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Abstract. A novel design of fractional-order microwave 
integrator using shunt connected open-stubs with transmis-
sion line sections in cascade is proposed. Design is ob-
tained by optimizing the L1-norm based error function in  
Z-domain having not more than absolute magnitude error 
value of 0.01. Optimization is done using nature inspired 
cuckoo search algorithm. Superiority of the design in terms 
of magnitude error performance is identified by comparing 
it with the results obtained from some widely used bench-
mark optimization algorithms. The obtained design is im-
plemented on a RT/Duroid 5880 substrate having 20 mil 
thickness, and results for the measured magnitude re-
sponse are found to be in good agreement with ideal one 
over the frequency range of 1.0 GHz to 6.8 GHz.  
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1. Introduction 

An integrator is a physical device used to obtain time 
integral of a signal. Over past few decades, fractional 
calculus has attracted the research community to model 
a physical system with enhanced accuracy in comparison to 
an integer order model [1]. Fractional-order integrator 
(FOI) finds applicability in various fields of engineering 
and sciences [2]. Frequency response of an ideal FOI can 
be written as H() = k / (j), where k is a scaling con-
stant,  is the angular frequency in radians per second and 
 is considered to be a fractional number,   (0,1).  

For designing digital FOIs, two most widely used 
methods are direct and indirect discretization [3]. Based on 
these traditional methods, many research articles exist on 
the design of fractional-order infinite impulse response 
(IIR) integrators for digital signal processing applications 
[4–7]. In recent years, various nature inspired optimization 
algorithms like particle swarm optimization (PSO) [8], 
colliding bodies optimization [9], cuckoo search algorithm 
(CSA) [10] etc., had been studied extensively to obtain the 

optimal designs of FOIs. Here, highly accurate designs in 
terms of magnitude error responses were achieved using 
these algorithms. Root-mean-square and least-mean-square 
based error functions were formulated and minimized us-
ing various metaheuristic optimization algorithms to obtain 
the coefficients of a digital transfer function. It is noted that 
the similar methodology can be incorporated to design 
other Z-domain circuits.  

Various design techniques were also identified in the 
literature to obtain integer-order IIR digital integrators. 
Simply by interpolating the rectangular, Simpson and 
trapezoidal rule integrators, IIR digital integrator of first-
order [11] and second-order [12] were obtained. Minmax 
based linear programing optimization was applied to obtain 
coefficients for the digital integrator [13]. Some numerical 
analysis techniques like Newton-Cotes integration, Gauss-
Legendre integration and Richardson extrapolation were 
exploited for the design purpose [14–16]. Analysis was 
done by the authors to optimize pole-zero locations of 
existing IIR systems to obtain optimum magnitude and 
phase responses for digital integrators [17], [18]. Metaheu-
ristic optimization algorithms like real-coded genetic algo-
rithm (RCGA), artificial bee colony algorithm, differential 
evolution, PSO, bat algorithm, hybrid flower pollination 
algorithm etc. [19–22]. 

To estimate time integral of transmitted or received 
signals at GHz range, has always been a research issue in 
microwave engineering domain. Integrator circuits for 
microwave applications were obtained using the chain 
scattering parameters of transmission line elements in  
Z-domain. Using open-circuited stubs and transmission 
line sections, a trapezoidal-rule integrator was implemented 
by Hsue et al. [23]. Three different models for controlling 
the time constant of a microwave integrator were proposed 
to characterize its performance [24]. By applying the inter-
polation between Simpson and trapezoidal rule integrators 
in Z-domain, a microwave integrator was obtained and 
implemented in a microstrip format [25], [26]. First-order 
microwave integrator for interference suppression in RF 
circuits was implemented by Tsai [27], which exhibited 
an operating frequency range of 1.45 GHz to 6 GHz.  

It is identified that no work is done on the designing 
of circuits which can be used for obtaining fractional-inte-
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gral of a signal at microwave range. In this paper, a novel 
fractional-order microwave integrator (FOMI) design for 
 = 0.5 has been proposed using Z-domain chain scattering 
parameters of equal-length transmission line elements. 
Impedance values of the line elements are obtained through 
minimizing L1 – norm based error function using CSA. The 
proposed design is implemented on a microstrip circuit 
using RT/Duroid 5880 substrate, which can be used for 
obtaining the time integral of a signal in fractional systems 
operating at microwave frequencies.  

Remaining sections of this paper are organized as 
follows. Section 2 describes design methodology for the 
proposed FOMI. Configuration obtained through CSA is 
compared with the results from other optimization algo-
rithms. Magnitude error performance of the proposed 
FOMI is compared with existing integer-order microwave 
integrators in Sec. 3. Microstrip implementation of the 
proposed FOMI configuration is done in Sec. 4. Finally, 
Section 5 concludes the work. 

