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Abstract. This paper proposes a novel technique to minia-
turize the size of any reactance-to-reactance transformers 
(RRTs). These transformers are designed based on conju-
gately characteristic-impedance transmission lines (CCITLs) 
and Meta-Smith charts (MSCs). Note that the proposed tech-
nique can be effectively applied to popular microwave cir-
cuits; i.e., open-circuited and short-circuited tuning stubs as 
special cases. Numerical results are calculated, analyzed 
and compared with those of conventional stubs. In addition, 
the RRT prototype based on CCITLs is designed, simulated 
and measured to verify the proposed technique. It is found 
that the properly designed RRT prototype based on CCITLs 
can provide shorter electrical and physical lengths than 
those of the conventional RRT prototype indeed. 
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1. Introduction  
One of the commonly used components in radio fre-

quency and microwave systems is an impedance trans-
former [1]. The simplest transformer, called the quarter 
wave transformer, allows the power transfer between real 
different input and output impedances. However, these 
impedances are not always real in general. For example, 
a reactance can be occurred from reactive components 
especially at the load. Most of studies about reactance 
matching transformers are in the form of tuning stubs, 
which are widely used for size reduction of microwave 
devices [2–9]. For example, in [2–4] open-circuited stubs 

are proposed to miniaturize filters and couplers. Changing 
stub shapes (such as triangle and arc) is another way for 
size reduction [5–8]. In addition, stubs can also be shorten 
by using fractal structures [9]. Note that designing stubs 
can be classified as a reactance-to-reactance problem.  

This paper proposes the novel method to reduce size 
of reactance-to-reactance transformers (RRTs) by using 
conjugately characteristic-impedance transmission lines 
(CCITLs). Note that CCITLs have been first proposed in 
2004 [10] and widely applied later [11–17]. CCITLs are 
lossless transmission lines (TLs) with conjugate character-
istic impedances for forward (Zc

+) and backward (Zc
–) 

propagation directions. Interestingly, CCITLs can be ap-
plied to miniaturize microwave components [14–16]. To 
intuitively and effectively design CCITLs, Meta-Smith 
charts (MSCs) can be applied [17]. Like the Smith chart, 
MSCs usually provide a useful way with more physical 
insight of visualizing CCITL phenomenon and solving 
related problems effectively. It should be pointed out that 
the Smith chart is a special case of MSCs [17]. In this pa-
per, the RRTs based on CCITLs will be designed using 
MSCs. It will be shown that the proposed RRT can provide 
shorter electrical length compared to that of the conven-
tional RRT.   

This paper is organized as follows. In Sec. 2, the the-
ory of RRTs is presented. Section 3 shows results of some 
case studies with discussions along with simulation results 
of the RRT prototype using the new proposed technique. 
Finally, conclusions are presented in Sec. 4. 

2. Theoretical Background 
In this section, the theory of RRTs is derived for both 

conventional TLs and CCITLs based on the Smith chart 
and MSCs, respectively. 
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2.1 RRTs Implemented Using Standard TLs  

Figure 1 shows an RRT implemented using a standard 
TL to match a reactive load (ZL = jXL) to the input 
reactance (Zin = jXin). Note that Z0,, β and θ in Fig. 1 are the 
characteristic impedance, propagation constant and 
electrical length of the standard TL, respectively. In Fig. 1, 
the load (ΓL) and input (Γin) reflection coefficients for the 
standard TL are given as  
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This impedance matching problem can be solved 
intuitively using the Smith chart. Figure 2 illustrates the 
Smith chart calculation of an RRT using a standard TL for 
the cases of XL < Xin and XL > Xin. Note that xL and xin in 
Fig. 2 are the normalized XL and Xin with respect to Z0, 
respectively. It should be pointed out that |ΓL| = |Γin| = 1 
(see (1) and (2)) implying that ΓL and Γin are located on the 
unit circle in the Smith chart. Figure 2(a) illustrates the 
Smith chart and associated electrical length  in the case of 
XL < Xin, while the case of XL > Xin is shown in Fig. 2(b). 

In Fig. 2(a) (XL < Xin), ΓL and Γin are related to the 
following phase relationship (using (1) and (2)): 
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In addition, ΓL and Γin in Fig. 2(b) (XL > Xin) can be 
expressed as 
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It should be pointed out that (3) and (4) are identical 
mathematically. Rearranging (3) obtains the following 
equation:  

 2
0 L in 0 L intan ( ) tan 0Z X X Z X X        (5) 

where 0°≤ θ ≤ 180°. For a given θ, Z0 of the standard TL 
can be readily found using (5) as 
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Alternatively, for a given Z0, θ of the standard TL can be 
obtained from (5) as  
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Thus, an RRT implemented using a standard TL can be 
designed using either (6) or (7). 

