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Abstract. We draw your attention to the fact that meteor-
ological radar does not actually measure a commonly used 
quantity “radar reflectivity factor,” (which is not depend-
ent on frequency) but a different quantity called “radar 
reflectivity.” We present the usual recalculation which is 
based on frequency dependency used by Rayleigh approxi-
mation of radar cross-sections (back scattering cross sec-
tion of rain, cloud, fog drop). But this approximation is 
valid in Rayleigh region only. We concluded that for ad-
mitting error lower than 2 dB in the radar reflectivity fac-
tor determination we can use the “effective radar reflectiv-
ity factor” for frequencies up to 19 GHz only. Otherwise 
the error will increase. As we use (and present in this arti-
cle) the Mie algorithm we can replace the Rayleigh fre-
quency dependence estimation by more accurate radar 
reflectivity factor determination using the Mie scattering. 
The correction is presented in the form of “Correction 
function C” dependent on frequency and rain rate in the 
graphical form and polynomial approximation. Beside this 
we present the simplification of back scattering cross sec-
tions for Rayleigh and Optical regions and the border 
values of size parameter for these regions. We added the 
meteorological radar equation derivation. This should 
support the radar measurement understanding. 

Keywords 
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1. Introduction 
Meteorological radars play a big role in meteorology, 

weather and hazardous situation prediction, monitoring of 
large weather systems etc. It helps to understand physics of 
atmosphere and last but not least radars support the radio-
wave propagation condition research. 

From beginning, the meteorological radars were 
constructed for S band (2–4 GHz) and later for C band  
(4–8 GHz) and methods of data processing were prepared 

for these bands. For instance, the European meteorological 
radar network “OPERA” operates C band radars [1]. But 
now meteorological radars work also at higher frequencies: 
X-band (8–12.5 GHz), Ka band (26.5–40 GHz) and espe-
cially for cloud and melting layer observation [2], [3] also 
at W (94 GHz) and G bands (110–300 GHz). “Old” meth-
ods suggested for S and C bands are not accurate as we 
show in this study. It means that it is necessary to find 
functions, which can compensate deviations in computation 
and data processing for higher frequencies. Thus for the 
right weather radar utilization in propagation and meteor-
ology, correct radar data processing and understanding are 
needed. 

One of problems is that the radar measurement is de-
pendent on used frequency and therefore a physical quan-
tity “radar reflectivity factor” (not dependent on frequency) 
was defined (26), (27) and is broadly used especially in 
meteorology and in radiowave propagation research. This 
quantity is not directly measured but is computed from the 
measured radar reflectivity supposing the Rayleigh ap-
proximation of the back scattering cross sections of mete-
orological targets. More precisely: the replacement of the 
radar reflectivity factor is performed by the equivalent 
radar reflectivity factor based on the estimation of fre-
quency dependence which is used in the Rayleigh ap-
proximation. But this frequency dependence causes not 
negligible error growing with frequency. This is described 
in details in next sections. A mention of this problem is 
also in [4] in the form of a brief note. 

Other motivation to write this article was to specify 
the Rayleigh and optical regions for the back scattering 
cross-section calculations of meteorological targets accu-
rately. We found the borders for these regions (instead of 
uncertain, but well known conditions x << 1 or x >> 1, 
where x is size parameter (for its definition see equation 
(18) and below) and published here the simple substitu-
tions. In next section we briefly introduce the radar equa-
tion derivation in the case of meteorological radars, for 
more see [5], [6]. 

The existence of more complex radars (two-wave, 
three-wave, Doppler) is worth mentioning. In [3], for 
example, the advantages of double-wave radars using cer-
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tain frequency pairs, such as Ka-G pair, are explained. This 
pair is also suitable for the DWR (Dual Wavelength Ratio) 
determination which is by 4 dB more significant than in the 
traditional Ka-W band pair. This allows the detection of 
small atmospheric particles. Study in [3] also describes the 
advantages of the individual frequency bands used by me-
teorological radars, e.g. G band radars can detect melting 
layer. Doppler two-wave radars operating for example in 
Ka-W bands can also determine DSD (Drop Size Distribu-
tion) [7]. 

The radar research of atmospheric turbulences con-
cerning also the Bragg scattering is shown in [4]. Here, it is 
also shown how to estimate the useful quantity “refractive 
index structure constant Cn

2” from the measured radar 
reflectivity. Study [4] shows also a simple model of the 
frequency scaling of the equivalent radar reflectivity factor.  

