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Abstract. This paper proposes closed-form analytical mod-

els for the determination of the effective relative permittiv-

ity of 3D printed artificial dielectric substrates based on 

a cross unit cell. The parallel plate capacitor approach is 

used to describe the real physical shape of the unit cell 

allowing to include anisotropic properties as well. A de-

tailed comparison of the analytical models and effective 

medium approximations is carried out for air host material 

and inclusion materials with relative permittivities in the 

range from 2.5 to 1000 and the inclusion volume fraction 

from 0.1 to 1. It is observed that the proposed models pre-

dict the effective relative permittivity with much better 

accuracy than frequently used effective medium theory-

based formulas and due to their closed-form expressions 

provide faster calculations than numerical methods. The 

proposed models were verified experimentally, achieving 

a very good agreement with simulations. 
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1. Introduction 

In recent years, artificial dielectric structures have re-

ceived a lot of attention from scientists and engineers try-

ing to describe and measure their electromagnetic (EM) 

properties [1–3]. With the rise of additive manufacturing 

(AM) technologies, three-dimensional (3D) printing be-

came more suitable for manufacturing prototypes and mid-

dle volume of units than conventional fabrication methods. 

Further, it also provides an extra degree of freedom in the 

design of desired EM properties, generates less waste of 

used material, and decreases manufacturing costs in 

general [4]. 

Artificial dielectrics are commonly divided into sev-

eral categories, e.g., metamaterials which are usually made 

from heterogenous dielectric layers with a predefined ar-

rangement of metallic inclusions [5], all-dielectric met-

amaterials made from high permittivity ceramics [6], or 

conventional dielectric materials with controlled effective 

permittivity which can be regulated by the inclusion and 

host material ratio [7]. Typical examples of those structures 

include perforated dielectric layers [8] or differently 

shaped inclusions created by AM technologies in the host 

material with cubical, rectangular, triangular, or hexagonal 

lattices at which the effective permittivity can be locally 

varied. Further, such structures introduce some degree of 

anisotropy depending on their geometry [9]. However, for 

an analytical description of the effective permittivity of 

those structures the effective medium theory based on 

inclusion filling factor approximations [2], [10] is usually 

used, which can result in an inaccurate solution in the case 

of anisotropic or more complexly shaped structures. In 

those cases, a precise description of the structures includ-

ing their geometry is required. Typical examples of such 

problems are found in [9, 11, 12], where the authors inves-

tigate the anisotropy effects of various 3D printed unit cell 

configurations. They have found that unit cells containing 

symmetrical shapes like cubes, spheres or prisms can be 

considered as nearly isotropic. However, unit cells con-

taining nonsymmetrical shapes like rods, hexagons, or 

triangles show a different degree of anisotropy depending 

on their mutual arrangement. The consequences are clearly 

observed on the 3D printed dielectric resonator antenna in 

[13], whose impedance matching depends on the antenna’s 

orientation what is attributed to different dielectric sub-

strate anisotropy. Further, by adding covering layers on an 

otherwise uncovered 3D printed structure, i.e., creating 

a dielectric substrate/composite, increases its effective per-

mittivity and uniaxial or biaxial anisotropy [14–16]. Con-

sequently, the precise characterization and modelling of 

such structures’ material parameters is essential for accu-

rate microwave designs. Here, precise geometric models 

allow an accurate determination of the effective permittiv-

ity in the main principal axes of the EM wave polarization 

direction, e. g. in the design of the dielectric resonator 
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antennas [13], [17], circular polarized antennas [16], [18], 

the phase shifters [19], or the substrate integrated wave-

guide (SIW) filters with locally controlled permittivity [20]. 

Recently, several works focusing on analytical mod-

els of the effective relative permittivity have been pub-

lished [21–28]. In [21], a capacitor network model for 

a bianisotropic sample based on a rectangular unit cell was 

presented. For its derivation, vertical and horizontal capac-

itor discretization schemes were used. That work states that 

the vertical discretization scheme is more suitable to de-

scribe the effective relative permittivity tensor of low per-

mittivity inclusions (εr = 2.8), however, a combination of 

both horizontal and vertical discretization schemes pro-

vides better estimation for higher permittivity inclusions 

(εr = 9.6). In [22], an electrostatic capacitor model for the 

evaluation of the effective relative permittivity for small 

(µm-dimensions) metal dummies in a CMOS chip was 

developed. An artificial dielectric layer with an effective 

relative permittivity above 1000, which is described by 

a combination of a capacitor and transmission line model, 

was reported in [23]. Further, an electric network model 

describing the effective relative permittivity of cubical, 

elliptical, and spherical inclusions was introduced in [24]. 

Due to geometric limitations of the used spherical particles, 

only inclusion volume fractions ≤ 0.5 have been studied. 

However, inclusions of different shapes, i.e., ones with 

straight walls, can reach an inclusion volume fraction up to 1. 

The base work for derivation of capacitor network 

models ([21, 22, 24], this work) was originally presented 

by Patil et al. in [25], [26], where equivalent capacitor 

network models for spherical and cylindrical inclusions 

were deduced and applied even for extremely high permit-

tivity (εr = 3800) particles. The study [25] further claims 

that capacitor models of cubes with both vertical and hori-

zontal discretization schemes provide a good prediction if 

the permittivity of each phase (inclusion or host medium) 

is isotropic. The study in [26] extends models in [25] to 

involve frequency dependent behavior by exploiting Debye 

and Cole-Cole dielectric relaxation models. To validate this 

statement, a study of cubic inclusions in an insulating press 

paper [27] showed a good data prediction. However, the 

statement related to discretization schemes was later dis-

proved by Iglesias et al. in [28] on example of symmetric 

and isotropic cubic inclusions when the inclusion’s sym-

metry does not ensure the discretization scheme selection 

independently [25]. Therefore, it can be concluded that the 

problem of the precise analytical models’ development of 

given shapes based on its geometry is not so straightfor-

ward and depends on many variables as the inclusions’ 

shape, symmetry, size, orientation, polarization or discreti-

zation scheme of the equivalent circuits. Further, the clas-

sic effective medium approximation formulas are very 

limited to describe those effects and might be strongly 

inappropriate. Note that many of the previously mentioned 

publications ([1, 5, 6, 13–15, 17–21, 24, 27]) neither pro-

vide an error evaluation of the achieved results nor 

an analytical description of the structures’ anisotropy.  