2. Fractional-Order Microwave 
Integrator 
It is seen that an open circuited shunt-stub provides 

a zero at z = –1 ( = ) [23], which emulates the behavior 
of a low pass filter. Based on this concept, analysis is done 
in Z-domain to obtain the fractional-order ( = 0.5) mi-
crowave integrator design by cascading the transmission 
line sections with shunt connected open-stubs. Number and 
position of line elements are decided by approximating the 
magnitude response of cascaded configuration to that of an 
ideal FOI. Chain scattering parameters for equal-electrical-
length line elements are used for the design purpose. 
An open circuited shunt-stub and a transmission line sec-
tion shown in Fig. 1 and 2 can be represented in Z-domain 
using the chain scattering matrices (T-matrices) given in 
(1) and (2), respectively [23].  

 
Fig. 1.  Open circuited shunt stub. 

 
Fig. 2.  Serial transmission line section. 
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where z = exp(j), r = Z0/(2Z1) and the reflection coeffi-
cient K = (Z2 – Z0)/(Z2 + Z0). Here, Z1 represents the char-
acteristic impedance of the open circuited shunt-stub, Z2 is 
the characteristic impedance of a transmission line section 
and Z0 is the termination impedance.  

The overall transfer function for any cascaded net-
work can be obtained by multiplying T-matrices of line 
elements. Chain scattering matrix parameter T11 overall(z), for 
the design consisting of M transmission line sections and N 
shunt connected open-stubs (both M and N are positive 
whole numbers) in cascade can be written as: 

 0
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where z–M/2 represents some delay corresponding to M 
transmission line sections, Km’s are the reflection coeffi-
cients of the M-th transmission line section and ci’s are real 
numbers which depends on the characteristic impedances 
of all transmission line elements. By loading output of the 
considered network with matched termination, the overall 
transfer function can be defined as G(z) = 1/ T11 overall(z). 
Neglecting delay z–M/2, the corresponding frequency re-
sponse can be written as: 
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To obtain the FOMI design, G’() is approximated to 
an ideal FOI ( = 0.5) by calculating the absolute magni-
tude error (AME) between the two, using a L1 – norm  error 
function given by: 

 ( ) '( ) ( )E G H


     (5) 

where   denotes the norm of the function. L1 – norm based 

error function is chosen because it overcomes the short-
coming of having ripples in the frequency response over 
a wideband and high overshoots at discontinuous points, as 
compared to other approximation methods such as L2 and 
L – norm [21]. Global optimal solutions can be obtained 
using the L1 – norm technique in conjunction with CSA. Also, 
it provides higher design flexibility and better absolute 
magnitude error performance [28]. Error function defined 
in (5) is minimized through the optimization process using 
CSA [29], to achieve an optimum design for the FOMI. In 
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this algorithm, every egg laid by the cuckoo bird is treated 
as a possible solution, viz. characteristic impedance values 
of the line elements. 

2.1 Cuckoo Search Algorithm 
The cuckoo search algorithm, formulated by Yang 

and Deb [29] is based on the obligate brood parasitic be-
havior of cuckoo species. CSA, in combination with Lévy 
Flight behavior of some birds and fruit flies emanated as 
one of the modern metaheuristic algorithm which provides 
more robust and precise solution to a problem. As per its 
behavior, cuckoo bird lays egg in a nest where the host bird 
has recently laid eggs. In the event, the host bird discovers 
about foreign egg in its nest, it may either destroy the alien 
egg or abandon the nest and look for a new location. For 
the survival, species of cuckoo birds have evolved in such 
a way that eggs laid mimic in color and pattern of the eggs 
of a few host species. This reduces the probability of their 
eggs being abandoned which in turn increases their repro-
ductivity.  

Three idealized rules govern CSA viz., (i) Each 
cuckoo bird lays one egg at a time which is randomly 
placed among host bird’s nests; (ii) The nest with the high 
quality eggs would carry over to the next generation; (iii) 
Number of host nests is fixed and the egg laid by cuckoo is 
discovered by the host bird with the probability Pa  [0, 1]. 

In CSA, each cuckoo egg in the host’s nest symbol-
izes a potential solution of the defined problem which is 
characterized by its fitness value. Thus, to generate a new 
solution of high fitness value, the concept of random walk 
performed by Lévy flights is applied. Steps taken by birds 
are random and depend on current location and transition 
probability to the next location. Mathematically, the new 
location, i.e. nest, with high fitness value is obtained from 
Lévy distribution with an infinite variance and mean as: 

 1 0 Lévy( )k ka a       (6) 

where 0 is the step size related to the problem specified 
and determines distance of the random walk,  represents 
entry wise multiplication and  is a Lévy flight parameter. 
The flow chart for the CSA based FOMI design method is 
explained in Fig. 3. 