DWR was already used as a parameter of atmospheric 
research in the 1950s, when the “dB” difference between 
radar reflectivity factor at 9.5 and 2.9 GHz was reported. It 
was called “hail signal” serving for hail detection.  

Other important class of meteorological radar is 
working with polarimetry [6]. Its outputs ZDR (differential 
reflectivity), LDR (Linear Depolarization Ratio), CDR 
(Circular Depolarization Ratio), ΦDP (Differential Phase 
Shift) and KDP (Specific Differential Phase) support the 
atmospheric particle identification, measurement accuracy 
etc. 

2. Radar Equation in Meteorology  
The classical radar equation for the monostatic radar 

and one target is as follows: 
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where Pr (Pt) is the received (transmitted) radar power, λ is 
the wave length [m], G is the radar antenna gain [-], σ is the 
effective back scattering cross section of the target [m2], 
r is the radar-target distance [m], Kr is the radar constant 
[Wm–2]. 

If there are many particular targets (rain drops, fog or 
cloud droplets etc.) the effective back scattering cross 
sections of particular targets (drops) must be summed. We 
express it through the quantity "radar reflectivity ," which 
is defined per unit volume [5]: 

 
Fig. 1.  On pixel (radar volume) computation. 
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where D is the equivolumetric rain drop or cloud (fog) 
droplet diameter, V is the radar volume (pixel, bin), see (5). 

If the drop size distribution (DSD) of the target is 
known (see [8], for instance), the expression for the radar 
reflectivity could be also written as: 
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where D is the equivolumetric drop diameter (D = 2a, a is 
equivolumetric drop radius), N(D) is the drop size distribu-
tion (DSD) defined as the number of drops of the diameter 
between D and D + dD per unit volume. For DSD exam-
ples see [8], [9] and (31). 

It is easy to derive the radar volume V (see Fig. 1). 
The area S of the pixel base is: 
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where  r is the radar–target distance, ϑ is the antenna beam 
width in radians. 

The radar volume V can be obtained from [6], i.e. 
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where h is the radar pixel length; in the case of pulse radars 
it is  

    m  
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where c is the light speed and τ is the pulse lengths. 

The value 1/(2 ln2) ~ 0.72 comes from the nonuni-
form distribution of energy in the radar cone beam when 
the Gaussian distribution is supposed, see [6]. 

The radar equation in meteorology is then logically 
expressed as follows: 
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where ϑ is the 3dB beam width [rad], Cr is the radar con-
stant in the meteorological radar case [W m5 mm–2]. This 
equation is called Probert-Jones Radar Equation. 

Through (7) the radar measures the radar 
reflectivity . In fact, it is the average radar reflectivity in 
the whole radar volume V. 

3. Back Scattering Functions after Mie 
Mie scattering is limited on homogenous spheres and 

is valid for any value of size parameter x. To determine the 
scattering of an electromagnetic wave from isolated target 
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(raindrop etc.), the complex scattering functions f̂ (or Ŝ) for 
different polarizations are used (for instance Ŝh is the scat-
tering function for horizontal polarization). The target cross 
sections can be computed also from scattering functions. 

Scattering function Ŝ can be, for instance, defined as 
follows [10]: 

      1s i
1 2 0 0 , j exp jˆ  ˆˆ k z k z

   E E S K K   (8) 

where ÊS is a phasor of scattered electric field intensity 
[V/m], Êi is the phasor of the intensity of the incident elec-
tric field [V/m], Ŝ(K1,K2) is the complex scattering (dimen-
sionless) function of the drop for the direction of incident 
wave K1	and the direction of scattered wave K2, z is the 
distance of the scattered electric field intensity from the 
center of the drop, k0 is the vacuum wave number [m–1]. 

There is also another but similar definition of 
scattering function f̂ [11]: 

      1s i
1 2 0 ,ˆˆ exp jˆ z k z

 E E f K K   (9) 

where f̂(K1,K2) is the complex scattering function of the 
drop ([m], usual dimension is also [cm]) for the direction of 
incident K1 and scattered waves K2. 

Special cases: 
a) if K1 = K2,	it is the forward scattering; 
b) if K1 = –K2, it sounds for the backward scattering 

(important for radars); 
c) other cases of K1, K2:  mutual orientations 

indicates the bi-static scattering. 