In this paper, we propose a quasi-static analytical 

model for determining the effective relative permittivity 

and anisotropy of dielectric substrates, compounded of 

cross unit cells which are used in 3D printing technology. 

The models are based on vertical and horizontal equivalent 

parallel plate capacitor discretization schemes [25], ena-

bling to involve their geometry and uniaxial anisotropic 

behavior, which is problematic to achieve by effective 

medium approximation (EMA) formulas based on an in-

clusion filling factor only. In addition, we study the dis-

cretization schemes’ suitability for low and high permittiv-

ity inclusions. This knowledge can further serve for exam-

ple as an input for machine learning optimization tech-

niques [29], or to speed up design process of gradient- 

index-based structures such as dielectric lenses [30], which 

require many parametric calculations. The models’ proper-

ties are compared to EMA formulas, numerical, and ex-

perimental results at 7 GHz (center frequency of WR137 

waveguide). 

The paper is organized as follows: Section 2 contains 

basic information about the cross unit cell structures and 

Section 3 presents parallel plate capacitor models of the 

cross unit cell with its equivalent circuit model containing 

vertical and horizontal discretization schemes and equa-

tions describing the effective relative permittivity. Sec-

tion 4 presents analytical approximation formulas for the 

cell structures based on the effective medium theory. In 

Sec. 5, the numerical analysis of the cross unit cell is pre-

sented, and the results of the analytical models are com-

pared to numerical ones. Section 6 provides experimental 

results and discussion on the accuracy of the model. Fi-

nally, Section 7 concludes the paper and suggests future 

work on this topic. 

2. Dielectric Substrate Structures 

An artificial 3D printed dielectric substrate can be 

modelled as a periodic structure, consisting of the prede-

fined unit cells with specific dimensions which are covered 

by two lids [14]. However, the basic unit cell can be sym-

metrical (isotropic) or asymmetrical (anisotropic) [31]. 

Here, we focus on an isotropic unit cell (without lids) in 

which a uniaxial anisotropy can be introduced by adding 

covering lids. The cross unit cell with the lids can be ex-

ploited for the creation of a low profile dielectric substrate 

for planar microwave structures if the cell is organized in 

a square lattice. 

 

Fig. 1. Dielectric substrate based on the cross unit cell (left – 

without lids; right – with lids). The yellow color 

represents inclusion material, and the cyan color 

represents the host material. 
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The selected cross unit cell with and without lids is 

shown in Fig. 1. Let us consider that the inclusion is the 

cross and lids (in Fig. 1 depicted by yellow color) and can 

be 3D printed by materials of a wide range of relative per-

mittivity, e.g., 2.5–2.7 (PLA) [32], 5.6–5.8 (LMO-BF12 

ceramics) [33], 9.5–10 (Alumina) [34], [35], 13.45 

(Ag2Mo2O7 ceramics) [36], or 48 (BVLMO/NMO ceram-

ics) [37]. The air of the cell is considered as the host 

material (in Fig. 1 depicted by cyan color). Further, we will 

assume the subwavelength operating regime of the 

structure.  

3. Analytical Models 

The effective relative permittivity of the uniaxial 

structures is described by a diagonal tensor (1) [8]: 
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The two components denoted as εr,eff,|| and εr,eff,⊥ represent 

effective relative permittivity in parallel and perpendicular 

direction, respectively. For the parallel case, the EM wave 

comes from the ±z direction (the vector of electric intensity 

is parallel with the z-axis) and is polarized along the x-y 

plane. For the perpendicular case, the EM wave comes 

from the ±x or ±y direction (the vector of electric intensity 

is parallel orthogonal to the z-axis) and is polarized along 

the y-z or x-z plane, respectively (see the coordinate system 

in Fig. 2).  

For determining the effective relative permittivity, the 

parallel plate capacitor method [25] is exploited. The 

whole structure (dielectric substrate) is decomposed into 

a periodic array of unit cells. Each unit cell is modeled by 

sub-parallel plate capacitors, mutually connected series-

parallel, depending on the unit cell’s geometrical configu-

ration and discretization scheme. An example of the cross 

unit cell (Fig. 1) divided into sub-capacitors is shown in 

Fig. 2. The advantage of this approach is that it involves 

a real physical shape of the structure which can further 

consider its anisotropy. 

All sub-capacitors are generally characterized by the 

area A, the layer thickness h, and the relative permittivity εr 

(inclusion εi; host material εh) according to (2): 

 

Fig. 2. Sub-capacitors of the substrate unit cell corresponding 

to the vertical discretization (Fig. 3b). The yellow 

color represents inclusion material, and the cyan color 

represents the host material. 

 
(a) 

 
(b) 

Fig. 3. Equivalent capacitor circuits of the cross unit cell, 

relevant for wave polarizations parallel to (a) x/y-plane 

(∥) and (b) z-plane (⊥) – vertical discretization path 

along z-axis represents discretization direction from 

top to bottom of the unit cell in its separated columns. 

The additional indices (∥, ⊥) were omitted for sake of 

clarity. 

