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Abstract. Orthogonal frequency division multiplexing
(OFDM) based radar systems have recently attracted a lot of
research interest. However, demonstration of OFDM radar’s
capability for target detection using real data is not reported
in the open literature. In this work, we demonstrate a method
to employ OFDM radar for small boat detection. For this
objective, we propose a technique to generate radar return
for OFDM waveform using collected radar return data when
stepped frequency waveform is transmitted. We, then, derive
system model for the estimated radar return data specific to
OFDMwaveform. Further, a detection test is proposed for the
derived signal model and surveillance environment. Close
match between the derived analytical expressions and simu-
lation results validates the proposed detector’s performance.

Keywords
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1. Introduction
Detection of a small boat using radar is of significant

importance for security and surveillance. Waves produced
by the motion of a boat introduce interference of high spikes
which cause degradation in the performance of conventional
radar systems [1], [2]. Sea waves cause sea clutter which
makes detection of small targets in an ocean difficult [3], [4].
Typically, sea clutter follows a non-Gaussian distribution [3],
which affects detection and tracking of a small boat in the
sea. For small boat detection in a high clutter environment,
many algorithms [3–9] have been proposed in the literature.
Some algorithms have been validated by using real sea en-
vironment (measurement) data. For instance, in [2], the
adaptive linear quadratic detector was used for the detection
of small Rigid-hulled inflatable boat (RIB) from real data that
has been recorded with a medium resolution X-band radar.
In [5], a detection algorithm with constant false alarm rate
is derived, with performance analysis over both the simu-
lated and the real sea data. However, validation of previously
proposed algorithms is done using conventional pulsed radar

waveforms.Moreover, the high amplitude of side-lobes in the
ambiguity plot of pulsed waveform [5] results in false alarms
and hence worsens target detection probability. Hence, there
is an opportunity to explore the performance of other types
of waveforms which can improve the detection performance
of maritime radar systems.

One of the newer types of waveforms explored for
radar is a multi-carrier waveform. Studies have shown
potential merits of multi-carrier waveform like orthogonal
frequency division multiplexing (OFDM) over traditionally
used waveforms [10–18]. Some of these advantages includes
waveform diversity and lower side lobe levels in ambiguity-
function [19–21]. However, to the best of authors’ knowl-
edge, the merits of OFDM waveform have not yet been ver-
ified and validated using real radar return from sea clutter.
The system model considered in the literature either con-
siders a noise-free environment or the environment where
clutter and thermal noise follows a Gaussian distribution.
This makes the existing algorithms unsuitable for practical
radar environment, which is affected by the interference that
follows a non-Gaussian distribution. Moreover, as [22], [23],
and [24] lack inmeasuring the performance of target detector,
their robustness and suitability against dynamic interference
environment is not guaranteed.

Major contributions of this work are as follows: We
propose a technique for the detection of small boat by utiliz-
ing an estimated radar return for the OFDM waveform. The
estimation of radar return is done in two steps. In the first
step, impulse response (IR) of the radar system for a single
coherent pulse interval (CPI) is estimated by the method of
least squares (LS) [25]. Then, the estimated IR is used for
the estimation of OFDM radar return. Further, a detailed
analytical expression for the system model corresponding to
the estimated data at a particular range gate is proposed. Fur-
thermore, the generalized likelihood ratio test (GLRT) based
sub-optimum detector is proposed, and its performance is
compared with the existing normalized matched filter (NMF)
(optimum for conventional radar) [26]. Finally, to verify im-
provement in the performance of detection test, the analytical
expression of the probability of false alarm (P FA), and the
probability of detection (PD) for the proposed detection test
are derived.
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Rest of the paper is organized as follows: In Sec. 2,
method to transform radar return data for stepped fre-
quency (SF) waveform into radar return for OFDMwaveform
is described. Section 3 describes the proposed OFDM radar
system model for the considered surveillance environment.
Section 4, discusses the proposed modified target detection
algorithm for a single range gate and fixed CPI. Further, in
Subsec. 4.3, analytical expression for PD and P FA for the pro-
posed detection algorithm under Gaussian assumption are
derived. In Sec. 5, simulation results for the estimated IR of
the radar channel and the proposed detector’s performance
obtained from estimated OFDM radar return data are given.
Performance of the proposed detector obtained by the analyt-
ical expressions for receiver operating characteristic (ROC)
and P FA is discussed next. Finally, Section 6 concludes the
work and also presents possible future directions.

Notation: Scalar variables (constants) are denoted by
lower (upper) case letters. Vectors (matrices) are denoted by
boldface lower (upper) case letters. Superscripts (·)T, (·)H
denote transpose, and complex conjugate transpose, respec-
tively. E[·] denotes statistical expectation operation. C and
R denotes the set of complex and real numbers, respectively.
diag, tr and R are respectively the diagonal, trace, and rank
operation over a matrix.