For many studies the simplified spherical model of 
actual rain drop shape is permissible and only this one is 
used in our study. It enables to study the frequency and 
temperature dependence, however the polarization and 
depolarization cannot be investigated. 

In [12], we have published a simple generator of for-
ward scattering functions for spherical scattering drops. 
Based on it we present here similar algorithmic numerical 
generator of backward scattering functions Ŝ based on Mie 
scattering theory [13, 14, 15]: 

Starting values: 

ˆ ˆ xy m ,  

m̂ is the complex refractive index of rain drop water [24], 
[25], 

x is size parameter (for definition see (18) and below), 

0 co gˆ ˆtA y , 

0 sin j osˆ cx x O , 

1 cos jsiˆ nx x  O . 

Mie series for scattering functions Ŝ (8) on spherical 
targets: 
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Theoretically, Nmax should be infinity (i.e. very large 
number). But in such case some numerical problems during 
computer evaluation can occur so Nmax must be carefully 
estimated. For Nmax next recommendation is usually used 
[29]: 

Nmax = x + 4x1/3 + 1              for 0.02 < x < 8,   

              for Nmax it holds then 2 < Nmax < 17, 

Nmax = x + 4.05 x1/3 + 2         for 8 < x < 4 200, 

              for Nmax it holds then 18 < Nmax < 4 267,   

Nmax = x + 4x1/3 + 2                for  4200 < x < 20000, 

              for Nmax it holds then 4267 < Nmax < 20111. 

Scattering function  can be derived from  through 
equations (8) and (9): 

  ˆ
2

ˆ j



   *f S . 

Software for Mie scattering is also available in [15]. 
Experiments measuring the Mie and Rayleigh scattering 
are described, for instance, in [16]. 

Cloud, fog droplets and very small rain drops are of 
the spherical shape. It is not true for medium and big rain 
drops of diameter above 1 mm while the physical maxi-
mum of rain drop diameter is 7 mm. The actual rain drop 
shape [17] is shown in Fig. 2. 

 
Fig. 2.  The actual rain drop shape. 
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For non-spherical raindrops, the calculation of scat-
tering functions is more difficult and is performed numeri-
cally. The results are then tabulated. Extended methods for 
scattering functions calculation are based on the Fredholm 
integral equation method, pertubation methods, MMP 
(multiple multi-pole) methods, point-matching method, 
DDA (Discrete Dipole Approximation) and others. The 
mentioned algorithms and results were published in the 
1970s and 1980s by Dr. Tomohiro Oguchi [18], [19], 
Dr. Hajny [20], Dr. Mario Maggiori [21], Dr. Uzunoglu 
[11] and others. DDA method is also offered in the form of 
software packages, which is described in [22] also with 
more classical methods. Also [23] is devoted to scattering 
on hydrometeors. 

4. Back Scattering Cross Section 
(RCS) of Meteorological Targets 
and its Computation 
Definition of back scattering cross section of any 

isolated target is as follows: 
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Using (15) and (9) one can obtain useful expression for the 
back scattering cross section of meteorological target: 
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where f̂b is back scattering function, see (9). 

5. Asymptotical Approaches of Back 
Scattering Cross Sections 
For the asymptotical back scattering cross section 

computations it is convenient to work with the normalized 
cross sections σNORM [5], which is given as follows: 

 
Fig. 3.  Normalized back scattering cross section σNORM for 

35 GHz and water drop target. Scattering regions 
(Rayleigh, Mie and optical ones) are labeled. 
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where D is the drop diameter.  

It was found that σNORM as a function of size parame-
ter x, is having two asymptotes: 1) in a so called optical re-
gion (in fact it is a geometrical optics zone, cf. [2]). 2) in so 
called Rayleigh region. We see them in Fig. 3 (similar 
results on higher frequencies were published in [2]). The 
central region with oscillations is usually called Mie re-
gion, in [2] it is called transition zone. 

