarios in [8]. All previously reported works in [1-8]
considered 2-D multipath channels. However, in urban measurements, typically 90% of the received power is contained
in paths with elevations up to 400 [9]. Therefore, the 2-D
multipath channel assumption is acceptable for some suburban areas but not acceptable for densely populated built-up
urban regions, and this gives a motivation for the analysis
of multipath channels in the three-dimensional (3-D) space.
An alternative definition in spherical coordinates of the angular spread developed in [1] was given in [10], and a similar approach in Cartesian coordinates was followed in [11]
for quantification of the 3-D directionality of the multipath
power and variability of the second-order fading statistics.
In [12], a 3-D multipath shape factors theory was developed
based on the work in [1], and analytical expressions for the
level crossing rate (LCR), average fade duration (AFD) and
approximate envelope correlation were derived for a Rayleigh
channel. For a 3-D air-to-ground channel model, the impact
of physical channel’s parameters on the multipath shape factors defined in [1] was analyzed for azimuth and elevation
planes separately in [13].
Owing to flexibility and suitability, the Rician fading
is often used to model the wireless propagation comprising a line-of-sight (LoS) component and a scattered non-LoS
(NLoS) component [14–16]. However, as mentioned above,
few works have analyzed the 3-D spatial selectivity of Rician
channel. This paper strives to alleviate the current lack of
analytical studies, and the contributions and novelties of this
paper are summarized as follows.
- A 3-D multipath angular power density (APD) model
is proposed for the spatial selectivity analysis of Rician
channel;

SIGNALS

250

D. DU, X. ZENG, X. JIAN, ET AL., ANALYSIS OF THREE-DIMENSIONAL SPATIAL SELECTIVITY FOR RICIAN CHANNEL

- The 3-D multipath shape factors are derived based on
the proposed APD and greatly simplify the descriptions
of some important spatial fading statistics;

fNLoS (θ, φ) = cos φ/4π is the APD of NLoS waves [20], and
δ (,) is the 2-D Dirac delta function which is used to describe
the APD fLoS (θ, φ) of LoS wave.

- The analysis results would provide useful insight
on the design of 3-D multiple-input-multiple-output
(MIMO) beamforming technology and smart antenna
array [17–19] for fifth generation (5G) networks.

Therefore, according to the definition in [12], the six
3-D multipath shape factors can be calculated as follows
based on the APD in (1) to quantify and simplify the spatial
fading statistics of the Rician channel.

The remainder of the paper is organized as follows.
Section 2 presents the 3-D multipath APD model and the
corresponding multipath shape factors of the Rician channel.
Section 3 derives some important spatial fading statistics
like the fading rate variance, LCR, AFD, spatial correlation
and coherence distance. Discussions on obtained simulation results are provided in Sec. 4. Finally, conclusions are
mentioned in Sec. 5.
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2. Three-Dimensional Multipath Angular Power Density and Multipath
Shape Factors
A Rician channel model results from the addition
of a single LoS wave and numerous diffusely scattered NLoS
waves. It is assumed that the AoA of LoS wave is (θ 0, φ0 ),
and the AoA power of NLoS waves is evenly distributed in
3-D sphere space as shown in Fig. 1.
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Fig. 1. The AoA of 3-D Rician channel.

Then the Rician channel can be modeled by the following 3-D
multipath APD comprising a LoS component and a NLoS
component [1]:
p (θ, φ) = PNLoS fNLoS (θ, φ) + PLoS fLoS (θ, φ)
PT
cos φ PT Kδ (θ − θ 0, φ − φ0 )
=
×
+
K +1
4π
K +1
PT
[cos φ + 4πKδ (θ − θ 0, φ − φ0 )] (1)
=
4π (K + 1)
where PT is the total power in a local volume, K is the Rician
K-factor, PNLoS = PT /(K + 1) is the power of NLoS waves,
PLoS = PT K/(K + 1) is the power of LoS wave, θ ∈ [0, 2π]
is the azimuth angle, φ ∈ [−π/2, π/2] is the elevation angle,
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where Slm is the l-th degree, m-th order unnormalized complex spherical harmonic coefficient of p (θ, φ). The angular
spread with the range [0,1] is a measure of how multipath
waves concentrate about a single direction; the elevational
constriction with the range [-0.5,1] shows how much the
multipath APD is concentrated on a single elevational cone
or along two paths at same azimuth and opposite elevations;
the 45◦ -inclined constriction with the range [0,1] shows how
much the multipath APD is concentrated at the elevational
angle 45◦ ; the azimuthal constriction with the range [0,1]
shows how much the multipath power is concentrated on two
paths on a single elevational cone; the azimuth of maximum
fading at 45◦ elevation angle and the azimuth of maximum
fading at zero elevation angle take values from the intervals
[0, π] and [0, 2π], respectively.
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3. Spatial Fading Statistics
3.1 Fading Rate Variance
The fading rate variance of a received complex voltage
is the simplest statistic that measures the fading rate of a widesense stationary channel, and it can be written as [12]
σV2
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where λ is the carrier wavelength. By substituting equations
(2)–(7) into (8), the fading rate variance of the 3-D Rician
channel can be obtained. For direct comparison with the
Rayleigh model, equation (8) can be normalized by the fading rate variance for 3-D omnidirectional APD which can
be obtained by setting K= 0 in (1). According to equations
(2)–(5), Λ = 1, ξ=1/16, and χ=γ = 0, if K= 0. Then the
omnidirectional fading rate variance can be written as
σV2 −omni (θ, φ) =
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Accordingly, the normalized fading rate variance can be obtained:
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The expressions of 2-D spatial LCR and AFD
for a Nakagami-m fading signal are reported in [21], and only
the fading rate variance σV (θ) is closely related to the space
dimension in the expressions. So, the 3-D LCR and AFD
can be obtained by using σV (θ, φ) to replace σV (θ), i.e.