2. Estimation of Radar Return
In this section, we describe the procedure used for the

estimation of radar return data set for OFDM waveform.

To obtain the radar returns for OFDM waveform, we
model the complete radar system (including radar channel,
down converter, a pulse compressor, and sampler) which was
used to record the original radar returns as finite impulse
response (FIR) filter. Two main steps of data transformation
are an estimation of radar system IR and estimation of the re-
sponse of the radar system for OFDM waveform (considered
as echoes for OFDM waveform).

2.1 Estimation of Radar Impulse Response
Without loss of generality, let the radar system IR be

approximated as an complex FIR filter IR with K-unknown
complex coefficients h ∈ CK×1 = [h(0), h(1), · · ·, h(K − 1)]T.
Following this assumption, the response of an unknown radar
system in terms of the transmitted signal in the time domain
is given by

y SFW(n) =
K−1∑
k=0

h(k)x SFW(n − k) + e(n), n = 0,1, . . . ,N − 1

(1)

where e(n) is the error in approximating the radar system as
FIR filter [27] , [25], n = (0,1, . . . ,N − 1) represents the in-
dex for the dimension of the fast time within one CPI, y SFW(n)
represents the radar return for SF waveform.

For known values of y SFW(n) and x SFW(n), values of fil-
ter coefficients h can be estimated by minimizing the LS cost
function [25], given as

J(h) =
N−1∑
n=0
| e(n) |2

=| |e| |2 (2)

where, e ∈ CN×1 = [e(0), e(1), · · ·, e(N − 1)]T.

Term e in (2), can then be written as

e = y SFW − X SFWh (3)

where y SFW ∈ C
N×1 = [y SFW(0), y SFW(1), · · ·, y SFW(N − 1)]T,

X SFW ∈ C
N×K =

x SFW(0) x SFW(−1) . . . x SFW(−(K − 1))
x SFW(1) x SFW(0) . . . x SFW(1 − (K − 1))
...

...
...

...
x SFW(N − 1) x SFW(N − 2) . . . x SFW(N − (K − 1))


and h = [h(0), h(1), · · ·, h(K − 1)]T.

After substituting (3) into (2), we get

J(h) =| |y SFW − X SFWh| |2

=(y SFW − X SFWh)H(y SFW − X SFWh)
=yH

SFWy SFW − yH
SFWX SFWh − (X SFWh)Hy SFW

+(X SFWh)H(X SFWh). (4)

To obtain the value of h which minimizes (4), the dif-
ferentiation of (4) with respect to h is equated to zero as

X SFW
HX SFWh − XH

SFWy SFW = 0. (5)

From (5), the estimate of h is given by

ĥ = (XH
SFWX SFW)

−1XH
SFWy SFW. (6)

2.2 Estimation of Radar Response for OFDM
Pulsed Waveform
After estimating the filter coefficients of the radar sys-

tem, we find the response of the radar system (modeled by
the FIR system) for the OFDM waveform. For IR estimation
and radar return data estimation, the response of the radar
system is calculated for single CPI, and given by the convo-
lution of ĥ(k) and x OFDM(k). The following relationship in
time domain describes the response of the radar system for
OFDM waveform

y OFDM(n) =
K−1∑
k=0

ĥ(k)x OFDM(n − k),n = 0,1, . . . ,N − 1.
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(a) Doppler spectrum of measured OFDM radar return.
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(b) Doppler spectrum of original SF radar return.

Fig. 1. Comparative Doppler spectrum of measured OFDM radar return and original SF radar return.

Arranging y OFDM(n) in vector yields the estimated radar
return for OFDM waveform as

y OFDM = X OFDMĥ. (7)

Further, Doppler processing over measured OFDM
radar return and available SF radar return are shown in Fig. 1a
and Fig. 1b, respectively. As shown in Fig. 1a and Fig. 1b, the
Doppler spectrum of measured OFDM radar return follows
the Doppler spectrum of original SF radar return. This vali-
dates the correctness of the measured OFDM radar return.

3. Proposed System Model
In this section, a system model for the estimated data is

proposed, and the analytical expression corresponding to the
estimated scattered radar return for the OFDM waveform is
described.

We consider an OFDM waveform s(t) of L-sub-
carriers modulated by complex al phase codes from the set
a = [a0,a1, . . . ,aL−1]. If the sub-carriers in frequency do-
main are spaced by ∆ f , then the expression for s(t) is given
by

s(t) =
L−1∑
l=0

al exp(j2πl∆ f t) for 0 ≤ t ≤ To (8)

where To is the OFDM waveform duration without cyclic
prefix. The sub-carriers are orthogonal for To =

1
∆ f . In this

work, the echoes of the prior pulse reach the receiver before
the next pulse is transmitted, thereby avoiding inter-symbol
interference [28].

