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Abstract. This article investigates the frequency-related 
fingerprints of the meminductor/capacitors and their duals 
realized by the circuit emulators. The direct dependency of 
the hysteresis loop area on the inverse of operating fre-
quency is an important property of the memristor confirm-
ing its resistive memory nature. This work shows that not 
all such elements (which exhibit hysteresis characteristics) 
seem to follow this fingerprint on subjected to the sinusoi-
dal current/voltage excitation signal when they are realized 
by the emulator circuits. It is found that in some cases PHL 
(Pinched Hysteresis Loop) characteristics of the mem-
capacitor/inductor and their elements, may seem to create 
a fallacy in their appearance. Although this behavior is 
natural (but distinct from the memristor), it does produce 
some challenges during the measurements of these 
memelements and non-memelements. The behavior has 
been demonstrated in the MATLAB generated plots and 
also verified in the experimental and simulation results 
obtained for the designed emulators for the memcapaci-
tor/meminductor and their duals. The paper also attempts 
to propose potential solutions to avoid this delusion per-
ceived in the PHL characteristics of memcapacitor/memin-
ductor and their duals, due to conventional measuring 
methods. 
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1. Introduction 
The memristor was identified as a resistive memory 

element in 1971 by L. Chua [1]. The main difference, the 
memristor exhibits from the resistor, is found in the transi-
ent v-i characteristics. The resistor shows a straight line in 
the v-i plane passing through the origin, while the memris-
tor displays a hysteresis curve pinched at the origin when 
subjected to a bipolar signal. Due to this property, the 
memristor finds uses in a wide range of analog and digital 
applications. Initially, there were Op-Amp-based realiza-
tions available for the memristor [1], but the physical ar-

chitecture was also reported by HP labs based on the tita-
nium oxide (TiO2) based structure [2]. This discovery of 
solid-state memristor attracted circuit designers to realize 
emulator circuits to achieve the characteristics of HP 
memristor using active elements [3]. The input impedance 
function of these emulators is a charge/flux-controlled 
expression and PHL (Pinched Hysteresis Loop) character-
istics are formed in the transient v-i plane when the circuit 
is subjected to a sinusoidal current/voltage input signal. 
The PHL characteristics is a very important phenomenon 
exhibited by the memristive element and its mathematical 
and graphical properties have been investigated for differ-
ent operating parameters by different researchers [4–9].  

In [4], Chua has answered all the popular questions 
regarding the different transient and static characteristics of 
the memristor, and also discussed the classifications of 
memristive systems. An interesting mathematical study has 
been discussed in [5] regarding some unconventional types 
of PHL characteristics generated due to some higher-order 
models of the memristive systems or due to multi-harmonic 
sinusoidal signals. The use of commercially available 
memristor IC (developed by Knowm semiconductors), has 
been shown in the generation of multiple pinch-off charac-
teristics through the application of multi-harmonic signals 
in [6]. The work discussed in [7] gives some insight into 
some non-memristive systems, which generate PHL char-
acteristics in the v-i plane, but do not possess the storage 
feature (like the inverse memristor). A similar kind of study 
has also been presented in [8]. In [9], a very simple math-
ematical model has been shown, which can be used to 
generate the PHL characteristics in the v-i plane. 

The associated fingerprints of the PHL curve have 
been discussed in [10]. On increasing the operating fre-
quency, the area of the PHL curve must get reduced and at 
very high frequency this curve approaches a straight line. 
The PHL is a very important characteristics of the 
memelements and essential for the measurement/verifica-
tion of operating frequency range, non-volatility and resis-
tive nature. The switching of the resistance is described by 
the PHL characteristics of the memristors, which is a re-
quirement of the resistive memories as discussed in [11]. 
According to the work reported in [12], the area of the PHL 
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curve is directly associated with the memory effect of the 
corresponding memelement therefore its right evaluation 
and measurement are important.  

Now, since the memristor exhibits the PHL charac-
teristics in the v-i plane, elements producing the hysteresis 
between charge (q)/flux (ɸ) and voltage (v)/current (i) must 
be memcapacitor/inductor [13], [14]. This is the basis for 
the realization of other memelement emulators. Some pop-
ular memelement emulators can be visited in [15–21], in 
which different PHL curves are shown for the realized 
memelements plotted in their related basic quantity plane 
(v-i, q-v, and ɸ-i respectively).  