 
(a) 

 
(b) 

Fig. 4. Equivalent capacitor circuits of the cross unit cell, 

relevant for wave polarizations parallel to (a) x/y-plane 

(∥) and (b) z-plane (⊥) – horizontal discretization path 

along y-axis represents discretization direction from 

front to back side of the unit cell in its separated layers. 

The additional indices (∥, ⊥) were omitted for sake of 

clarity. 

 
h

A
C


 r0 

 . (2) 
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The equivalent capacitor circuits of the structure for 

a vertical and horizontal discretization scheme are shown 

in Figs. 3 and 4, respectively. The unique discretization 

schemes are based on Patil et al. [25]. The strategy for the 

vertical discretization scheme (along z-axis) is connecting 

capacitors which are not interrupted by an inclusion in 

parallel (Clid, C1) and the structure’s remaining capacitors 

in a serial-parallel way. For the horizontal discretization 

scheme (along y-axis), the capacitors are firstly connected 

 

Vertical 

discretization 

along z-axis 

Capacity of cross sub-cells 

Equation No. 

 𝑤h = (𝑙c−𝑤i)/2  

 
(3) 

∥ 
Ṷ 

𝐶1,v,∥,⊥ = 𝜀0 𝜀h wh
2/𝑙c  

 
(4) 

𝐶2,v,∥,⊥=𝜀0𝜀h𝑤h𝑤i/𝑤h  
 

(5) 

𝐶3,v,∥,⊥=𝜀0𝜀i𝑤h𝑤i/𝑤i  
 

 

(6) 

𝐶 l,r,v,∥,⊥=2𝐶1,𝑣,∥,⊥+1/(2/ 𝐶2,𝑣,∥,⊥+1/ 𝐶3,𝑣,∥,⊥))  
 

(7) 

𝐶4,v,∥,⊥=𝜀0𝜀i𝑤i2/𝑤h  
 

(8) 

𝐶5,v,∥,⊥=𝜀0𝜀iw i2/𝑤i  
 

(9) 

𝐶6,v,∥,⊥=𝜀0𝜀h𝑤i𝑤h/𝑤h  
 

(10) 

𝐶7,v,∥,⊥=𝜀0𝜀i𝑤i𝑤h/𝑤i  
 

(11) 

𝐶in,v,∥,⊥=1/(2/(2 𝐶6,v,∥,⊥+𝐶4,v,∥,⊥))+1/(2 𝐶7,v,∥,⊥ 
+𝐶5,v,∥,⊥))  

(12) 

 

∥ 
𝐶lid,v,∥=𝜀0𝜀i𝑙c𝑑lid/𝑙c  

 
(13) 

𝐶eq,v,∥=2𝐶l,r,v,∥,⊥+𝐶in,v,∥,⊥ + 2𝐶lid,v,∥  
 

(14) 

Fig. 3a   𝜀eff,v,∥=𝐶eq,v,∥ℎ𝑐/(𝜀0𝑤c(𝑙c+2𝑑lid))  (15) 

Ṷ 𝐶lid,v,⊥=𝜀0𝜀i𝑙𝑐2/𝑑lid, for lim 𝑑lid→ 0  => 𝐶lid,v,⊥=∞  
 

(16) 

 𝐶eq,v,⊥=2𝐶l,r,v,∥,⊥+Cin,v,∥,⊥ 
 

(17) 

 Ceq2,v,⊥=1/(1/2 𝐶eq,𝑣,⊥+2/ 𝐶lid,v,⊥) 
 

(18) 

Fig. 3b   𝜀r,eff,v,⊥=𝐶eq2,v,⊥(ℎ𝑐+2𝑑lid)/( 𝜀0𝑤c𝑙c) (19) 

Horizontal 

discretization 

along y-axis 

Capacity of cross sub-cells 

Equation No. 

∥
Ṷ 

𝐶1,h,∥,⊥=𝜀0𝜀h𝑤h𝑙c/𝑤h  
 

(20) 

𝐶2,h,∥,⊥=𝜀0𝜀h𝑤h𝑤i/𝑤h  
 

(21) 

𝐶3,h,∥,⊥=𝜀0𝜀i𝑤h𝑤i/𝑤i  
 

(22) 

𝐶4,h,∥,⊥=𝜀0𝜀i𝑤i2/𝑤h  
 

(23) 

𝐶5,h,∥,⊥=𝜀0𝜀iw i2/𝑤i  
 

(24) 

𝐶6,h,∥,⊥=𝜀0𝜀h𝑤i𝑤h/𝑤h  
 

(25) 

𝐶7,h,∥,⊥=𝜀0𝜀i𝑤i𝑤h/𝑤i  
 

(26) 

∥ 

𝐶lid1,h,∥=𝜀0𝜀i𝑙c𝑑lid/𝑤h  
 

(27) 

𝐶lid2,h,∥=𝜀0𝜀i𝑙c𝑑lid/𝑤i  
 

(28) 

𝐶t,b,h,∥=2𝐶1,h,∥,⊥+2𝐶6,h,∥,⊥ +𝐶4,h,∥,⊥+ 2𝐶lid1,h,∥  
 

(29) 

Cin,h,∥=4C2,h,∥,⊥+2C3,h,∥,⊥ +2C7,h,∥,⊥+C5,h,∥,⊥+ 2Clid2,h,∥  
 

(30) 

𝐶eq,h,∥=1/(2/ 𝐶t,b,h,∥+1/ 𝐶in,h,∥)  
 

(31) 

Fig. 4a 𝜀eff,h,∥=𝐶eq,h,∥ℎ𝑐/(𝜀0𝑤c(𝑙c+2𝑑lid))  

 
(32) 

Ṷ 

𝐶lid,h,⊥=𝜀0𝜀i𝑙c𝑑lid/𝑤h  
 

(33) 

𝐶t,b,h,⊥=2𝐶1,h,∥,⊥+2𝐶6,h,∥,⊥ +𝐶4,h,∥,⊥  
 

(34) 

Cin,h,⊥=4C2,h,∥,⊥+2C3,h,∥,⊥ +2C7,h,∥,⊥+C5,h,∥,⊥  
 

(35) 

𝐶eq,h,⊥=1/(2/ 𝐶t,b,h,⊥+1/ 𝐶in,h,⊥+2/ 𝐶lid,h,⊥)  
 

(36) 

Fig. 4b 𝜀r,eff,h,⊥=𝐶eq,h,⊥(ℎ𝑐+2𝑑lid)/( 𝜀0𝑤c𝑙c)  

 
(37) 

Tab. 1. Equations for effective permittivity calculation of cross 

unit cell without/with lids. 

in parallel (corresponding to the segmentation layer) and 

subsequently in serial. 