5.1 Approximation for Optical Region 

Optical region is defined through the following ine-
qualities: 

 
R1 and 1x x   

whereas x (xR) is so-called size parameter (size parameter 
in drop water) defined as 

 /x D  ,   (18) 

 
R R/x D  ,  (19) 

where	  is vacuum wave length and R is wave length in 
the rain (cloud, fog) drop, i.e. in water. For wavelength R 
in drop water it is valid: 

 	
R / ˆ  m    (20) 

where m̂ is the complex refractive index of rain (cloud, 
fog) water, see, for instance [24], [25]. Size parameter is in 
fact the ratio of the circumference of the circle circum-
scribed around the drop to the wavelength. 

Under such conditions (x >> 1 and xR >> 1) in the 
optical region it is valid:  

 σNORM  L (“limit”)  (21) 

where L is a constant dependent on frequency and temper-
ature. We computed the limit values L and present these 
results in Fig. 4 as a function of frequency and for temper-
ature of 15°C. May you remember that in case of metallic 
sphere it holds L = 1.  

 
Fig. 4.  L (limit) for normalized back scattering cross sections 

in optical region.  
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Practically this means that in the optical region the 
back scattering cross section equals to the circle area of the 
same radius like the spherical scattering multiplied by the 
constant L presented in Fig. 4. After our numerical investi-
gations the condition x >> 1 for optical region can be re-
placed by x > xcritO. Also for Rayleigh region (see the next 
section) we prefer the condition x < xcritR to condition 
x << 1. These conditions are more unique and comfortable 
for definition of the optical and/or Rayleigh regions. This is 
one of our contributions to this topic. 

In Tab. 1 “critical” values of x (xcrit) are shown for 
certain frequencies used in radar meteorology.  

And how the values of x critical, i.e. xcrit, have been 
found? All the considerations given here are motivated by 
the effort to determine the drop back scattering cross sec-
tion by a sufficient accuracy. We set a condition that the 
asymptotic value of the back scattering cross section cannot 
differ from the exact value by more than 1.26%. This cor-
responds approximately to a maximum estimation error of 
1 dB for the radar reflectivity factor Z (26), (27). 

The reader can found x critical values for the optical 
region in Fig. 5 and for the Rayleigh region in Fig. 6. 
Values of x critical for frequencies 29–35 GHz in Rayleigh 
region varies between 0.28 and 0.29 and are not plotted.  
 

f [GHz] Rayleigh region xcritR Optical region xcritO 

2.9 0.050 31.450 

5.5 0.054 33.850 

9.5 0.063 36.550 

35 0.281 37.550 

Tab. 1.  Values of critical size parameter xcrit for Rayleigh and 
optical regions. 

 
Fig. 5.  Critical size parameter xcritO for optical region. 

 
Fig. 6.  Critical size parameter xcritR for Rayleigh region. 

5.2  Rayleigh Approximation for Rayleigh 
Region 

Rayleigh region is described by the following ine-
qualities: 

 
R1 and 1x x  . 

For this region Mr. Strutt [26], [27] derived a simpli-
fied approximation for “the back scattering function” using 
elementary dipole theory: 
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where K̂ is an auxiliary parameter: 
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And then with the use of (16) the back scattering cross 
section σ in Rayleigh region is approximated by the next 
equation: 
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For this work, Mr. Strutt received a noble title and the 
honor name “lord Rayleigh.”  

The computation of the Rayleigh scattering is very 
simple (a handy calculator is sufficient) but we must be 
aware of strict limitations. We noticed that the frequency 
above about 5 GHz is owing to the usual rain drop diameter 
out of Rayleigh region.  

 
Fig. 7.  Normalized back scattering cross sections for 2.9 GHz. 

 
Fig. 8.  Normalized back scattering cross sections for 5.5 GHz. 
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Fig. 9. Normalized back scattering cross sections for 9.5 GHz. 

 
Fig. 10.  Normalized back scattering cross sections for 35 GHz. 

In log-log scale the dependence of σNORM on size pa-
rameter x looks like linear one because the relation (24) 
using (18) can be rewritten as: 

 
2

4
NORM 4 ˆx  K .  (25) 

In Figs. 7–10 the normalized back scattering cross 
sections for radar frequencies are shown. We consider the 
Mie solution to be the exact one. 

Remark: Having a look at Figs. 7–10 one can notice 
that it seems the differences between normalized cross 
sections after Rayleigh and Mie are unlogically decreasing 
with frequency. We checked it – when we limit for 
x < xcritR (Rayleigh region), this difference increases with 
frequency as expected. 

Equation for scattering on homogenous ellipsoids in 
Rayleigh region is shown, for instance, in [7]. 