 
Fig. 1. An RRT implemented using a standard TL. 

 
(a) 

 
(b) 

Fig. 2. The Smith chart calculation of an RRT using 
a standard TL: (a)  XL < Xin , (b) XL > Xin. 

2.2 RRTs Implemented Using CCITLs 

Figure 3 presents an RRT implemented using 
a CCITL to match a reactive load (ZL = jXL) to the input 
reactance (Zin = jXin). Note that Zc

, β and θc, in Fig. 3 are 
the characteristic impedances, propagation constant and 
electrical length of the CCITL, respectively. For 
convenience, Zc

 of the CCITL are defined as [17] 

 ± ± j
c c| | eZ Z      (8) 

where Zc
 and ϕ are the absolute value and the argument 

of Zc
– respectively, and ϕ is in the range of –90°≤ ϕ ≤ 90° 

in this study. In Fig. 3, the load (ΓL) and input (Γin) reflec-
tion coefficients for the CCITL can be expressed as [17]  
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This reactance-to-reactance matching problem can be 
solved graphically using the MSCs. There are four cases to 
consider for the design of RRTs implemented using 
CCITLs as shown in Figs. 4 to 7, where xL and xin are the 
normalized XL and Xin with respect to Zc

, respectively. 
Note that |ΓL| = |Γin| = 1 (see (9) and (10)) implying that ΓL 
and Γin are located on the unit circle in the MSCs. Each 
case and its MSC representation are shown below:  

        Case 1: XL < Xin and 0°≤ ϕ ≤ 90° (see Fig. 4) 

Case 2: XL < Xin and –90°≤ ϕ ≤ 0° (see Fig. 5) 

Case 3: XL > Xin and 0°≤ ϕ ≤ 90° (see Fig. 6) 

Case 4: XL > Xin and –90°≤ ϕ ≤ 0° (see Fig. 7) 

For Case1, ΓL and Γin in Fig. 4 are related to the phase 
relationship as (using (8) to (10)) 
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Rearranging terms in (11) results in  
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where 0°≤ θc ≤ 180°.  For a given θc, Zc
 of the CCITL 

can be found using (12) as (13) 
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Alternatively, for a given Zc
, θc of the CCITL can be 

readily obtained from (12) as  
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Fig. 3. An RRT implemented using a CCITL. 

 
Fig. 4. The MSC (ϕ = 45°) for Case 1 with 0°≤ c < 180°. 

    
Fig. 5. The MSC (ϕ = –45°) for Case 2 with 0°≤ c < 180°.  

 
Fig. 6. The MSC (ϕ = 45°) for Case 3 with 0°≤ c < 180°.  

 
Fig. 7. The MSC (ϕ = –45°) for Case 4 with 0°≤ c < 180°.  
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Thus, an RRT implemented using a CCITL can be 
designed using either (13) or (14). It should be pointed out 
that (13) and (14) are reduced to (6) and (7) when ϕ = 0°, 
respectively. This comes from the fact that, when ϕ = 0°, 
a CCITL becomes a standard TL and the MSCs become the 
Smith chart.  

For Case 2, the relationship of ΓL and Γin in Fig. 5 are 
still the same as (11). Thus, an RRT implemented using 
a CCITL for this case can be designed using either (13) or 
(14) as well. In the cases of XL > Xin (Cases 3 and 4), the 
starting equation is the same as (11) but different in the 
phase relationship as follows: 
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Note that (15) is identical to (11). Thus, an RRT im-
plemented using a CCITL for Cases 3 and 4 can be de-
signed using either (13) or (14) as well. Thus, all cases can 
be designed using the same design equations. Moreover, 
the RRTs using CCITLs will be implemented using mi-
crostrips to verify the proposed technique. In order to im-
plement these, Zc

 in (8) can be written in terms of the 
ABCD parameters as [15–17] 
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where the ABCD parameters in (16) are associated with the 
implemented RRT circuit using CCITLs. In addition, θc in 
(14) can be written in terms of the ABCD parameters as 
[15–17]  
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2
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Note that (16) and (17) are the main equations to de-
sign associated RRT circuit parameters to obtain the de-
sired CCITL parameters (Zc

 and θc). For example, multi-
section TLs can be applied to implement CCITLs as dis-
cussed in details in [15]. In the next section, results of 
some case studies and the RRT prototype implemented 
using CCITLs are presented with discussions.  