The derived equations (3)–(37) for the effective rela-

tive permittivity for parallel (∥) and perpendicular (⊥) 

wave polarization are summarized in Tab. 1. Equations 

(13), (16), (21), (27), (28) and (33) are used for including 

the lids in parallel and perpendicular polarizations. Note 

that change of polarization direction corresponds to the 

change of lids’ position in the equivalent capacitor circuits. 

In Tab. 1, Ci,j,o represents the capacitance of the i-th 

sub-cell, in j discretization with the orientation o in parallel 

∥ or perpendicular ⊥ direction, ε0 is the permittivity of the 

vacuum, εh and εi are the relative permittivities of the host 

material and the inclusion, respectively, εr,eff represents the 

effective relative permittivity, lc is the length of the unit 

cell, dlid is the thickness of the lid, wh and wi are the partic-

ular widths of the host and the inclusion sub-cells, respec-

tively (Fig. 2), forming the capacitors. 

4. Effective Medium Approximation 

(EMA) Formulas  

The effective relative permittivity of heterogeneous 

materials is often approximated by various mixing models 

based on the Maxwell Garnett (MG) mixing rule [10]. 

Other, commonly used formulas include Looyenga (LO), 

Bruggeman (BG), Hashin-Sthrikman (H-S) [2], [10], [39] 

which can provide more accurate results than the M-G 

formula in some cases. Both the parallel and perpendicular 

values of the effective permittivity must fit into upper εU
eef 

and lower εL
eef bounds of the Wiener limit (38)–(39) 

defined as [8], [38]: 

 
r,eff

U

i i h i(1 )V V     , (38) 

 
r,eff

L i h

i h i i(1 )V V

 


 


 
 (39) 

where εr,eff is the effective relative permittivity, εi is the 

relative permittivity of the inclusion, εh is the relative per-

mittivity of the host material, and Vi is the inclusion vol-

ume fraction. 

Maxwell Garnett generalized formula for two material 

mixture (40) is given as [10]: 
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1
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Bruggeman and Looyenga approximation formulas 

(41)–(42) are further respectively defined as [2]: 

 0
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)1(
r,effi

r,effi
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r,effh

r,effh
i 


















VV , (41) 
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Inclusion’s pattern EMA 
εi,max 

[-] 

δr,max 

[%] 
Ref. 

honeycombs LO 2 15 [7] 

cylinders M-G 6.5 15 [11] 

thin sheets M-G 15 N/A [16] 

rectilinear 
M-G, BG, 

Lichtenecker 
10 N/A [17] 

mesh grid LO 3.11 N/A [18] 

rectilinear BG 2.7 N/A [20] 

spheres 
M-G, BG, 

Logarithmic  
94 N/A [24] 

spheres 
M-G, BG, 

Logarithmic 
3800 N/A [25] 

cubes 

M-G, BG, LO, 

Lichtenecker, 

Weidemann, 

Wiener 

6.5 N/A [27] 

random 
Wiener, 

Logarithmic 
48 N/A [37] 

square cylinders 
H-S, 

Lichtenecker 
10 7.5, 8 [38] 

square, circle, 

diamond, plus, grid, 

random 

M-G, BG, 

Birchak, LO, 

Lichtenecker 

50 N/A [39] 

Tab. 2. Comparison of effective medium approximations used 

for 3D printed structures (εi,max represents the maxi-

mum inclusion´s relative permittivity and δr,max is the 

maximum relative error given in the reference; the ref-

erences marked with N/A do not provide relative error 

evaluation). 

A recent study of inclusions’ distribution patterns [39] 

has shown that the effective relative permittivity strongly 

depends on the shape of the inclusion, but it was done only 

for two-dimensional (2D) structures using the finite differ-

ence numerical method. Some of these investigated shapes 

can be potentially used for 3D printed substrates, however, 

they require more precise characterization, especially for 

higher inclusion volume fractions and higher material per-

mittivity contrast, i.e., ratio between maximum and mini-

mum permittivity value. The comparison of effective me-

dium approximations used for various inclusion patterns 

applicable for 3D printing and their deviation between 

theoretical and experimental (reference) results is presented 

in Tab. 2. 

In the next section, we will present our analysis based 

on the parallel plate capacitors method which can poten-

tially provide higher accuracy than effective medium ap-

proximations.  

5. Numerical Analysis 

Let´s now carry out the detailed analysis of the pro-

posed analytical model described by (3)–(37), and compare 

the results with the effective medium theory approxima-

tions summarized in the previous section and the results 

obtained by the numerical simulations obtained from CST 

Studio Suite Eigenmode solver with periodic boundary 

conditions (Fig. 5). 

By determining the dispersion diagrams of the unit 

cell in CST Studio Suite for the electric vector orientation in 

 )) 

 

Fig. 5. Simulation setup of unit cell with properly set 

boundary conditions. 

parallel or perpendicular direction, we can calculate the 

value of the effective relative permittivity from the propa-

gation constants and the free-space wavelength (43): 

 
2

2
0

2

effr,
4


   (43) 

where β is the determined phase constant and λ0 is the free-

space wavelength. 