In [15], a floating and a grounded universal emulator 
has been presented using multiple second-generation cur-
rent conveyors (CCIIs). The emulator can be used to realize 
all three memelements. Another floating memelement 
interface circuit is reported in [16] by using ICs AD844 and 
AD633, and some floating passive elements. The different 
memelement emulators have been given in [17] by using 
ICs AD844 and AD633 to realize the memristor, memin-
ductor, and memcapacitor, respectively. Another set of 
three memelement emulators to emulate the memristor, 
memcapacitor, and meminductor respectively, have been 
proposed in [18] by employing the CCIIs and OTA (Oper-
ational Transconductance Amplifier). A very important 
design has been proposed in [19] for the emulation of 
memcapacitor emulator based on a piece-wisely linear 
constitutive relation of memcapacitive quantities. Some 
more emulation circuits of meminductor and memcapacitor 
can be found in [20] based on different active elements. In 
[21], a charge-controlled meminductor emulator by using 
Operation Amplifiers (Op-Amps) has been presented. 

It is important to discuss that circuit-based realization 
is the only option to emulate the meminductor/capacitor 
behavior since physical architectures have not been found 
for these memelements. The fingerprints found in the 
memristor PHL, ideally must also be exhibited by the PHL 
characteristics of other memelements. On increasing the 
applied signal frequency, memristor behavior approaches 
a pure resistor with diminishing lobe areas. This property 
must also extend to other memelements (meminductor and 
memcapacitor), i.e. at high frequency the exhibited nature 
by these elements should approach the pure inductive and 
capacitive behavior. Interestingly, in some cases, when the 
memelements are realized by the emulator circuits this 
property is not witnessed in the same way for other 
memelements and their duals just as we observe in the case 
of memristor (through a reduction in the PHL lobes area on 
the rise of applied signal frequency). Now, this unconven-
tionality of these elements as compared to the memristor 
poses some challenges with regards to the measurement of 
their different frequency-related parameters. This short 
article attempts to demonstrate this frequency-affected 
behavior of these elements through mathematical and 
graphical explanations and also endeavors to provide 
a possible solution to avoid the issue of measurement. 

2. Dual Lobe Hysteresis in 
Memelements and Their Duals 
As discussed, the emulator circuits have been popular 

for the realization of memelements. The test signal applied 
across an emulator is always a voltage or current signal 
like: 

    m sini t i t  (1) 

and 
    m sinv t v t . (2) 

For the memristor, we directly plot the characteristics 
between its voltage and current but in the case of memin-
ductance and memcapacitance, the PHL characteristics are 
plotted in the flux-current and charge-voltage planes, re-
spectively.  

To generate the pinched hysteresis curve on the x-y 
plane, the mathematical model was discussed in [9], which 
is shown in (3) 

      
0

d
t

y t a b x k k x t
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Equation (3) is the basis of all the emulators reported 
in popular works on memelement realization. Equation (3) 
produces the PHL curve for x(t) = cos(t) which is shown 
in Fig. 1. 

These characteristics can also be plotted between i 
and dv/dt and, v and di/dt in the case of dual of memin-
ductor and memcapacitor, respectively [22]. Now, if we 
take (3) into account, we can see that if we are modifying 
the frequency then it is also affecting the values of linked 
flux and storage charge associated with the meminductor 
and memcapacitor, respectively. And, these two are the x-
axis quantities, we use for plotting the characteristics. 
Based on (3), PHL characteristics of the memristor, 
meminductor and meminductor-dual have been investi-
gated in different cases. 

Case 1: Memristor  

Equation (4) represents the i-v expression of the flux-
controlled memristor: 

 
Fig. 1. Plot obtained by using (3) for a = 0.1, b = 1. 
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On applying the voltage signal v(t) = cos(t), 
Equation (4) can be modified as: 

      sin cos
b

i t a t t 


        
 (5) 

where a and b are the memelement coefficients and  is the 
operating signal frequency. 

The transient i(t)-v(t) plot of the voltage-controlled 
memristor has been shown in Fig. 2 generated using (5). 
We see that the PHL curves of the memristor realized by 
(5), perfectly follow the stated fingerprints (discussed in 
[9]). Therefore, properly designed emulation circuits based 
on (5) can be the perfect replacements for physical 
memristors. 