2.2 Proposed FOMI Configuration 

For practical realization of microstrip circuits, lower 
and upper bounds for characteristic impedances of trans-
mission line elements have been chosen as 10   Z  150 . 
Termination impedance ZTerm at both input and output ports 
is considered as 50 . Optimization process is applied to 
obtain the FOMI configuration, by changing the position 
and number of both shunt connected open-stubs and 
transmission line sections. Numerous simulations are car-
ried out by running the optimization algorithm to minimize 
the error function defined in (5) with acceptable AME 
value over the wideband. Figure 4 shows the configuration 

 
Fig. 3. Flow chart for the CSA based FOMI design method. 

   
Fig. 4. Configuration of the proposed FOMI. 

obtained for the proposed FOMI, with maximum AME 
value of 0.01 over the frequency range 0.1    0.75. 
Configuration consists of two shunt connected open-stubs 
(TOC1 and TOC2) with five transmission line sections (TSL1, 
TSL2, TSL3, TSL4, and TSL5) in cascade having characteristic 
impedance values from left to right as {135, 56.4481, 
10.1382, 138, 10, 64.2104, 46.4273} .  

Superiority of the design from CSA is verified by 
comparing with the results obtained from some widely 
used benchmark evolutionary optimization algorithms in 
the literature, namely, GSA [30], PSO [31] and RCGA [32] 
for the same configuration. All algorithms are made to run 
for 1000 iterations and corresponding control parameters 
are mentioned in Tab. 1. 
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Algorithm Control Parameter Value 

GSA Gravitation constant 100 
Coefficient of decrease 20 
Number of agents 50 

PSO Inertia weight 1 
Inertia damping ratio 0.99 
Personal learning coefficient 1.5 
Global learning coefficient 2 
Swarm size 100 

RCGA Population size 100 
Crossover percentage 0.7 
Mutation percentage 0.3 
Mutation rate 0.1 
Selection type: Roulette wheel 

Tab. 1. Control parameters for different optimization 
algorithms. 

 

Line 
Element 

Impedances (Ω) 
CSA GSA PSO RCGA 

TOC1 135  139.5694
 

128.5752
 

139.9891

TSL1 56.4481  53.7007 49.9875  36.1933

TSL2 10.1382  10.7479 17.9110  10

TOC2 138  131.2516
 

41.5766  29.1531

TSL3 10  10.0981 10  16.2060

TSL4 64.2104  68.8665 73.0595  88.1789

TSL5 46.4273  49.9386 67.5758  40.3155

Tab. 2. Characteristic impedance values from different 
optimization algorithms. 

 
Fig. 5. Magnitude responses of the designs obtained through 

different optimization algorithms. 

Values of characteristic impedances for the configu-
ration with best error performance obtained by running 
each algorithm are listed in Tab. 2. The corresponding 
magnitude responses of the designs obtained through these 
algorithms are shown is Fig. 5.   

Figure 6 shows the convergence curve for cumulative 
error values of CSA, PSO, RCGA and GSA over wide 
band with increase in the number of iterations. Although, 
GSA converges at a very early stage but it is seen to have 
higher error value as compared to other optimization algo-
rithms. RCGA shows the slowest rate of convergence with 
improved error performance compared to GSA. PSO and 
CSA converge to the minimum error value and give the 
most optimum results for FOMI design. 

 
Fig. 6. Convergence curve of CSA, PSO, RCGA and GSA for 

obtaining FOMI designs. 

 
Fig. 7. AME comparison of the designs obtained through 

different optimization algorithms. 

Accuracy of all the obtained designs is now tested 
through the AME comparison plot as given in Fig. 7. 
Among all four optimization algorithms used, the design 
obtained through PSO shows poor error performance at 
lower band but is having very low AME value at the upper 
operating frequency range. CSA is found to give highly 
accurate FOMI design with AME value of 0.01 over the 
maximum operating bandwidth (0.1    0.75) as 
compared to the designs by GSA, PSO and RCGA. 

The proposed methodology is a generalized transmis-
sion line based approach and can be used for obtaining 
other microwave circuits using the metaheuristic optimiza-
tion techniques. 

Furthermore, magnitude error performance analysis of 
various designs is also done based on the following defined 
error parameters (in dB): 

i. Maximum Absolute Magnitude Error (MaxAME) 

  1020log max ( )AMEMax E   (7) 

ii. Mean Absolute Magnitude Error (MeanAME) 

 10

( )

20logAME

E
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Q


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where Q = 400 is the number of considered sample fre-
quency points.  
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Optimization 
Algorithm 

Error Parameter 
MaxAME (dB)  MeanAME (dB)  

RCGA 31.30 36.46

PSO 25.30  35.37  
GSA 34.36 39.24

CSA –35.17 –46.25 

Tab. 3. Error parameter comparison for different FOMI 
designs. 