The simulation results are eigenfrequencies for the 

phase shift from 0° to 180° along corresponding directions. 

The propagation constants associated with the eigenfrequen-

cies are then evaluated and used to calculate the effective 

relative permittivity of homogenized dielectrics by (43). 

In the case of the E-field aligned parallel with the  

z-axis for εeff,⊥ determination, we set the top and bottom 

boundary conditions to be perfect electric conductors 

(PEC) and lateral boundary conditions to be perfect mag-

netic conductors (PMC). On the front and rear side of the 

unit cell we applied periodic boundary conditions with 

gradually increasing values of phase difference from 0° to 

180°. To determine εeff,∥, we rotated the structure by 90° 

around the x-axis. Considering maximum resolution of the 

3D printer [40] and subwavelength size of the inclusion, 

we chose the length of the unit cell to be 0.5 mm and the 

thickness of the lids to be 50 µm 

The simulations were performed for the relative per-

mittivities of the inclusion of 2.5, 10, 100 and 1000 (we 

chose the first value according to our material characteri-

zation of the Prusament PLA Jet Black [41], the second 

value is assumed to correspond with the PREPERM® 3D 

ABS1000 filament [42], the third and fourth value is con-

sidered for method evaluation and possibly as for future 

composite based on BaTiO3 ceramics [43–44]). The maxi-

mum investigated frequency corresponds to the size of the 

unit cell λm/10, where λm is the wavelength in the material 

of the given effective relative permittivity. Going beyond 

those frequencies, the whole structure will start to behave 

as a photonic crystal, creating bandgap where incoming 

EM waves cannot properly propagate [45], which is visible 

from a dispersion diagram shown in Fig. 6 and the obtained 

results are no longer valid. 

The choice of discretization scheme for the given po-

larization direction can be additionally deduced from the 

electric energy density shown in Fig. 7. In the case of the 

low inclusion volume fraction, the vertical discretization is 

more suitable since the dominant effect is along the z-axis, 
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while the horizontal discretization (along x-axis) gives 

inaccurate results. However, in the case of the high inclu-

sion volume fraction, the combination of both vertical and 

horizontal discretization provides better accuracy because 

the electric field density is distributed almost uniformly 

across the entire volume of the structure. 
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Fig. 6.  Dispersion diagram of the cross structure for various 

permittivities with lids (⊥) (a), corresponding effective 

relative permittivity (b), inclusion volume fraction 

0.58. 

 

Fig. 7.  Electric energy density of the cross substrate with lids 

and inclusion volume fraction 0.25 (∥) (a), (⊥) (b), 

inclusion volume fraction 0.9 (∥) (c), (⊥) (d). Assumed 

inclusion’s relative permittivity is 1000. 

The obtained numerical results of the effective 

relative permittivity of the cross unit cell with and without 

lids are compared with the proposed analytical models  

(3)–(37), Maxwell Garnett, Bruggeman, Looyenga and 

Wiener approximation formulas (38)–(42) in Figs. 8, 10, 

and 12. The mean V/H value corresponds to mean value 

obtained from the vertical and horizontal scheme. For the 

reference values, we chose the effective relative permittiv-

ity attributed to the propagation constant lower than 1000. 

The relative error (44) of the proposed analytical models 

(3)–(37) and approximation formulas is related to the nu-

merical results (reference) as: 

 r,eff-analytical r,eff-simulation

e

r,eff-simulation

100.
 





   (44) 

The relative error evaluation is depicted in Figs. 9, 11, 

13. The maximum relative error of the proposed models in 

vertical discretization for the relative permittivity of 2.5, 

10, 100 and 1000 are 1.09%, 5.79%, 17.36% and 20.01%, 

respectively. However, all effective medium approxima-

tions show higher relative errors, especially for higher 

values of the relative permittivity, e. g., the frequently used 

Maxwell Garnett approximation shows the maximum 

errors of 6.09%, 43.3%, 90.8%, and 99.4% for permittivity 

of 2.5, 10, 100 and 1000, respectively. The summary of 

maximum relative errors for each approximation method at 

corresponding inclusion volume fraction (Vi) is presented 

in Tab. 3.  

Considering achieved results, we can conclude that 

the proposed analytical models have better or comparable 

precision in the whole inclusion volume fraction range than 

the conventional effective medium theory formulas. It can 

be observed that the cross structure without lids can be 

precisely described by a vertical discretization scheme 

(Fig. 3) for relative permittivities in the range 2.5–10 with 

the relative error under 5%. However, the horizontal dis-

cretization scheme is not applicable in such a range of 

relative permittivities due to its large relative error over 

130%. On the other hand, if the relative permittivity of the 

material is high (> 100), the vertical discretization can be 

combined with horizontal discretization to provide better 

results for higher inclusion volume fraction (> 0.75). In 

this case, the relative error of mean results of both vertical 

and horizontal discretization remains below 11%. Further, 

frequently used Maxwell Garnett approximation formula 

can easily fail to predict the correct value of effective rela-

tive permittivity even for symmetrical inclusions which 

differ from cubes or spheres with relative error up to 99%. 

Other studied effective medium approximation formulas 

could be exploited for higher inclusion volume fraction (> 0.5). 