Let fc be the center frequency of transmission; then the
transmitted signal is given by

S̃(t) = s(t) exp(j2π fct) =
L−1∑
l=0

al exp(j2π flt) (9)

where fl = fc + l∆ f is the sub-carrier frequency.

Radar return corresponding to S̃(t) is the sum of de-
layed and time scaled version of S̃(t). Let us consider that
the radar surveillance environment consists of P scatterers
out of which one is the target and others represent clutter.
Scatterers are at distances (Rp)

P
p=1, moving with a velocity

vector (®vp)
P
p=1 and causing the delay (τp)Pp=1. The complex

scattering coefficient (xlp) of pth scatterer for l th sub-carrier
is unknown but deterministic.

After making these basic assumptions, the received
radar return for the l th sub-carrier and for the pth scatterer
is given by

r̃lp(t) = xlp s̃l(γp(t − τp)) + w̃l(t) (10)

where s̃l = al exp(j2π flt), γp = 1 + βp where βp =
2
〈
®vp ,u

〉
c

is the relative Doppler shift of the pth scatterer, c is the ve-
locity of light, and w̃l represents the thermal noise along
the l th subchannel. Hence, the received signal return from
P scatterer along L subchannels is given by

r̃(t) =
P∑

p=1

L−1∑
l=0

rlp(t)

=

P∑
p=1

L−1∑
l=0

xlp s̃l(γp(t − τp)) + w̃(t)

=

P∑
p=1

L−1∑
l=0

al xlp exp(j2π flγp(t − τp)) + w̃(t)

=

P∑
p=1

L−1∑
l=0

al xlp exp(j2π fl(1 + βp)(t − τp)) + w̃(t)

=

P∑
p=1

L−1∑
l=0

al xlp exp(j2π fl(t − τp)) exp(j2π flβp(t − τp))

+w̃(t)

=
{ P∑
p=1

L−1∑
l=0

al xlp exp(j2πl∆ f (t − τp))

× exp(j2π flβp(t − τp))
}

exp(j2π fct) + w̃(t).
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Thus, the corresponding complex envelope after remov-
ing the carrier (exp(j2π fct)) is given by

r(t) =
P∑

p=1

L−1∑
l=0

al xlp exp(j2πl∆ f (t − τp))

exp(j2π flβp(t − τp)) + w(t). (11)

Since the estimated data set is the radar return from the single
target, (11) can be simplified by separating the terms for the
phase shifts corresponding to the target. Remaining P − 1
terms in the outer summation corresponds to the sea clutter.
Thus, (11) can be written as

r(t) =
L−1∑
l=0

al xlt exp(j2πl∆ f (t − τt ))

× exp(j2π flβt (t − τt )) + c(t) + w(t) (12)

where xlt , τt , and βt are the scattering coefficient, delay
and relative Doppler shift respectively, corresponding to the
target, and c(t) represent the clutter.

Before further processing, (12) is sampledwith the sam-
pling interval of mTPRI + τt , m = 0,1, . . . ,M − 1, where m is
the index for slow time dimension, TPRI is a sampling interval
across slow time which is equal to the PRI of an OFDM sig-
nal and M is the number of temporal measurements within
a given CPI. Hence, the discrete complex envelope of the
received signal at the output of the l th subchannel is

rl(m) =al xlt exp(j2πm flDtTPRI) + cl(m) + wl(m), (13)
l = 0,1, . . . , L − 1, m = 0,1, . . . ,M − 1

where the constant exp(j2πml∆ f TPRI) is consid-
ered along with the scattering coefficient (xlt ), and

flDt = ( fc + l∆ f )
2
〈
®vpt ,u

〉
c is the Doppler shift along l th

subchannel.

