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Abstract. Chirp signals are currently widely used in broad-
band and spread spectrum communications due to their ad-
vantageous features, such as immunity to fading noise, low 
power consumption, consistent long-range transmission, 
and constant bandwidth. As a result, they are applied at the 
physical layer of the Internet-of-Things (IoT). This study 
proposes two techniques for encoding and decoding 4-cyclic 
shift chirp symbols, based on addition and subtraction oper-
ations. The proposed techniques have simple structures that 
can be easily implemented using analog circuits. The pro-
posed encoding techniques reveal obviously the relationship 
between cyclic-shift chirp symbols and pulse modulating 
signals (PWM, PPM, and PAM), which is rarely discussed 
in prior research. Moreover, the circuit for encoding and 
decoding of the proposed technique is implemented by dis-
crete commercial devices at low frequency (25–35 kHz) 
which is suitable for sonar and communication under water; 
however this proposed technique is not limited to only low 
frequency but is also capable of being used in high frequency 
band as well which experimental and simulation result show 
agreeing well with each other. 
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1. Introduction 
In communication systems, it is important to translate 

the frequency components of the original information signal 
to a frequency range suitable for the transmission medium 
or frequency multiplexing. This can be achieved through 
modulation, which involves the process of frequency trans-
lation. Analog modulation can be classified into two catego-
ries: angle modulation, including frequency modulation 
(FM), phase modulation (PM), and amplitude modulation 
(AM) [1]. FM is commonly used in communication systems 

due to its improved noise immunity compared to AM. In dig-
ital communication, FM is utilized for frequency encoding 
in FSK [2] and in radar systems such as FMCW [3]. For ra-
dar applications, the chirp signal, which represents fre-
quency modulation with a linear information signal, is em-
ployed for distance and velocity measurements. This type of 
FM signal is referred to as a modulated chirp signal [4] and 
is currently used for data transmission in Lora systems [5]. 

The modulated chirp signal has several advantages. It 
provides high immunity to noise and fading signals as it is 
encoded in both frequency and time. It can be used for data 
transmission over long distances while consuming low and 
fixed energy per bit [6]. Based on the literature review, the 
encoding and decoding of chirp signals can be classified into 
three techniques: digital [7–10], analog [11], and hybrid. 
The digital technique utilizes a signal-processing procedure 
to produce chirp symbols. The common methods for gener-
ating chirp signals consist of two processes [8], [11]. The 
first process involves coding the data into chirp symbols, and 
the second process involves using these chirp symbols as in-
put for frequency modulation. The resulting chirp symbol 
has the form of a sawtooth wave with a positive or negative 
slope that represents the data bits "1" and "0", respectively. 
This chirp symbol is then used as the input for a digital con-
trol oscillator. Alternatively, if the chirp symbol is used as 
the input of a voltage-controlled oscillator, it is referred to 
as a hybrid technique. For decoding the chirp signal, it is di-
vided into two categories: coherent [12] and noncoherent 
[13–16]. The coherent technique involves multiplying the 
received chirp by a reference chirp symbol, while the nonco-
herent technique mainly relies on the fractional Fourier 
transform [13–16]. 

Cyclic-shift chirp encoding or phase modulation of the 
sawtooth signal was first introduced in 2013 [16] and named 
as cyclic-shift chirp in 2014 [17]. A notable feature of this 
encoding signal is that its initial and final instantaneous fre-
quency of the chirp signal are the same. Cyclic-shift chirp 
modulation is widely used for data transmission, but its en-
coding and decoding structures are rarely discussed. Most 
studies on encoding process use either a VCO with a cyclic-  
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shift chirp symbol as the input, or an FPGA. In this paper, 
a simple structure for encoding cyclic-shift chirp signals is 
proposed, which can be realized through analog circuits. Ad-
ditionally, two coherent decoding techniques are presented, 
one utilizing addition and the other subtraction operations. 
The decoded signal produced by these techniques is a hybrid 
PAM-PWM signal, offering versatility in demodulating the 
information signal through either PAM or PWM. The pro-
posed encoding and decoding techniques at low frequency 
(25–35 kHz) band have potential applications in chirp sonar 
transmission and underwater communication [27]. 

The organization of the paper is summarized as fol-
lows: In Sec. 2, the principles of the chirp and cyclic-shift 
chirp signal, their relationship with pulse modulation, and 
the mathematical model of the cyclic-shift chirp symbol are 
discussed. In Sec. 3, the proposed encoding and coherent de-
coding techniques of the cyclic-shift chirp signal are de-
scribed, as well as a frequency analysis of the signal's band-
width and error performance analysis. Section 4 includes ex-
perimental results of real circuits and Matlab simulation re-
sults and illustrations of the spectra and error probability 
performance of the proposed techniques. The conclusions 
are presented in Sec. 5. 

2. Principles 

2.1 Chirp Modulation 
Chirp modulation is a type of frequency modulation 

where the carrier frequency changes in a linear or nonlinear 
manner over time. In digital communication, a chirp signal 
can represent data bits with an increasing frequency (up-
chirp) or decreasing frequency (down-chirp). In mathemat-
ics, a chirp signal can be defined as a signal with a frequency 
that varies linearly with time as given by 

 ( ) 2
c

1cos
2

c t A t tω µ = + 
 

 (1) 

where A is the amplitude of the chirp signal (volt), ωc is the 
angular frequency of the carrier signal (radian/second), μ is 
the chirp rate (radian/second2). According to (1), the instan-
taneous frequency ωi(t) of the chirp signal is determined by 
taking the derivative of the angular phase with respect to 
time, 

 i c( )t tω ω µ= + . (2) 

The frequency of the chirp signal is changed from low to 
high (up-chirp) or from high to low (down-chirp) for μ > 0 
and μ < 0, respectively. The concept of up-chirp and down-
chirp is illustrated in Fig. 1. 