6. Radar Reflectivity Factor versus 
Equivalent Radar Reflectivity 
Factor 
As it is shown in Sec. 2, meteorological radars meas-

ure the radar reflectivity , cf. (2), (3) and (7). But this 
quantity is dependent on frequency. Therefore, in meteor-
ology we work with the similar quantity called “radar re-
flectivity factor z” being independent on frequency. The 
radar reflectivity z (small letter z) factor is defined [5] as 

  6 6 3

0

d      mm m .z D N D D


      (26) 

In practice in meteorology we work with the “dBZ” 
units as a unit for the radar reflectivity factor Z (in this case 
a capital letter “Z” is used) expressed in the logarithmic (or 
dB) form:  

  10 log Z z     [dBZ].   (27) 

For Z expressed in [dBZ] the quantity “small” z in (27) 
must be in the [mm6 m–3] units. 

And now an important question: How to measure the 
radar reflectivity factor Z (or z)? We must state that it is not 
possible. But we can approximate the radar reflectivity 
factor through the "equivalent radar reflectivity factor ze" 
being less dependent on frequency:  

 
ez z    (28) 

while ze is estimated from the next equations: 
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  e e10 log Z z     [dBZ] (30)  

while radar reflectivity  is measured through radar equa-
tion in meteorology (7). 

This approximation is generally accepted. By our 
investigation we reached the conclusion that the expression 
for equivalent radar reflectivity factor Ze (29), (30) 
approximates the wanted right radar reflectivity factor Z 
(26), (27) correctly only on low frequencies, it means in the 
Rayleigh region. Indeed, equation (29) comes from 
combination of (3) and (24), which is suggested and valid in 

 
Fig. 11.  Radar reflectivity factor for 2.9 GHz. 

 
Fig. 12.  Radar reflectivity factor for 5.5 GHz. 
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Fig. 13.  Radar reflectivity factor for 9.5 GHz. 

 
Fig. 14.  Radar reflectivity factor for 35 GHz. 

 

Rain type No [mm–1 m–3] DSD [mm–1] 

Thunderstorm or shower 1 400 3.0 R–0.21 

Continuous rain 7 000 4.1 R–0.21 

Drizzle 30 000 5.7 R–0.21 

Average rain 8 000 4.1 R–0.21 

Tab. 2.  DSD parameters for negative exponential DSD 
approximation (31) and for various rain types (drizzle, 
thunderstorm, shower, continuous and average rain in 
mild climate after [8]. R is the rain rate [mm/h]. 

the Rayleigh region only. We proved that on higher fre-
quencies the difference between radar reflectivity factor Z 
and equivalent one (Ze) is not negligible. It can be noticed 
in Figs. 11–14. These differences between Ze and Z on high 
frequencies led us to formulate the correction function (see 
the next section). To quantify expressions containing 
integral with DSD [i.e. N(D) in (3) or (26)] we used the 
average Marshal-Palmer [8] mathematical model, where 
rain rate R is a parameter: 

    0 DSDexpN D N R D     (31) 

and DSD(R) is a parameter dependent on rain type and rain 
rate, see Tab. 2 taken from [9]. In our computation we used 
the average rain parameters after [8], see the last row in 
Tab. 2. R is the rain rate [mm/h]. 

7. Correction Function 
We have stated the generally used radar reflectivity 

factor Z (26), (27) is not measurable by radar. Radar 
measures the radar reflectivity (3) and the wanted radar 
reflectivity factor Z is approximated by the equivalent radar 

reflectivity factor Ze through (29), (30) while radar reflec-
tivity  is derived through radar measurement and radar 
equation in meteorology (7). 

In previous sections we presented the mathematical 
apparatus enabling the theoretical computation of actual 
radar reflectivity factor. This enabled us to formulate the 
correction function C, which is in dB and is calculated as 
a difference of Ze and Z (both are in dBZ), see (32). This 
correction function is designed for frequencies from 1 to 
35 GHz and for rain rates 1, 5, 10, 20, 50 and 80 mm/h: 

 
eC Z Z     [dB].   (32) 

We approximated the suggested correction function C 
by a polynomial of the fifth degree (see also Tab. 3):  

 5 4 3 2
5 4 3 2 1 0    C a f a f a f a f a f a      [dB] (33) 

where f is frequency in GHz. Figures 15 and 16 show the 
graphs of the correction function C. Correction function is 
our other contribution on radar data analysis. 
 