Arranging returns of all L subchannels into one L × 1
dimension vector, we get

r(m) = AXtφ(m) + c(m) +w(m), m = 0,1, . . . ,M − 1 (14)

where

• r(m) = [r0(m),r1(m), . . . ,rN−1(m)]T is the L×1 dimen-
sion vector of sub-carrier return,

• A = diag[a0,a1, . . . ,aL−1] is the L × L diagonal ma-
trix of optimized (reduced peak to average power ratio
(PAPR)) transmitted phase codes,

• Xt = diag[x0t , x1t , . . . , x(L−1)t ] is the L × L diagonal
matrix of scattering coefficients across L subchannels,

• φ(m) = [exp(j2πm f0DtTPRI),exp(j2πm f1DtTPRI), . . . ,
exp(j2πm f(L−1)DtTPRI)]

T is the L × 1 dimension vec-
tor of phase shifts corresponding to different Doppler
frequencies fDt = [ f0Dt, f1Dt, . . . , f(L−1)Dt ] across L sub-
channels,

• c(m) = [c0(m), c1(m), . . . , cL−1(m)]T is the L×1 dimen-
sion vector of sea clutter return across L subchannels,

• w(m) = [w0(m),w1(m), . . . ,wL−1(m)]T is the L × 1 di-
mension vector of the samples of additive white Gaus-
sian noise (AWGN) across L subchannels.

Subsequently, concatenating all the temporal radar re-
turn data column-wise into a matrix of dimension L ×M , the
mathematical description for the OFDM radar return matrix
whose columns corresponds to the estimated OFDM radar
return data is given by

R = AXtΦ + C +W (15)

where

• R = [r(0),r(1), . . . ,r(M − 1)] is the L ×M matrix of all
temporal returns,

• Φ = [φ(0),φ(1), . . . ,φ(M − 1)] is the L × M matrix of
phase shifts corresponding to temporal components m,

• C = [c(0),c(1), . . . ,c(M − 1)] is the L × M matrix rep-
resenting sea clutter returns,

• W = [w(0),w(1), . . . ,w(M − 1)] is the L × M matrix
representing AWGN samples.

4. Target Detection Test
In this section, we propose a target detection test for the

considered OFDM radar model, described by (15). We first
describe the statistical behavior of the sea clutter. For tar-
get detection, the proposed detection algorithm is described
next. Following this, to verify the correctness of the detection
test, an analytical expression for PD and P FA of the detection
test statistics is derived. The obtained theoretical expression
for PD and P FA validates the ROC of the proposed detection
algorithm.

4.1 Statistical Description of Sea Clutter
Received radar echoes in the sea environment are af-

fected by the interference produced by the motion of small
waves. Without loss of generality, the effect of thermal noise
W from (15) is ignored, since, the power spectrum of noise is
usually 20 dB below that of the clutter [29], [30]. Statistically,
the sea clutter follows a non-Gaussian distribution [3], [4].
In particular, K-distribution, which describes the spherically
invariant random process (SIRP), is considered as a suitable
fit for the distribution of sea clutter.

Hence, from [31], c(m) ∀m can be described as

c ∈ CM×1 =
√
σz (16)

where index m is dropped for simplicity and z ∈ CM×1 is the
speckle component of the sea clutter. The speckle component
is modeled as a zero mean multivariate complex correlated
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Gaussian distributed random variable with unknown covari-
ance matrix Σzz = E{zzH} [6, 7, 31–33]. The envelope of z
is modulated by texture enhancement factor σ ∈ R, which is
gamma distributed with parameters ν and µ, and its proba-
bility density function (PDF) is given by [31] as

pσ(σ) =
1

Γ(ν)

(
ν

µ

)ν
τ(ν−1) exp

(
−

(
ν

µ

)
σ

)
, σ ≥ 0. (17)

For a given value of texture enhancement σ, and for
M-dimensional vector z, PDF of c is given as

pc |σ(c | σ) =
1

πM |Σc |σ |
exp(−cHΣ−1

c |σc) (18)

where, | · | represents the matrix determinant operator, and
Σc |σ is given by

Σc |σ = E{ccH | σ} = E{
√
σz
√
σzH} = σΣzz. (19)

Substituting (19) in (18) yields the final expression for
the PDF of c given σ as,

pc |σ(c | σ) =
1

πMσM
|Σzz |

exp

(
−

cHΣ−1
zz c
σ

)
. (20)

Finally, expression for the PDF of K-distributed sea
clutter (c) is obtained by averaging (20) with respect to σ
and is expressed as

p(c) =
∫ ∞

0
pc |σ(c | σ)pσ(σ)dσ. (21)

4.2 Modified Target Detection Test
In this section, for target detection, we propose a sub-

optimalGLRTbased detector. The detector described in [34],
proposed detection of the perfectly known signal by consid-
ering the unknown texture enhancement factor σ, and the
known speckle component covariancematrixΣzz. From (14),
due to unknown scattering coefficient Xt , the signal is not
perfectly known at the receiver. Additionally, the covari-
ance matrix Σzz is also unknown. As the proposed system
model (15) has unknown but deterministic Xt , and it is ap-
plied over both the estimated radar return data and simulated
data, the detection test is modified by replacing the unknown
Xt in GLRT by its LS estimate followed by the replacement
of Σzz with its maximum likelihood (ML) estimate.