3. Results and Discussions of Case 
Studies  
In Cases 1 and 2, XL and Xin are assumed to be 50  

and 100  respectively, while in Cases 3 and 4 XL and Xin 
are set up to be 100  and 50 , respectively. The un-
known electrical length c is solved using (14) for given 
Zc

 = 50 Ω, 150 Ω and 250 Ω by varying ϕ between 
0°≤ ϕ ≤ 90° for Cases 1 and 3 and –90°≤ ϕ ≤ 0° for Cases 2 
and 4. Figure 8 shows the plot of θc versus ϕ with different 
Zc

 for Case 1. As ϕ increases, θc tends to decrease mon-
otonically for all values of Zc

. In this cases, an RRT 
implemented using a CCITL can offer shorter electrical 

length compared to that of an RRT implemented using 
a standard TL (ϕ = 0°). 

Figure 9 illustrates a similar plot of Fig. 8 but for 
Case 2. It is found that Zc

= 150 Ω and 250 Ω can offer 
shorter electrical length of RRTs for some values of ϕ only 
compared to that of an RRT implemented using a standard 
TL ϕ = 0°. In addition Figure 10 shows a similar plot of 
Fig. 8 but for Case 3. As ϕ increases, θc tends to increase 
monotonically for all values of Zc

. In this case, an RRT 
implemented using a CCITL cannot offer shorter electrical 
length compared to that of an RRT implemented using 
a standard TL ϕ = 0°. Finally, Figure 11 illustrates a similar 
plot of Fig. 8 but for Case 4. It is obvious that Zc

= 50 Ω 
can offer shorter electrical length of RRTs, while 
Zc

= 150 Ω and 250 Ω can offer shorter electrical length 
of RRTs for some values of ϕ only. 

In addition, RRTs implemented using a standard TL 
and a CCITL are compared through the short-circuited 
(XL = 0) and open-circuited (XL→∞) cases as well. For 
a fair comparison, let assume that Xin is given and normal-
ized with Z0 = Zc

. Following (7) for the standard TL and 
(14) for the CCITL, these equations can be reduced to (18) 
and (19) for the short-circuited case respectively, as shown 
below: 
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where xin = Xin/|Zc
| in (19), which is the same as xin in (18) 

since Z0 = |Zc
| in this case. Using (18) and (19), the fol-

lowing ratio can be computed for the short-circuited case:  

 ctan cos
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   (20) 

For the open-circuited case, (7) for the standard TL 
and (14) for the CCITL can be simplified to (21) and (22) 
respectively, as shown below:  

 

Fig. 8. Plot of θc versus ϕ with different |Zc
| for Case 1. 
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Fig. 9. Plot of θc versus  ϕ with different |Zc
| for Case 2. 

 

Fig. 10. Plot of θc versus  ϕ with different |Zc
| for Case 3. 

 

Fig. 11. Plot of θc versus  ϕ with different |Zc
| for Case 4. 
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Using (21) and (22), the following ratio can be calculated 
for the open-circuited case: 

 ctan cos
.

tan 1 tan sin

 
  




    (23) 

 
(a) 

 
(b) 

Fig. 12.  Reactance matching circuit. (a) Standard TL, (b) Two-
section TL. 
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MLIN
ID=TL2
W=1.509190 mm
L=2.260620 mm
MSUB=SUB1
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H=1.6 mm
T=0.035 mm
Rho=1
Tand=0.02
ErNom=4.2
Name=SUB1
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W=1.740480 mm
L=2.849160 mm
MSUB=SUB1

PORT
P=1
Z=50 Ohm

 
(b) 

Fig. 13. Schematic design using microstrips. (a) Standard TL 
stub, (b) Two-section TL stub. 

For illustration, given Xin = 34.08 Ω and XL = 0 Ω, the 
short-circuited standard TL is designed using Z0 = 50 Ω 
and θ = 34.27° as shown in Fig. 12 (a), simulated and com-
pared with the short-circuited RRT stub based on the 
CCITL with |Zc

| = Z0 and ϕ = 25.2°. Note that both short-
circuited standard TL and RRT stub based on the CCITL 
are designed to operate at 2.4 GHz. Using (20), the ratio of 
the short-circuited case is approximately 0.70, implied that 
the proposed RRT can reduce the stub electrical length 
indeed. Using a two-section TL to implement the CCITL, 
its TL parameters can be obtained, by optimizing (16) and 
(17) simultaneously for given Xin = 34.08 Ω and XL = 0 Ω, 
as shown in Fig. 12 (b). For the first TL in Fig. 12 (b), its 
TL parameters are Z1 = 68.73 Ω and θ1 = 14.36°. For the 
second TL, its TL parameters are Z2 = 73.55 Ω and 
θ2 = 11.33° as shown in Fig. 12(b).  