For the cross structure with lids (dielectric substrate) 

and both the parallel and perpendicular polarization direc-

tions, it can be observed that vertical and horizontal dis-

cretization schemes exhibit similar relative errors of effec-

tive relative permittivity as in the case of the structure 

without lids. The mean results of both vertical and hori-

zontal discretization are  then  applicable  for parallel polari- 
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Fig. 8. Effective relative permittivity of the cross structure for 

various permittivities and inclusion volume fraction 

without lids: (a) εr = 2.5, (b) εr = 10, (c) εr = 100,  

(d) εr = 1000.  
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Fig. 9. Relative error of effective relative permittivity of the 

cross structure between numerical and analytical 

models for various permittivities and inclusion volume 

fraction without lids: (a) εr = 2.5, (b) εr = 10,  

(c) εr = 100, (d) εr = 1000.  
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Fig. 10. Effective relative permittivity of the cross structure for 

various permittivities and inclusion volume fraction 

with lids in parallel polarization direction (∥):  
(a) εr = 2.5, (b) εr = 10, (c) εr = 100, (d) εr = 1000. 
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Fig. 11. Relative error of effective relative permittivity of the 

cross structure between numerical and analytical 

models for various permittivities and inclusion volume 

fraction with lids in parallel polarization direction (∥): 
(a) εr = 2.5, (b) εr = 10, (c) εr = 100, (d) εr = 1000. 
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Fig. 12.  Effective relative permittivity of the cross structure for 

various permittivities and inclusion volume fraction 

with lids in perpendicular polarization direction (⊥): 

(a) εr = 2.5, (b) εr = 10, (c) εr = 100, (d) εr = 1000. 
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Fig. 13. Relative error of effective relative permittivity of the 

cross structure between numerical and analytical models 

for various permittivities and inclusion volume fraction 

with lids in perpendicular polarization direction (⊥):  

(a) εr = 2.5, (b) εr = 10, (c) εr = 100, (d) εr = 1000. 
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zation direction and inclusion volume fraction above 0.6, 

while for perpendicular polarization direction, they do not 

show an advantage over results obtained from vertical 

discretization scheme. Based on our analysis, we can claim 

that our analytical are more accurate than effective medium 

approximations.  

To further investigate the relative error of the effec-

tive relative permittivity depending on the relative per-

mittivity and discretization schemes, we chose the inclusion 
 

Inclusion permittivity εr = 2.5 

Approximation Maximum error at given (Vi) 

 Cell, ∥, ⊥ With lids, ∥ With lids, ⊥ 

Model (V) 1% (0.1) 1.09% (0.46) 0.67% (0.7) 

Model (H)  158% (1) 132% (1) 104% (1) 

Looyenga 0.55% (0.35) 4.11% (0.25) 7.46% (0.2) 

Bruggeman 1.12% (0.2) 4.66% (0.25) 6.8% (0.2) 

Maxwell 

Garnett 
2.75% (0.5) 5.6% (0.25) 6.09% (0.2) 

Inclusion permittivity εr = 10 

Approximation Maximum error at given (Vi) 

 Cell, ∥, ⊥ With lids, ∥ With lids, ⊥ 

Model (V) 3.47% (0.9) 4.07% (0.82) 5.79% (0.46) 

Model (H) 40% (1) 33.3% (1) 31.2% (1) 

Looyenga 9.04% (0.2) 28.7% (0.2) 41.2% (0.2) 

Bruggeman 18% (0.2) 35.8% (0.2) 26.3% (0.2) 

Maxwell 

Garnett 
33.7% (0.5) 43.3% (0.25) 27% (0.58) 

Inclusion permittivity εr = 100 

Approximation Maximum error at given (Vi) 

 Cell, ∥, ⊥ With lids, ∥ With lids, ⊥ 

Model (V) 7.08% (0.9) 8.12% (0.9) 17.36% (0.46) 

Model (H) 16% (0.5) 11.6% (0.45) 26.87% (0.58) 

Model (V/H) 10.6% (0.35) 5.17% (0.35) 22.08% (0.46) 

Looyenga 52.8% (0.1) 72.1% (0.2) 111.2% (0.2) 

Bruggeman 78% (0.2) 87.5% (0.2) 44.9% (0.25) 

Maxwell 

Garnett 
88.5% (0.5) 90.8% (0.25) 85.4% (0.58) 

Inclusion permittivity εr = 1000 

Approximation Maximum error at given (Vi) 

 Cell, ∥, ⊥ With lids, ∥ With lids, ⊥ 

Model (V) 8.07% (0.2) 7.82% (0.9) 20.01% (0.35) 

Model (H) 16.9% (0.5) 12.3% (0.45) 29.37% (0.46) 

Model (V/H) 11.8% (0.35) 5.68% (0.35) 24.46% (0.46) 

Looyenga 84.1% (0.1) 98.9% (0.2) 85.44% (0.25) 

Bruggeman 97.4% (0.2) 99.38% (0.2) 97.5% (0.35) 

Maxwell 

Garnett 
98.8% (0.5) 99.39% (0.2) 98.77% (0.58) 

Tab. 3. Relative error comparison between analytical and 

numerical results for cross unit cell. 
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Fig. 14. Relative error of effective relative permittivity of the 

cross structures for various relative permittivities and 

inclusion volume fraction of 0.9: (a) without lids,  

(b) with lids. 

volume fraction of 0.9 which shows the highest relative 

error between individual discretization schemes. The re-

sults of this analysis for the cross cell structures are de-

picted in Fig. 14. It can be observed that in the case of the 

cross cell without lids, the relative error of vertical discreti-

zation scheme slightly grows up to 7.08% while the rela-

tive error of horizontal discretization scheme decreases to 

the value of 7.44% for the relative permittivity of 100. This 

trend continues even to higher relative permittivity of 

1000. However, the mean value of both the vertical and 

horizontal schemes starts to provide more accurate results 

from the relative permittivity of 20. In the case of a dielec-

tric substrate, the vertical discretization scheme is more 

suitable for determining the effective relative permittivity 

in the perpendicular polarization direction, while the mean 

value of both the vertical and horizontal schemes is more 

accurate in the parallel polarization direction. 