To perform detection test, we consider two hypothesis,
H0 for target absent, andH1 for target present. Hence, after
applying the assumption of sea clutter dominance over the
thermal noise, (15) yields

H1 :rv = pv + cv,

H0 :rv = cv (22)

where rv = vec(R), pv = vec(AXtΦ), and cv = vec(C).

Test statistics Λ(r) is the ratio of likelihood of rv for two
different hypothesisH0 andH1.

Λ(rv) =
P(rv; X̂t ; Σ̂1,H1)

P(rv; Σ̂0,H0)

H1
≷
H0

λ (23)

where P(rv; X̂t ; Σ̂1,H1) 1 is the PDF of rv under hypoth-
esis H1. Since under hypothesis H1, Xt and Σ1 are un-
known, P(rv; X̂t ; Σ̂1,H1) is parametrized by the estimates of
Xt and Σ1. Similarly, P(rv; Σ̂0,H0) is the PDF of rv under
hypothesisH0. Similar to case with hypothesisH1, since un-
der hypothesisH0, Σ0 is unknown, the PDF (P(rv; Σ̂0,H0))
is parametrized by the estimates of Σ0. Further, X̂t is the
LS estimate of scattering coefficient matrix Xt . The Σ̂1, and
Σ̂0 are the ML estimates of covariance matrices Σ1, and Σ0,
respectively.

As no close form expression for P(rv; X̂t ; Σ̂1,H1) and
P(rv; Σ̂0,H0) is available, (23) can be further simplified us-
ing (21) as

Λ(rv) =

∫ ∞
0 P(rv | σ; X̂t ; Σ̂1 |σ,H1)Pσ(σ)dσ∫ ∞

0 P(rv | σ; Σ̂0 |σ,H0)Pσ(σ)dσ

H1
≷
H0

λ (24)

where P(rv | σ; X̂t ; Σ̂1 |σ,H1) and P(rv | σ; Σ̂0 |σ,H0) are
the conditional PDF of rv under hypothesis H1 and H0, re-
spectively, conditioned on σ.

From [34], for a known covariance matrix Σzz, the
Σ̂0 |σ = σ̂0Σzz, and Σ̂1 |σ = σ̂1Σzz. Since, z is Gaussian dis-
tributed correlated random process [31, 34, 35], the σ̂0 and
σ̂1 are considered to be the ML estimates of the unknown
clutter powers. The same are estimated by considering the
following two likelihood functions

P(rv |σ0;H0) =
1

πMσM
0 |Σzz |

exp
(
−rH

v Σ
−1
zz rv

σ0

)
,

P(rv |σ1;H1) =

1
πMσM

1 |Σzz |
exp

(
−(rv − pv)

HΣ−1
zz (rv − pv)

σ1

)
. (25)

Hence, ML estimate of σ0 and σ1 is given by

σ̂0 =
1
M

rH
v Σ
−1
zz rv,

σ̂1 =
1
M
(rv − pv)

HΣ−1
zz (rv − pv). (26)

Using (24), (25), and (26), the test statistics Λ(rv) is
given by

Λ(rv) ∈ R =

(
σ̂0
σ̂1

)M
H1
≷
H0

λ,

=

(
σ̂0
σ̂1

)
H1
≷
H0

λ
′

(27)

where λ′ = (λ) 1
M .

1the semicolon (;) is used to represent parametrization, and comma “,” represents under a hypothesis.
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Substituting (26) in (27), yields the final expression for
test statistics as

Λ(rv) =
rH

v Σ̂
−1
zz rv

(rv − vec(AX̂tΦ))HΣ̂
−1
zz (rv − vec(AX̂tΦ))

H1
≷
H0

λ
′

(28)

where Σ̂zz =
1
I

∑I
i=1

(
M

riv
Hriv

)
rivriv

H is the ML estimate of
speckle covariance matrix Σzz obtained from the I obser-
vations of rv from different range gates under hypothesisH0,
and X̂t = diag(diag(A−1RΦH(ΦΦH)−1)) is the LS estimate
of Xt .

4.3 Analysis of Proposed Detector
From (28), we can analyse that for a given clutter power

µ tr(Σzz), better estimate of Xt yields higher value of test
statistics Λ(rv) which in turn improves the proposed detec-
tor’s performance. In (28), for fixed signal-to-clutter ratio
(SCR), increasing L yields better estimate of Xt (X̂t ). Con-
sequently, as X̂t approaches Xt , the denominator in (28)
reduces further, thereby increasing the value of Λ(rv). Sub-
sequently, Λ(rv) crosses λ

′ more number of times, and hence
results in better target detection. Therefore, for same P FA and
λ, in addition to providing frequency diversity, the OFDM
waveform provides additional information about the target
from multiple scattering centers, which resonate differently
at different sub-carrier frequency [10].