σV (θ, φ) mm−1/2 2m−1
N (ρ N , θ, φ) = √
ρ N exp −mρ2N , (11)
πPT Γ (m)
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Therefore, the approximate LCR and AFD of the 3-D Rician
channel can be obtained by substituting (13) into (11) and
(12), respectively.

3.3 Spatial Correlation and Coherence Distance
According to [23], the spatial correlation function of the
3-D Rician channel at a separation distance r can be written
as Mclaurin series
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3.2 Level Crossing Rate and Average Fade Duration

l¯ (ρ N , θ, φ) =

√
where ρ N = Rl PT is the normalized threshold level, Rl
is the envelope threshold, m is the Nakagami-m shape factor, Γ () is the Gamma function, and Γ (,) is the incomplete
Gamma function. To represent the Rician distribution in
terms of the Nakagami-m distribution, we have only to take
into consideration the parameter m as this is mentioned inside [22]:

σV2 (θ, φ) 2
r +···
2VarRic (R)

(14)

where VarRic (R) is the variance of Rician distribution. Meanwhile, following the approaches in [1] and [21], the spatial correlation function can be approximated by an arbitrary
Gaussian function and its Mclaurin expansion is
   
 r 2
r 2
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≈1−a
+···
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λ
λ
where the appropriate constant a is selected such that the
terms of (14) and (15) are equal, ensuring that the behavior of both spatial correlation functions are identical for r.
Accordingly,
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where L1/2 (−K) = exp (−K/2) [(1 + K) I0 (K/2) + K I1 (K/2)]
is the Laguerre polynomial, I0 is the zeroth order modifed
Bessel function of the first kind, and I1 is the first order
modifed Bessel function of the first kind.
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A measure of the spatial selectivity of wireless channels is its coherence distance at which the spatial correlation
drops below a certain level. As in [1] and [12], the coherence distance can be defined as the argument Dc at which
the approximate correlation (16) drops below the level of
exp (−1):
r
Dc (θ, φ) =

h
i
2 (−K)
PT 4 (K + 1) − πL1/2
.
p
σV (θ, φ) 2 (K + 1)

(17)

The coherence distance in (17) provides a measure of the
needed separation in different 3-D spatial directions for a multiple antenna system employing the spatial diversity.
Fig. 2. The multipath angular power density.

4. Results and Discussions
This section illustrates and analyses the APD, multipath
shape factors, fading rate variance of a complex voltage, LCR,
AFD, spatial correlation and coherence distance described in
Sec. 2 and 3 for 3-D Rician channel through MATLAB
simulations. Unless indicated otherwise, the values of the
simulation parameters used to obtain the curves are set to
λ = 0.125 m, K = 2 [14], θ 0 = π/4, and φ0 = π/6 [9] for
the general urban communication scenarios in the 2.4 GHz
frequency band. For ease of analysis, the total power is
normalized, i.e., PT = 1 in simulations.

4.1 Multipath Angular Power Density and Multipath Shape Factors
Figure 2 illustrates the 2-D and 3-D APD of the
Rician channel for different directions (θ, φ). Figure 3
illustrates the 2-D and 3-D multipath shape factors of
the Rician channel for different elevations φ0 of LoS. In
the 2-D Rician channel, it is assumed that the AoA of
LoS wave is θ 0 , and the AoA power of NLoS waves
is evenly distributed in the azimuth space. Then, the
2-D APD is p (θ) = PT [1 + 2πKδ (θ − θ 0 )]/[2π (K + 1)],
and 2-D multipath . shape factors are the angular
√
spread Λ = 2K + 1 (K + 1), the angular constriction
γ = K/(2K + 1) and the azimuthal direction of maximum
fading θ max = θ 0 . As mentioned in Sec. 1, typically 90%
of the received power is contained in paths with elevations
up to 40◦ in urban measurements [9]. However, as shown in
Figs. 2 and 3, the 2-D APD and 2-D multipath shape factors
can’t fully capture the spatial angular direction information,
which indicates the disadvantage of the 2-D channel assumption. Figure 3 shows all the curves are symmetric about
φ0 = 0. Besides, the angular spread Λ, elevational constriction ξ and 45◦ -inclined constriction χ have their minimums
at φ0 = 0, and on the contrary, the azimuthal constriction γ
has a maximum. Equations (1)-(5), Figs. 2 and 3 show that
the fading behaviors of the 3-D APD and multipath shape
factors mainly depend on the AoA of LoS wave.