Dielectric substrates based on a symmetrical isotropic 

cross unit cell exhibit some degree of anisotropy in the 

parallel and perpendicular polarization direction. Due to 

this, we have further evaluated the parallel plate capacitor 

method and its capability to describe this effect. The 

anisotropy degree can be calculated by (45) [9] and the 

results are shown in Fig. 15. 

 r,eff,|| r,eff,

e

r,eff,|| r,eff,

2 100.A
 

 






 


 (45) 
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Fig. 15. Anisotropy of effective relative permittivity of the 

cross substrate and its relative error for various 

permittivities and inclusion volume fraction:  

(a) εr = 2.5, (b) εr = 10, (c) εr = 100, (d) εr = 1000. 
 

Inclusion 

permittivity  

Maximum anisotropy 

for given (Vi) 

Maximum relative 

error for given (Vi) 

εr = 2.5   

Model (V, H) 11.1%, 15.11% (0.2) 86%, 2376% (1) 

Simulation 11.03% (0.2) (ref. value) 

εr = 10   

Model (V, H) 65.84%, 65.25% (0.2) 95.4% (1), 74% (0.9) 

Simulation 65.74% (0.2) (ref. value) 

εr = 100   

Model  

(V, H, V/H) 

151.9%, 152%, 152% 

(0.2) 

91.5%, 95.86%, 93.8% 

(1) 

Simulation 153.3% (0.2) (ref. value) 

εr = 1000   

Model  

(V, H, V/H) 

169.9%, 170.8%, 170.4% 

(0.2) 

89.9%, 93.15%, 

96.14% (1) 

Simulation 171.9% (0.2) (ref. value) 

Tab. 4. Anisotropy of dielectric substrate based on cross unit 

cell. 

The proposed models are capable to approximate the 

anisotropy effect with an acceptable accuracy, while the 

effective medium theory is not applicable in this case. The 

relative error of anisotropy prediction increases linearly 

with the inclusion volume fraction. This behavior can be 

observed for both the vertical and horizontal discretization 

scheme. For lower inclusion volume fractions (< 0.4), 

where the anisotropy degree achieves relatively large val-

ues, and thus it has a larger potential for applications re-

quiring anisotropic behavior, e. g., circularly polarized 

antennas, the parallel plate capacitor method can be ex-

ploited with relative errors (calculated in the same way as 

(44)) under 30%. The summary of maximum dielectric 

anisotropy and the maximum relative error for the given 

inclusion volume fraction is presented in Tab. 4. 

6. Experimental Verification 

To verify the proposed models experimentally for 

cross cell-based substrates, the transmission/reflection 

method [46] was exploited at a frequency of 7 GHz. For 

the measurement in the WR137 waveguide, samples of the 

dielectric structures without lids were printed on an SLA 

3D printer (FormLabs 2) with 25 m layer height. Struc-

tures with lids were printed on an FDM 3D printer (Prusa 

i3 MK3S) (Fig. 16) with 100 m layer height and a nozzle 

diameter of 250 m, as they can be printed without sup-

porting structures because the lids serve as supporting 

walls. 

The closed structures must be printed by FDM tech-

nology because in practice, the surplus UV resin (SLA 

printer) remains preserved inside the printed structure 

which creates cells with different inclusion volume frac-

tions than designed. The substrate structures with inner 

dimensions smaller than 0.25 mm were also printed  

by an SLA 3D printer because of the FDM printer nozzle 
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Fig. 16. FDM 3D printer Prusa i3 MK3S (left), SLA 3D printer 

FormLabs 2 (right). 

 

Fig. 17. 3D printed samples of the cross cell based dielectric 

substrate. 

diameter limitation. For printing, the size of the unit cells 

and lids was finally scaled up to 3 mm and 0.3 mm, re-

spectively, due to better printability. The printed samples 

are depicted in Fig. 17.  

The relative error of the proposed analytical models’ 

effective relative permittivity (15), (19), (32), (37) is 

related to the measured results as (46): 

 r,eff-analytical r,eff-measurement

e

r,eff-measurement

100.
 





   (46) 

As multiples of the unit cells dimensions do not 

exactly fit the waveguide’s dimensions, additional numeri-

cal corrections were performed in CST Studio Suite (the 

frequency-domain solver). The fundamental unit cell of 

each configuration was repeated in x, y and z directions to 

fit the waveguide and the edge cell was partially truncated. 

After printing, some unwanted artifacts like polymerized 

resin in the gaps between individual unit cells, non-ideal 

perpendicularity, strings or small air holes on the unit cell 

walls were observed. The printed samples were then in-

serted into the waveguide and had to be tightly fitted. The 

resulting very small air gaps between samples and the 

waveguide walls could be taken as a source of possible 

discrepancy between simulated and measured results. For 

example, the simulated gap size of 0.3 mm along the wider 

side of the measured sample can cause an error of 1.8% 

(modeled in CST Studio Suite). 

The measured relative permittivities of the grey UV 

resin “V4 FLGPGR04” and the PLA material “Prusament 

PLA Jet Black” are 2.9 and 2.5, respectively. The meas-

ured results of the printed samples (Fig. 17), analytical 

model (vertical discretization) and corrected values of the 

numerical model in the waveguide are depicted in Fig. 18. 

The relative error between our analytical models 

(vertical discretization), simulations and measured results 

is shown in Fig. 19. For comparison, we favored the verti-

cal discretization due to its high accuracy for low 

permittivity materials and omitted the comparison to  

the horizontal model because of its large relative error. The 
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(c) 

Fig. 18. Measured effective relative permittivity of the cross 

structure for various permittivities and inclusion vol-

ume fraction: (a) without lids (∥, ⊥), (b) with lids (∥), 
(c) with lids (⊥). In the figures combined results for 

both relative permittivities of the FDM printer´s fila-

ment (2.5) and SLA UV resin (2.9) are shown.  
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Fig. 19. The relative error of measured effective relative 

permittivity of the cross structure for various permit-

tivities and inclusion volume fraction: (a) without lids, 

(b) with lids. 
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Fig. 20. Anisotropy of effective relative permittivity of the 

cross substrate and its relative error for various 

permittivities and inclusion volume fraction. 

anisotropy degree of cross cell based dielectric substrate 

and its relative error (model to simulation/measurement) is 

captured in Fig. 20. The overall comparison summary be-

tween analytical, numerical and measured results is pre-

sented in Tab. 5. 