Further, a closed-form expression for PD and P FA for K-
distributed clutter is difficult to achieve, hence the sea clutter
is assumed to be uncorrelated Gaussian distributed. This
assumption is feasible for a very high value of shape pa-
rameter ν, as given in [31] and shown in (17) generally for
ν & 20, the PDF pσ(σ) can be denoted as a Dirac function
concentrated around the deterministic value σ = µ. Con-
sequently, as pcv (cv) =

∫ ∞
0 pcv |σ(cv |σ)pσ(σ)dσ, the clutter

PDF pcv (cv) reduces to multivariate Gaussian. For mathe-
matical tractability and simplicity of theoretical analysis, the
test statistics in (27) is represented as

Λ′(rv) =Λ(rv)
1
M − 1,

=

(
σ̂0
σ̂1

)
− 1. (29)

For Gaussian distributed sea clutter, the ML estimates
(σ̂0 and σ̂1) are

σ̂0 =
1
M

tr(RHR). (30)

σ̂1 =
1
M

tr((R − AXtΦ)
H(R − AXtΦ)). (31)

From (29), (30) and (31) we get

Λ′(R) =
tr(RHPR)

tr(RHP⊥R)
(32)

where P = ΦH(ΦΦH)−1Φ is the projection matrix, and P⊥
is the orthogonal projection matrix related to P as P⊥ = I−P
(I is an identity matrix of dimension M × M).

The analytical expressions for PD and PFA for the test
statistics (32) are given by the following relations

PD =

∫ ∞

λg

PH1 (Λ
′(R))dΛ′(R), (33)

P FA =

∫ ∞

λg

PH0 (Λ
′(R))dΛ′(R) (34)

where λg is the detection threshold, PH1 (Λ
′(R)) is the PDF

of Λ′(R) under hypothesis H1, and PH0 (Λ
′(R)) is the PDF

of Λ′(R) under hypothesisH0.

Under Gaussian assumption for sea clutter, both the nu-
merator and the denominator of (32) under hypothesis H0
are central Chi-Squared distributed random variables

tr(RHPR) ∼χ2
v1 under H0, (35)

tr(RHP⊥R) ∼χ2
v2 under H0 (36)

where v1 = 2LR(P) and v2 = 2LR(P⊥) are the degrees of
freedom for numerator and denominator respectively. Since,
the ratio of central Chi-Squared distributed random variable
follows central Fv1 ,v2 distribution, hence under H0, Λ′(R) is
distributed as

Λ′(R) ∼ Fv1 ,v2 . (37)

Using (34), the expression for P FA can be defined in
terms of the right tail probability (QFv1 ,v2 (λg)) of Fv1 ,v2 as

P FA = QFv1 ,v2 (λg) (38)

where

QFv1 ,v2
(λg) =

∫ ∞

λg

(
v1
v2
)
v1
2 Λ′(R)

v1
2 −1

B( v1
2 ,

v2
2 )(1 +

v1
v2
Λ′(R))

v1+v2
2

dΛ′(R)

(39)

and B represents Beta function. Hence, the theoretical value
of P FA is obtained by solving (39) numerically with the
method proposed in [36].

Contrary to the case under hypothesis H0, numera-
tor of (32) under hypothesis H1 is non-central Chi-Squared
distributed random variable (χ′2v1 (δ)) with a non-centrality
parameter δ = tr{(AXtΦ)(AXtΦ)

H}, and the denomina-
tor is central Chi-Squared distributed random variable (χ2

v2 ).
Hence, their distribution are as follows:

tr(RHPR) ∼χ
′2
v1 (δ) under H1, (40)

tr(RHP⊥R) ∼χ2
v2 under H1. (41)
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Since the ratio of non-central and central Chi-squared
distributed random variables is non-central F′v1 ,v2 (δ) dis-
tributed, under hypothesisH1, Λ′(R) is distributed as

Λ′(R) ∼ F
′

v1 ,v2 (δ). (42)

Thus PD as shown in (33) can be written as the right tail
probability (QF′ v1 ,v2 (δ)

(λg)) of F′v1 ,v2 (δ)

PD = QF′ v1 ,v2 (δ)
(λg) (43)

where
QF′ v1 ,v2 (δ)

(λg) =

∫ ∞

λg

exp(
−δ

2
)

k=∞∑
k=0

(δ/2)k

k!
(
v1
v2
)

1
2 v1+k

B( v1+2k
2 , v2

2 )

Λ′(R)
v1
2 +k−1(1 +

v1
v2
Λ′(R))

−1
2 (v1+v2)−k

dΛ′(R). (44)

Similar to P FA as shown in (39), theoretical values of
PD for different values of detection threshold λg and L is
obtained by solving (44) numerically.