The inconsistencies (in the standard fingerprints) arise 
in the meminductor/capacitor emulators, which have been 
described in further cases. 

Case 2: Meminductor 

In the literature, generally, the flux-controlled and 
charge-controlled meminductors have been designed, 
which are discussed below. Here, we have also considered 
the case of di/dt controlled-dual of meminductor, since it is 
also an element that produces the PHL characteristics for 
di/dt input.  

(i) Flux-controlled Meminductor 

Equation (6) depicts the realization expression used 
for the flux-controlled meminductor emulators 
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where      
0
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t t
t k k


 


   for applied sinusoi-

dal voltage signal v(t) = cos(t) at the input of an emulator 
circuit. 

Equation (6) can be written as: 

       1 cos sint tb
i t a

 
  

        
. (7) 

 
Fig. 2. Plots obtained by using (5) for a = 0.1, b = 1. 

 
Fig. 3. Plots obtained using (7) for a = 0.001 and b = 1. 

Now, since sin(t)/ represents the flux of the input 
signal applied to the emulator, it must be used as the x-axis 
quantity. But unavoidably, its amplitude is frequency-de-
pendent quantity, and when i(t)-ɸ(t) curves are plotted, we 
obtain the PHL curves as shown in Fig. 3.  

From Fig. 3 it can be observed that on increasing the 
 value, the horizontal span also decreases, which creates 
an ambiguity regarding the frequency dependency of lobe 
areas.  

Another interesting thing to notice is that both flux-
controlled memristors, as well as the meminductor emula-
tors take the same sinusoidal signal as the input but on the 
x-y plane their PHL curves present a significant difference 
in their extent, even when the LHS quantity is current (i), 
in both cases (as shown in Fig. 4(a) and (b)). The differ-
ence is created due to the x-axis quantity, which is just 
cos(t) in the case of memristor (MR), but becomes 
sin(t)/ for the meminductor (MI). 

 
(a) 

 
(b) 

Fig. 4. PHL curves of FC MI and FC MR plotted at a = 0.01, 
b = 0.1 
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A similar type of behavior can also be observed in the 
charge-controlled memcapacitor (with respect to charge-
controlled memristor), which has the expression as follows: 

      
0

d
t

v t a b q k k q t
 

  
 

  (8) 

where q(t) is the integration of the applied current signal. 

Now, taking current i(t) and di(t)/dt as the inputs 
corresponding to a conventional inductor, we can define 
the two inductive elements. 

(ii) Charge-controlled Meminductor 

We can find the (t)-i(t) of a charge-controlled mem-
inductor as follows; 
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 . (9) 

On applying i(t) = cos(t) at the input of the emulator 
circuit realizing the meminductor expression given in (9). 
Equation (9) can be written as: 

      sin cos
b

t a t t  


        
. (10) 

Now, as this type of meminductor emulator has i(t) as 
the x-axis quantity, no unusual behavior of PHL curves 
with the operating is found in the (t)-i(t) plane. Similarly, 
the flux-controlled memcapacitor emulator also shows 
perfect frequency dependency like the memristor emulator. 

(iii) Dual of Meminductor 

The inductor produces a voltage difference propor-
tional to the change in current with time, which is equiva-
lent to di(t)/dt. Therefore, an element producing the dual-
lobe hysteresis in v-di(t)/dt plane can be defined as: 

        d / dtv t a bi t i t  . (11) 

Although, the equivalent inductance, in this case, will be 
(a +bi(t)), which is representing a current-controlled 
meminductor, but it must be remembered that i(t) is the 
integration of applied input di(t)/dt, therefore, Equation 
(11) becomes a PHL generating function. Such types of 
elements are non-linear inductors but the theory presented 
in [22] defines them as the dual of the meminductor (there- 

 
Fig. 5. Plots obtained by using (10) for a = 0.01, b = 0.1. 

 
Fig. 6. Plots obtained by using (12) for a = 0.1, b = 0.1. 

fore, equally useful in all non-linear circuit applications of 
actual meminductor).  

Applying i(t) = cos(t) at the input of the emulator 
circuit based on (11), Equation (11) can be written as: 

        cos sinv t a b t t     . (12) 

By using (12), the v-di/dt curves are plotted in Fig. 6. 
Due to di/dt = – sin(t), the span of PHL curve increases 
with the frequency  as shown in Fig. 6 (“–”sign in di/dt is 
neglected during plotting). 