The stubs in Fig. 12 can be realized using microstrips 
on the FR-4 substrate with the dielectric constant of 4.2, 
the loss tangent of 0.02, and the substrate thickness of 
1.6 mm. Using the AWR software [18], the schematic 
designs using microstrips are illustrated in Fig. 13(a) and 
(b) for the standard TL stub and the RRT implemented 
using CCITLs (two-section TL stub), respectively. Note 
that Figure 13 illustrates the width (W) and length (L) of 
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each TL for both stub designs. For the standard TL stub, its 
dimension is W = 3.13 mm and L = 6.62 mm. For the RRT 
implemented using CCITLs (two-section TL stub), its 
dimension is W1 = 1.74 mm, L1 = 2.85 mm, W2 = 1.51 mm, 
and L2 = 2.26 mm. Thus, the proposed RRT stub is clearly 
22.81% shorter in physical length compared to that of the 
standard TL stub. In addition, Figure 14 shows the plots of 
the input reflection coefficient (S11) of the short-circuited 
stub on the Smith chart for both stub designs, where the 
frequency range is from 1 GHz to 3 GHz. It is found that 
the associated input impedances of the standard short-cir-
cuited TL stub and the short-circuited RRT implemented 
using CCITLs (two-section short-circuited TL stub) are 
equal to 0.11 + j34.27 Ω and 0.14 + j34.12 Ω, respectively. 
Note that their reactances are closed to the given 
Xin = 34.08 Ω, and their resistances are approximately zero 
as expected. 

Next, the CST MWS software [19] is applied to sim-
ulate the coupling effects of stub and its connector. The 
input impedance results are 9.92 + j327.34 Ω and 
3.60 + j261.48  Ω  as shown  in  Fig. 15 (a)  and  (b)  for the 

 
                              (a)                                      (b) 

Fig. 14. Plot of the input reflection coefficient S11 of the short-
circuited stub on the Smith chart from the AWR soft-
ware. (a) Standard TL stub, (b) Two-section TL stub. 

 
                                 (a)                                                     (b) 

Fig. 15. Plot of the input reflection coefficient (S11) of the 
short-circuited stub on the Smith chart from the CST 
MWS software: (a) Standard TL stub, (b) Two-section 
TL stub with 25% electrical length reduction. 

 
(a) 

 
(b) 

Fig. 16. Plot of the measured input reflection coefficient (S11) 
of the short-circuited stub on the Smith chart.  
(a) Standard TL stub, (b) Two-section TL stub with 
25% electrical length reduction. 

standard short-circuited stub and the short-circuited RRT 
using CCITL, respectively. Then, the prototype of the 
short-circuited RRT using CCITL is fabricated, and its 
input impedance is measured as 17.17 + j241.21 Ω, com-
pared with that of the standard short-circuited stub 
(20.53 + j311.06 Ω) as displayed on the Smith chart in 
Fig. 16(b) and (a), respectively. It is seen that the simula-
tion results from the CST MWS software are close to the 
measurement results indeed. The non-zero input resistances 
and shifting of either resistance or reactance of the AWR 
software, the CST MWS software and the measurement 
may be due to the coupling effects and the fact that the  
FR-4 substrate and the SMA connector are lossy. Thus, 
a properly designed RRT yields a desired input reactance, 
and can provide shorter electrical and physical lengths 
compared to those of the conventional RRT indeed. 

4. Conclusions 
In this paper, RRTs implemented using CCITLs are 

proposed to miniaturize the size of stubs and other RRTs. 
In addition, MSCs are applied as a useful tool to intuitively 
design and analyze RRTs implemented using CCITLs. For 
a practical example, the short-circuited RRT implemented 
using CCITLs is successfully designed, simulated and 
measured. It is found that properly designed RRTs, imple-
mented using CCITLs, can provide shorter electrical and 
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physical lengths compared to those of the conventional 
RRT indeed. In the future, the concept of this paper will be 
applied to other useful impedance transformation problems 
such as impedance-to-impedance transformers (IITs).  
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