Hence, from (39) and (44), the analytical expression for
ROC of (32), parametrized by λg and L is given by

PD = QF′ v1 ,v2 (δ)
(Q−1

Fv1 ,v2
(PFA)). (45)

5. Simulation Results
In this section, simulation results to validate the pro-

posed method of estimating OFDM radar return data and
performance analysis of the proposed detector for estimated
and simulated data are described in detail.

5.1 Estimation of OFDM Radar Return Data
Simulations for estimation of OFDM radar return is

performed in two steps. In the first step, IR h of the radar
system is estimated by LS using the generated input signal
x SFW(n) and the output signal y SFW(n) depicted in Fig. 2 and
Fig. 3, respectively. For simulations, y SFW(n) is taken from
a single CPI of the original radar return data set from the
CSIR 2006 OTB 2006 Measurement Trial [1], and x SFW(n) is
generated according to the specifications of the transmitted
SF waveform, provided with the data sets and described in
Tab. 1. Estimated radar system IR for a single CPI is shown in
Fig. 4. The OFDM radar return data y OFDM(n) is estimated by
observing response of the radar system for generated OFDM
waveform x OFDM(n) as shown in Fig. 5 for four sub-carriers.
Specifications for x OFDM(n) is given in Tab. 2. Particularly,
for OFDM waveform for L = 4 and maximum L = 32, esti-
mated OFDM radar return data (y OFDM(n)) is shown in Fig. 6
and Fig. 7, respectively.
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Fig. 2. Burst of 25 pulses for one CPI representing the group of
stepped frequency pulses (x SFW).
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Fig. 3. Real part of recorded radar return (y SFW) for SF waveform
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Fig. 5. Real part of Incorporated OFDMwaveform (x OFDM) for one
single PRI.
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Fig. 6. Real part of an estimated radar return (y OFDM) for L = 4.
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Transmitted waveform type SF waveform
Number of frequency channels 25

Frequency interval 8.9GHz to 9.02GHz
Frequency step size 5MHz
Center frequency ( fc) 9GHz

Bandwidth (B) 5MHz
Pulse duration (TSF) 0.1 µs

Pulse repetition interval (T PRI) 0.04 ms
Sampling frequency ( fs = 725B) 3.625GHz

Tab. 1. Specifications for SF waveform (x SFW).

Transmitted waveform type OFDM

Number of sub-carriers (L) 2l ; l = 2,3,4,5
Bandwidth (B) 125MHz

Subcarrier spacing (∆ f = B
L ) 31.25MHz–3.9063MHz

Center frequency ( fc) 9GHz
Pulse duration (To =

1
∆ f ) 0.032 µs–0.256 µs

Pulse repetition interval (T PRI) 0.04ms
Sampling frequency ( fs = 25B) 3.125GHz

Tab. 2. Specifications for OFDM waveform (x OFDM).
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Fig. 8. Probability of false alarm for SF waveform and OFDM
waveform comprises different number of sub-carriers.
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Fig. 9. ROC of proposed detector test statistics and conventional
NMF detector.

5.2 Detector Performance for Estimated
OFDM Radar Return
Performance of the proposed methodology of incorpo-

rating OFDM waveform in radar systems is examined by an-
alyzing the performance of the detection test given by (28).
The expected range of required detection threshold λ for
which the detection test is evaluated is calculated by utiliz-
ing the data from the observation corresponding to hypoth-
esis H0. The comparative plot for P FA for different values
of λ corresponding to SF waveform and different OFDM
subscribers is shown in Fig. 8. The decrease in P FA as L
increases is observed in Fig. 8, this reflects an improvement
in the performance of target detection test by exploiting the
frequency diversity of an OFDM waveform. Moreover, as
shown in Fig. 9, in the case of OFDM radar, receiving echoes
for each OFDM sub-carrier separately provide an additional
“look” at the target, resulting in improved target detection ca-
pability over SF radar and conventional NMF. Furthermore,
from Fig. 9, at P FA = 10−2, the PD achieved by SF radar and
NMF is 0.2, and for the OFDM radar PD ranges from 0.2 to
0.75, hence better PD is obtained in the case of OFDM radar,
which can further be enhanced by varying the number of sub-
carriers. Effect of the high resolution and frequency diversity
attained by an OFDM waveform is reflected by a decrease in
P FA and improvement in PD, as shown in Figs. 8–9 (Please
note that, since the real data, which is limited in number, is
used the resulting plots are not smooth).