The difference in the transient v-i curves realized by 
(12) and the current-controlled memristor (with the same 
coefficients a and b) can be seen in Fig. 7. It can be seen 
that the horizontal span of the curves generated by (12) is 
larger by the factor of operating frequency value than that 
of the memristor.  

It can also be understood that the same phenomenon 
will also be exhibited by such non-linear capacitors (dual of 

 
(a) 

 
(b) 

Fig. 7. Difference between the PHL curves of the memristor 
and dual of meminductor (dMI) for the coefficients’ 
values of a = 0.1, b = 0.1. 
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memcapacitor) (with respect to the flux-controlled 
memristor), which can be defined by the following rela-
tionship; 

        d / dti t a bv t v t   (13) 

with equivalent capacitance to be CM(t) = (a + bv(t)). 

3. Verification of the Presented Theory 
Now, to verify this theory regarding the different 

types of memelements/non-memelements, the emulation 
circuits using OTAs and CCII are employed. Figure 8 de-
picts the meminductor emulator circuit using three OTAs. 

The equivalent flux-current relationship of this 
meminductor emulator is found as; 

 m1 m1 m2
in 3 SS th

1 1 2

g g g
I k V V

C C C
 

 
   

 
 (14) 

where 

 
1 2( )dV V t    (15) 

is the flux and gm1, gm2 and gm3 are transconductance gains 
corresponding to OTA1, OTA2 and OTA3 respectively, 
with k3 being the gain parameter corresponding to gm3, and 

  
0

d
t

t    (16) 

is the time integral of the flux (TIF). 

Now, the equivalent inverse meminductance by using 
(14) can be given as: 

 1 m1 m1 m2
3 SS th

1 1 2

g g g
L k V V

C C C
  

   
 

. (17) 

Experimental Results: 

The presented circuit has been verified through 
breadboard implementation based on the physical ICs 
LM13700 which comprises two transconductance stages 
[23]. Since the proposed circuit requires three OTAs, it can 
be implemented using two LM13700 ICs along with 
biasing resistances and two capacitances. In Fig. 9, the 
breadboard implementation of the realized meminductor 
emulator has been depicted. The passive element values are  

 
Fig. 8. Flux-controlled meminductor emulator designed using 

OTAs. 

 
(a) 

 
(b) 

Fig. 9. PHL plots of LM13700 based meminductor traced at 
the DSO screens: (a) for 1 MHz, (b) for 1.5 MHz. 

selected as C1 = C2 = 4.7 nF and biasing resistances R1, R2 
and R3 are selected as 30 k, 50 k, and 56 k, 
respectively with power supply voltage as ±12 V. It can be 
observed from the plots that on increasing the operating 
frequency the PHL lobe area, as well as the horizontal 
span, gets reduced, which is as per the discussed theory of 
flux-controlled meminductor.  

Emulation Circuits for Dual of Memcapacitor and 
Meminductor:  

The emulation circuits for the dual of meminductor 
and memcapacitor are presented in Fig. 10 and Fig. 11. 

On applying the KVL-KCL analysis, the basic 
relationship between v(t) and i(t) is found as; 

        in 1 0 2 in SS th 1 ind / dtv t R k R i t V V L i t    (18) 

where k0 is the transconductance parameter of the OTA, 
VSS  is the supply voltage and Vth  represents the threshold 

 
Fig. 10. A novel realization of meminductor-dual emulator 

realizing v(t) = (LM(t)) (di(t)/dt).  
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Fig. 11. Designed memcapacitor-dual emulator.  

voltage of internal CMOS transistors. It can be observed 
from (18) that this circuit given in Fig. 10 is realizing the 
dual of meminductor defined by (11). Also, a memcapaci-
tor-dual emulator modeled by (13) has been designed, 
which is shown in Fig. 11. 