Fig. 3. The multipath shape factors.

4.2 Fading Rate Variance
Figure 4 illustrates the root mean square (RMS) normalized fading rate variance in (10) for the different directions
(θ, φ). Because the elevation angle of LoS is set to θ 0 = π/4,
the azimuth of maximum fading at 45◦ elevation in (6) and
the azimuth of maximum fading at zero elevation in (7) are
θ φmax
= π/4 and θ φmax
= 5π/4, respectively. Therefore, as
0
45
shown in Fig. 4, the RMS normalized fading rate variance
has two maximums at (5π/4, 0) and (π/4, π/4) denoting the
Rician channel fades fastest here, so the antenna or MIMO
beamform pointing should keep away from the two directions
to avoid the deep multipath fading in wireless communications. This result would provide useful insight on the design
of 3-D MIMO beamforming technology and smart antenna
array. In addition, the RMS normalized fading rate variance
is a constant at φ = ±π/2 in the vertical direction, implying a constant average fading rate variance in the horizontal
plane. The RMS normalized fading rate variance is less than
or equal to 1, implying that the Rayleigh channel fades faster
than the Rician channel in 3-D space. From (2)–(7), Figs. 3
and 4, we note that the AoA direction of received signal waves
has significant effect on the 3-D multipath shape factors and
RMS normalized fading rate variance.
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Fig. 5. The level crossing rate.

4.3 Level Crossing Rate
Figure 5 illustrates the LCR in (11) for the different directions (θ, φ) and normalized threshold levels. The LCR is
defined as the average number of the envelope crossing a certain threshold. As shown in Fig. 5 and equation (11), LCR
mainly depends on the threshold, and meanwhile it is also
very sensitive to the directions (θ, φ) at a certain normalized
threshold, implying the high dynamic channel fading in 3-D
space. Furthermore, Fig. 5 shows that with the increase
of normalized threshold, LCR increases directly at a certain
elevation angle and different azimuth angles, but increases in
fluctuation at a certain azimuth angle and different elevation
angles, implying the dynamic behaviors of Rician channel
are different in the horizontal plane and the vertical plane.
As derived in (12), AFD is inversely proportional to the LCR,
so its dynamic behavior can be inferred from Fig. 5.

Fig. 6. The spatial correlation.

4.4 Spatial Correlation and Coherence Distance
Figure 6 illustrates the spatial correlation in (16) for
the different directions (θ, φ) and normalized separation distances. As shown in Fig. 6, the maximum spatial correlations
are achieved at r < 0.1λ where the spatial correlations almost have nothing to do with directions (θ, φ). The spatial
correlation decreases as the normalized distance increases
away from 0.1λ, and furthermore, the spatial correlation decreases faster in the horizontal plane than the vertical plane
in 3-D space, implying the spatial correlation in the vertical plane is larger than that in the horizontal plane for the
same separation distance. The spatial correlation is also
sensitive to the directions (θ, φ), and this is valuable to 3-D
MIMO beamforming technology. Moreover, Fig. 6 shows
that 0.5λ is the proper spacing between two adjacent antenna elements of the antenna array. Figure 7 illustrates the
coherence distance in (17) with the spatial correlation coefficient exp (−1) for the different directions (θ, φ). The coherence distance provides a measure of the needed separation
in a multiple antenna system employing the spatial diversity.

Fig. 7. The coherence distance.

As shown in Fig. 7, the coherence distance is a constant at
φ = ±π/2 in the vertical direction, implying a constant coherence distance in the horizontal plane, but it varies greatly in
the other directions. The explicit angular dependence of the
coherence distance suggests that different separations may
be needed in different 3-D spatial directions for the antenna
array design.
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5. Conclusion
A 3-D APD model comprising a LoS component
and a NLoS component has been proposed to analyze the spatial selectivity of Rician channel. Based on the APD model,
3-D multipath shape factors have been derived and greatly
simplified the descriptions of the fading statistics like the fading rate variance, level crossing rate, average fade duration,
spatial correlation and coherence distance. The simulation
analysis shows that the 3-D spatial angular directions have
significant effect on these fading statistics of Rician channel.
The results would provide useful insight on the design of 3-D
MIMO beamforming technology and smart antenna array for
the future 5G cellular networks.
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