Obviously, the results of the measurement are in good 

agreement with the proposed model and waveguide 

corrected simulation results. Including the inaccuracy 

caused by non-ideally printed samples and the waveguide 

measurement method, the maximum relative error of the 

cross cell based substrate’s effective  relative  permittivity  (our 
 

 Cross cell, ∥, Ṷ 
εr = 2.9 

Substrate, ∥ 
εr = 2.5/2.9 

Substrate, Ṷ 
εr = 2.5/2.9 

 
Substrate, ∥, Ṷ 

εr = 2.9  

max δεr,eff  5.63% 2.08/0.15% 2.23/2.85% max δAεr,eff 25.4% 

at (Vi) (0.65) (0.82/0.2) (0.82/0.2) at (Vi) (0.2) 

 εr,eff  model (V) 2.079 2.162/1.344 2.152/1.157 Aεr,eff model (V) 14.95% 

 εr,eff  meas 2.203 2.118/1.342 2.105/1.191 Aεr,eff meas 11.92% 

max δεr,eff 1.42% 0.92/0.96% 0.65/1.87% max δAεr,eff 52% 

at (Vi) (0.35) (0.82/0.2) (0.65/0.2) at (Vi) (0.82) 

 εr,eff  model (V) 1.521 2.162/1.344 1.534/1.157 Aεr,eff model (V) 0.46% 

 εr,eff  corr_sim 1.543 2.182/1.357 1.544/1.179 Aεr,eff corr_sim 0.96% 

Tab. 5. Effective relative permittivity, dielectric anisotropy and error comparison between analytical, corrected numerical and measured 

results. 
 

Ref. 
Effective relative 

permittivity range 

Maximum 

relative error  

Unit cell 

shape 

[21]* 1.98–2.305 1.421% Rectangle 

[22]** 4.8–7.2 3.2% Cube 

[23]** 1160–1280 9.375% Thin plate 

[24]* 2.55–12.66 7.208% 
Ellipsoid, 

cube, sphere 

[25] 
22–130/ 

2.5–15 
15/25% Sphere 

[27]* 1.8–2 6.028% Cube 

This 

work 
1.157–2.9 

5.63%  

(cross structure) 

2.85% 

(substrate) 

Cross 

*Exact value is not provided; relative error is approximated from 

corresponding curves by (40). 
** Simulated results only. 

Tab. 6. Measured effective relative permittivity and its 

maximum relative error related to previous works. 

model relative to measurement) is 2.08% and 2.85% in the 

parallel and perpendicular direction, respectively. The 

maximum relative error of the cross cell based substrate’s 

effective relative permittivity (our model relative to 

simulations) is 0.96% and 1.87% in the parallel and per-

pendicular direction, respectively. 

In the case of the cross unit cell structure without lids, 

the maximum relative error (our model relative to meas-

urement and simulations) is 5.63% and 1.42%, respec-

tively, which can be caused by excessive resin in the 

structure gaps resulting in higher inclusion volume fraction 

than originally desired, which is typical for inclusion vol-

ume fraction higher than 0.6 for this unit cell configuration. 

Also, the estimation of dielectric anisotropy is verified with 

a maximum relative error (our model relative to measure-

ment and simulations) of 25.4% and 52%, respectively. 
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The maximum measured anisotropy achieved 11.9%. The 

comparison of measured effective relative permittivity and 

its maximum relative error with previous works is pre-

sented in Tab. 6. 

We conclude that our proposed models exhibit very 

good maximum relative error considering a wide range of 

effective permittivities which varies in simulations from 

2.5 to 1000. However, because of the materials’ availabil-

ity, the maximum measured permittivity was 2.9. 

7. Conclusions 

In this paper, we proposed a new model which solves 

a problem of precise and fast effective permittivity deter-

mination in artificial, uniaxial dielectrics in 3D printing 

technology which can be easily parametrized. A detailed 

study of a parallel plate capacitor method to model struc-

tures based on a cross unit cell was presented. We verified 

different discretization schemes and proved that vertical 

discretization is more accurate to describe effective relative 

permittivity for our targeted low (2.5) to middle (10) per-

mittivity materials for inclusion volume fractions between 

0 and 1. In this case, we achieve a maximum relative error 

of 5.8%, which outperforms frequently used effective me-

dium theory approximations (Maxwell Garnett, Brug-

geman, Looyenga). A combination of mean values ob-

tained by vertical and horizontal discretization can be gen-

erally more accurate for cross cell based structures with 

high permittivity (> 100) materials for inclusion volume 

fractions above 0.6, or more specifically for high inclusion 

volume fractions (0.9) and relative permittivities above 12. 

The proposed model’s performance was further verified by 

means of describing anisotropy behavior of the structures, 

showing good agreement for highly anisotropic cases with 

inclusion volume fractions below 0.4. Further, good 

agreement between the proposed analytical models and 

experimental results was achieved. The proposed analytical 

equations can be used for the design of artificial dielectric 

substrates based on the cross unit cell. Future investiga-

tions will be focused on models’ accuracy limitations asso-

ciated with higher inclusion fractions in terms of effective 

relative permittivity and dielectric anisotropy and further 

extension of the given models to precisely model dielectric 

losses. 
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