On applying the circuital analysis, the equivalent re-
lationship of the realized voltage-controlled memcapacitor-
dual is found as: 

          2
in 1 0 in SS th 2 in

1

d / dt
C

i t R k v t V V C v t
C

 
   

 
. (19) 

Now, to verify these designed circuits, the simulations 
have been performed by using PSPICE for the CMOS 
implementations of OTA and CCII given in [24], [25]. 
Figure 12 shows the PHL characteristics of the current-
controlled meminductor-dual emulator given in Fig. 11, 
plotted between the voltage across inductor L1, vL1, and in- 

 
Fig. 12. Hysteresis curves of the meminductor-dual emulator 

given in Fig. 10 operated at R1 = 1 k, R2 = 50 k, 
L1 = 1000 mH with the peak value of the input, 
IP = 9.5 μA.  

 
Fig. 13. PHL behavior of the memcapacitor-dual for sinusoidal 

input of VP = 0.01 V and R1 = 8 k, C1 = 0.01 nF and 
C2 = 0.075 nF. 

put voltage vin. It can be seen that on increasing applied 
signal frequency, the span of the PHL curve expands in the 
horizontal directions. It was also seen in the MATLAB 
generated plots shown in Fig. 6. 

Similarly, the realized voltage-controlled memcapac-
itor-dual shown in Fig. 11, has also been simulated, whose 
PHL characteristics are given in Fig. 13. 

It should also be mentioned that despite having the 
PHL characteristics, the non-linear inductors/capacitors do 
not possess the storage feature just like the memristor. 

4. Methods to Measure the PHL Char-
acteristics of Meminductor/Memca-
pacitor Emulator to Avoid the 
Discrepancies 
In this section, we have depicted an interesting 

solution to avoid the undesired contradiction observed in 
the frequency response of the PHL curves of memcapacitor 
and meminductor emulators. Figure 14 shows a general 
approach, which is followed to realize a flux-controlled 
meminductor.  

When we plot the ɸ-i curve of the realized memin-
ductor, we pick i(t) from the input and ɸ(t) from the output 
of the integrator. Now, this results in the addition of the 
integration factor k, due to which the actual flux value gets 
scaled up/down. To avoid this, we can use a multiplier 
(with a gain of 1/k) to remove this factor as shown in 
Fig. 15. Now, pure ɸ(t) i.e. integration of the input can be 
obtained. 

Now, in the case of a sinusoidal signal, integration of 
the input voltage results in the multiplication of the 1/ω 
factor, this should also be removed to obtain the pure si-
nusoidal form of flux ɸ(t) independent from the frequency, 
which can be done by adding one more multiplier (with 
gain having a numerical value equal to the operating fre-
quency value), as depicted in Fig. 16.  

 
Fig. 14. Concept of realizing flux-controlled meminductor in 

the conventional circuits. 

 
Fig. 15. Block diagram showing the removal of integration 

factor from input voltage flux. 



380 K. BHARDWAJ, M. SRIVASTAVA, ON THE INVESTIGATION OF FREQUENCY-RELATED FINGERPRINTS OF MEMINDUCTOR … 

  

 
Fig. 16. Method to obtain frequency-independent input voltage 

flux (SG: Signal Generator).  

5. Conclusion 
The issue discussed in the article is related to the de-

lusion created in the measured transient characteristics of 
memelements (memcapacitor and meminductor) and their 
duals realized by the circuit emulators. The emulation cir-
cuits always take current/voltage quantities as the input. It 
is shown that in charge/flux controlled memcapacitor and 
meminductor emulators, on the application of sinusoidal 
current/voltage signal, the measured PHL behavior seems 
to exhibit frequency-related fingerprints contrasting to the 
memristor. However, this behavior is natural as per the 
mathematical models, but it does not let us analyze these 
elements by observing only their PHL plots. In emulator 
circuits of di/dt and dv/dt dependent dual of memcapacitor 
and meminductors, on increasing the applied signal fre-
quency the area of the PHL curve is found to be expanded. 
This behavior has been discussed through the MATLAB 
simulation results, and verified by the experimental results 
and PSPICE-generated simulation results. The MATLAB 
plots show that change in the applied signal frequency also 
affects the horizontal span of the PHL curve exhibited by 
the meminductor/capacitor emulators, which is not found in 
the memristor emulators. Finally, it is clearly shown that 
these disagreements in the PHL characteristics are only 
present due to the employed methods of the measurement, 
the realized nature may have all the desired properties of 
memelement. These inconsistencies will not be found in 
the plotted PHL curves if the reported methods are em-
ployed for the measurements.  
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