Rain rate 
[mm/h] a5 a4 a3 a2 a1 a0 

1 7.6850E–7 –6.098E–5 0.0013 –0.0014 –0.1102 0.2014 

5 –8.8502E–7 0.0001 –0.0051 0.0990 –0.6386 0.8244 

10 –2.0816E–6 0.0002 –0.0089 0.1483 –0.8335 0.9690 

20 –3.1796E–6 0.0003 –0.0119 0.1814 –0.9011 0.9007 

50 –4.1468E–6 0.0004 0.0140 0.1905 0.7703 0.4903 

80 –4.4178E–6 0.0004 0.0142 0.1828 0.6349 0.1941 

Tab. 3.  Coefficients for polynomial approximation of the 
correction function C in [dB] for frequencies between 
1–35 GHz while rain rate R is a parameter.  

 
Fig. 15.  Correction function (32), R is rain rate [mm/h]. 

 

Fig. 16.  Differences between equivalent radar reflectivity 
factor Ze	and radar reflectivity factor Z for different 
frequencies (correction function C).  
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8. Conclusion 
Finally, let's try to emphasize what this article should 

be for. It should help propagation engineers to understand 
what a meteorological radar is actually measuring.  

Meteorological radar can also estimate the rain rate R, 
for these purposes we derived the next equation:  

 
1.44

1610
Z

R
  
     [mm/h, dBZ]   (34) 

which is based on well-known approximate Z-R relation 
for average rain type: 

 Z = 10 log(200 R1.6)   [dBZ, mm/h].  (35) 

Knowing rain rate R from radar measurement (34), 
specific rain attenuation α (important for microwave link 
design) can be then estimated from the equation 

   dB/km,  mm/hba R    (36) 

where a and b are parameters dependent on frequency, 
polarization and elevation angle of the microwave link and 
are tabulated, for instance, in [28].  

Let us now consider regions in which specific rain-
drops or fog (cloud) droplets are located for often frequen-
cies used in radar meteorology. For these reasons we pre-
pared Tab. 4 where we see the equivolumetric diameters D 
of the rain drops in the left column, in the fields of the table 
there is the size parameter x (18) for different radar fre-
quencies. From the comparison with x critical, we marked 
the drops in the Rayleigh region in blue. Other drops are in 
the Mie region, no raindrop is in the optical region. We 
prepared a similar table for the usual sizes of fog (cloud) 
droplets, whose diameter is between 2 and 80 micrometers. 
For the meteorological radar frequencies (2.9–35 GHz) we 
found all these droplets in the Rayleigh region and there-
fore the table does not need to be given. 
 

Wavelength [cm] 10.34 5.45 3.15 0.86 

Frequency [GHz] 2.9 5.5 9.5 35 

D[mm] =        0.22 0.01 0.01 0.02 0.08 

0.42 0.01 0.02 0.04 0.15 

0.62 0.02 0.04 0.06 0.23 

0.82 0.02 0.05 0.08 0.30 

1.02 0.03 0.06 0.10 0.37 

1.22 0.04 0.07 0.12 0.45 

1.42 0.04 0.08 0.14 0.52 

1.62 0.05 0.09 0.16 0.59 

1.82 0.06 0.10 0.18 0.67 

2.02 0.06 0.12 0.20 0.74 

…     

7.00 0.21 0.39 0.68 2.50 

Tab. 4.  Classification of raindrops into regions, blue for 
Rayleigh region, gray for Mie region. The values in 
table are size parameters x. 

The next remark concerns the reality of the existence 
of droplets corresponding to size parameter x and the con-
sidered radar frequency. It should be noted that some x 
values at a given radar frequency do not correspond to the 
diameters of the droplets existing in nature. For instance 
raindrops have a diameter from 0.2 to 7 mm in nature. 
However, some value of x in our considerations corre-
sponds to D greater than 7 mm - it must be declared that 
such a drop does not exist and our analysis is of theoretical 
importance in such cases. 

The last remark: We presented the approximations for 
normalized back scattering cross sections for both Rayleigh 
and optical region. Approximation for Mie region is more 
complicated because of oscillations (see Fig. 3) and can be 
found (and much more) in [5]. 
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