For FOMI designs obtained from different optimiza-
tion algorithms, values of the above defined parameters are 
calculated and listed in Tab. 3. It is clearly seen that the 
design obtained from CSA have the least values of maxi-
mum and mean AME over the specified band as compared 
to other optimization algorithm designs. 

3. Comparison 
Literature survey yields that no work has been done 

on the design of fractional-order microwave integrator 
circuits. Although, it is seen that many researchers are 
constantly working on design and implementation of inte-
ger-order microwave integrators for more than a decade. 
First-order microwave integrator designs were proposed 
using chain-scattering parameters of equal-length transmis-
sion line elements [23–27]. Accuracy of these integer-order 
designs in terms of magnitude error performance is com-
pared with that of the proposed FOMI. Figure 8 clearly 
shows that the proposed FOMI design has comparatively 
much superior AME response over the existing integer-order 

 
Fig. 8. AME comparison of proposed FOMI with existing 

integer-order microwave integrators. 
 

Integrator Design 
Error Parameter (0.1    0.75) 

MaxAME (dB) MeanAME (dB) 

Hsue (2005) 16.28  28.61  

Hsue (2006a) 14.39  27.95  

Hsue (2006b) 0.41  20.14  

Hsue (2006c) 8.97  20.61  

Tsai (2011) 19.93  26.24  

Tsai (2017) 17.96  28.65  
Proposed FOMI –35.17 –46.25 

Tab. 4. Error parameter comparison of proposed FOMI with 
existing integer-order microwave integrators. 

microwave integrators. For the frequency range of 1 GHz 
to 7.5 GHz, the proposed FOMI configuration gives highly 
accurate magnitude response with not more than AME 
value of 0.01. Furthermore, values of the error parameters 
defined in (7) and (8) are calculated for the proposed 
normalized frequency range and are listed in Tab. 4. The 
best values of MaxAME and MeanAME over the specified 
band are found for the proposed FOMI design as compared 
to the existing integer-order microwave integrators. 

4. Implementation of FOMI 
The obtained FOMI design is fabricated on 

RT/Duroid 5880 substrate of 20 mil thickness having rela-
tive permittivity r = 2.2 with loss tangent value of 0.0009. 
The equal-electrical length of all transmission line elements 
is taken as 90°. We have considered the physical length of 
all line elements as l = 0/4 in which 0 denotes the wave-
length at normalizing frequency of 10 GHz. Physical di-
mensions of the proposed FOMI configuration are listed in 
Tab. 5. The total length of the fabricated FOMI, excluding 
that of the termination impedances is 28 mm.  
 

Line 
Element

TOC1 TSL1 TSL2 TOC2 TSL3 TSL4 TSL5 

Width 
(mm) 

0.17  1.26  11.48  0.16  11.66 1.01  1.71 

Tab. 5. Physical dimensions of the proposed FOMI. 

 
(a) 

 
(b) 

Fig. 9. Fractional-order microwave integrator: (a) Photograph 
of the fabricated FOMI. (b) Magnitude response com-
parison for the simulated, measured and ideal S21(f).  
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Figures 9(a) and 9(b) respectively show photograph 
of the fabricated FOMI and its magnitude response com-
parison for the measured transmission coefficient S21(f) 
with simulated and the ideal ones. It is seen that the meas-
ured results for the fabricated FOMI validated the simu-
lated results up to an operating frequency of 6.8 GHz for 
the proposed design. Variation between the two arises 
mainly because of the fabrication tolerances and the mis-
match occurring due to the connector joints, which could 
not be taken into account during the designing and simula-
tion of the FOMI. Furthermore, measured results closely 
follow the ideal one over the frequency range of 
1.0 GHz  f  6.8 GHz. 

5. Conclusion 
A fractional-order microwave integrator is proposed 

using equal-electrical-length transmission line elements. 
The obtained FOMI configuration consists of two shunt 
connected open-stubs with five transmission line sections 
in cascade. Highly accurate magnitude response is 
achieved through the optimization process. The proposed 
FOMI design outperforms the existing integer-order mi-
crowave integrators in terms of magnitude error perfor-
mance with maximum and mean AME values of –35.17 dB 
and –46.25 dB respectively over the specified frequency 
range. The design is implemented on a microstrip circuit 
and measured results for magnitude response are found to 
be in good agreement to that of the ideal one over the oper-
ating frequency range 1.0 GHz  f  6.8 GHz. The pro-
posed FOMI is the first of its kind and can be used to ob-
tain the fractional-order time integral of signals for micro-
wave applications. It can be placed in a radio receiver to 
improve signal-to-noise ratio over the communication link. 
Also, it is well suited for various other microwave applica-
tions such as Bluetooth, Wi-Fi, WIMAX, etc.  
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