5.3 Detector Performance for Simulated
OFDM Radar Return
The performance improvement observed by utilizing

estimated OFDM radar return is validated by running the
detection test over simulated data as well as by using (15).
For K-distributed clutter, there is no closed form expres-
sion that relates P FA, λ, and PD, hence, the detection test
is done an ensemble for 105 Monte Carlo simulations.
In (15), Φ is generated for fixed target Doppler frequency
set fDt = [ f0Dt, f1Dt, . . . , f(L−1)Dt ]. The elements of fDt takes
value from the known Doppler frequency range (Doppler
spread) i.e. from {− 1

2TPRI
, · · · , 1

2TPRI
}. The diagonal elements

of the matrix A are chosen from the optimized set of phase
codes with low PAPR. The values for diagonal elements of
Xt is realized from the normal distribution having zero mean
and unit variance i.e. diag(Xt ) ∈ N(0, I). To replicate the
sea clutter by which the estimated OFDM radar return data
is affected, the K-distributed clutter part of (15) is simu-
lated by utilizing the relation shown in (16). The elements
of z are realized as z ∈ N(0,Σzz), where Σzz has elements
(Σzz)i j = ρ |i−j | ∀ i, j ∈ {1, . . . ,M}, where ρ is the one-lag
correlation coefficient. The simulation for obtaining detector
performance is run for M = 11, the SCR defined as

(
pH

v pv
2µtr(Σzz)

)
is set at−10 dB, and ρ = 0.9. The obtained simulation results
for PFA and ROC are shown in Fig. 10 and Fig. 11, respec-
tively. As observed from Figs. 10–11, detector ROC and PFA

obtained by utilizing the simulated data follow similar trend



RADIOENGINEERING, VOL. 28, NO. 4, DECEMBER 2019 773

as the detector ROC and PFA have followed for estimated
OFDM radar return data, shown in Figs. 8–9. Particularly, as
shown in Fig. 11, proposed detector test statistics surpasses
the performance of conventional NMF detector. In Fig. 11,
the diagonal line corresponding to PFA = PD is shown with
line in brown. This analysis validates proposed method for
estimating OFDM radar return from the real radar return,
since, both the simulated and measured radar return follows
a similar trend.

5.4 Detector Performance under Gaussian
Approximation for Sea Clutter

We demonstrate performance of the detector under the
assumption of uncorrelated Gaussian distributed sea clutter.
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Fig. 10. Probability of false alarm utilizing simulated OFDM
radar return data.
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Fig. 11. ROC of proposed detector test statistics utilizing simu-
lated OFDM radar return data and NMF detector.

For this, the detection test derived for a very high value of
shape parameter ν, described by (32) is used. For simula-
tions, signal part of the observations R is generated as de-
scribed in Sec. 3 for K-distributed clutter. However, the sea
clutter, C, is realized as C ∈ N(0, α2I), where α2 is variance
of the sea clutter. The SCR is defined as tr{(AXtΦ)(AXtΦ)

H }
MLα2 is

set at −10 dB and M = 11. As observed from Fig. 12 and
Fig. 13, with increase in L, both the PFA and ROC has similar
performance improvement as followed by the ROC and PFA

for estimated and simulated OFDM radar return data. More-
over, in Fig. 13, the diagonal line corresponding to PFA = PD

is shown with line in brown. This analysis of detector per-
formance under Gaussian distributed sea clutter validates the
correctness and suitability of the proposed system model and
detection test for surveillance in the marine sea environment.
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Fig. 12. Probability of false alarm utilizing simulated OFDM
radar return data and derived analytical expression un-
der the assumption of Gaussian distributed sea clutter.
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6. Conclusion and Future Work
In this paper, we performed small boat detection in the

sea environment using OFDM waveform as a transmitted
surveillance waveform. We proposed a method to estimate
the OFDM radar return data using CSIR recorded radar re-
turn data for SF waveform. System model corresponding to
the mathematical representation of radar echoes for OFDM
waveform was proposed. The derived system model demon-
strates the frequency diversity obtained after employing the
OFDMwaveform in a radar system. Further, detection of the
target utilizing estimated data was done by modified GLRT.
Simulation results for P FA and PD, clearly show improvement
in target detection over conventional NMF. The performance
is further improved as the number of OFDM sub-carriers
increases. The obtained improvement in detector perfor-
mance with a number of OFDM sub-carriers was validated
through analytical expressions of P FA and PD, and by detec-
tor’s performance obtained by utilizing simulated data. The
demonstrated improvement in detection performance implies
the superiority and suitability of OFDM waveform over the
conventional radar waveforms.

In the future, the non-linear estimator may be explored
for the estimation of OFDM radar return.
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