The bandwidth of the chirp signal can be determined 
by the following expression [18], [19]: 

 
s
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R
µ
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Fig. 1.  Example of chirp signal. 

 

Variable Description 
A The amplitude of the chirp signal (volt) 

ωc  
The angular frequency of the carrier signal 
(radian/second) 

μ  The chirp rate (radian/second2) 
Rs  The symbol rate (symbol/second) 

Vp(i)  
The initial voltage level (corresponding to the initial 
phase) of the ith symbol 

Ts  The period of a cyclic-shift chirp symbol 

tdi 
The duration of the first interval of the sawtooth signal 
corresponding to the ith chirp symbol 

Sch(t)  The chirp symbol 
scp(t), scn(t)  The positive ramp and negative ramp signals  

fc  The carrier frequency (Hz) 
kf The sensitivity or gain of the VCO (Hz/volt) 
kv  The slope of chirp symbols (volt/second) 
Fn  The exponential Fourier series coefficient 

ϕFM(t)  The frequency modulated signal 
f0  The fundamental frequency (Hz) 

ρ(si, sj)  
The normalized correlation of the 4-cyclic shift chirp 
symbols 

Es The energy of the cyclic-shift chirp symbol 
D2(si, sj)  The squared Euclidean distance 

Perf  The Rayleigh fading probability 

Tab. 1. List of variables. 

where μ is the chirp rate (radian/second2), T is the time in-
terval for transmitting one data symbol (second), Rs is the 
symbol rate (symbol/second). In order to simple analysis and 
easy understand the various parameters are defined in 
Tab. 1. 

2.2 Relationship between Cyclic-Shift Chirp 
Symbol and Pulse Modulating Signal 
Currently, Lora devices play an important role in the 

IoT and that chirp modulation is used for data transmission 
in this technology [20]. In [17], a new form of bit symbols 
has been introduced to improve the high-speed data trans-
mission performance. More patterns of data symbols can be 
generated by phase encoding of the sawtooth carrier signal, 
where each pattern of the data symbols has a distinct initial 
phase. For example, there are four patterns of data symbols 
for two data bits, as illustrated in Fig. 2(a). The four-bit pat-
terns 00, 01, 10, and 11, each occupy initial phases of the 
sawtooth signal, respectively. The resulting cyclic-shift 
chirp symbol has identical initial and ending phases,  
called as cyclic-shift chirp symbol. When this cyclic-shift chirp 
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Fig. 2. Example relations between chirp symbols, chirp signal, 

and pulse modulating signals for encoding of two data 
bits. 

symbol is passed through a voltage-controlled oscillator 
(VCO), the output is a cyclic-shift chirp signal. This process 
is illustrated in Fig. 2(b). 

In addition, the relationship between cyclic-shift chirp 
symbols and pulse modulating signals (PWM, PPM, and 
PAM) is described. The width of the positive-pulse of the 
PWM signal is proportional to the voltage level of the initial 
phase of the cyclic-shift chirp symbol as depicted in 
Fig. 2(c). The PPM signal is obtained by triggering the rising 
edge of the PWM signal, and the PAM signal is related to 
the cyclic-shift chirp symbol as shown in Fig. 2(d) and 2(e), 
respectively. The proposed coherent decoding techniques 
use this relationship to transfer the information in the form 
of cyclic-shift chirp symbol into the form of either width of 
PWM signal or pulse position of PPM signal or amplitude of 
PAM signal, which provides flexibility in demodulating in-
formation data bits that can be retrieved from either ampli-
tude or width of the pulse signal. 

2.3 Mathematical Model Structure of Cyclic-
Shift Chirp Symbol 
The mathematical model of a cyclic-shift chirp symbol 

is discussed in this subsection. It is in the form of two inter-
vals of a sawtooth signal and can be considered as the com-
position of two parallel straight lines (L1and L2), as shown in 
Fig. 3. The mathematical expression for the symbol is given 
in terms of its lower and upper bounds along the x and y-
axis, which are [xo, xmax] and [ymin, ymax], respectively. The 
mathematical expression is given by 

 
Fig. 3. Model of cyclic-shift chirp symbol. 

 
Fig. 4. Example of cyclic-shift chirp symbols. 
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where m is the slope of the linear line, x1 is the intersection 
points on the x-axis, c1 and c2 are the intersection points on 
the y-axis of two parallel lines L1 and L2, respectively. 

As the mathematical model for the cyclic-shift chirp 
symbol illustrated in Fig. 3 and an example of the cyclic-
shift chirp symbols shown in Fig. 4, the cyclic-shift chirp 
symbol is represented by two intervals of a sawtooth signal. 
The y-axis represents the amplitude (or voltage level) of the 
symbol and the x-axis represents time. The mathematical 
expression is given by 
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
  (5) 

where Vp(i) is the initial voltage level (corresponding to the 
initial phase) of the ith symbol, Vmax and Vmin are the maxi-
mum and minimum amplitude, Ts is the period of a cyclic-
shift chirp symbol, and tdi denotes the duration of the first 
interval of the sawtooth signal corresponding to the ith chirp 
symbol. The duty cycle of the chirp symbol is defined by 

 ( )( )max p

d
V V i

s s

1it
Duty cycle t t

T T
= = −  (6) 

where tVmax and tVp(i) are time at the position of maximum 
amplitude and time at the beginning position of the ith 
symbol, respectively. 
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3. Encoding and Decoding  
of the Cyclic-Shift Chirp Symbol 
The generation of a chirp signal is done by using a volt-

age control oscillator (VCO) that takes a chirp symbol as its 
input. The chirp symbol is recovered at the receiver by using 
a FM demodulator. Due to lack of past research on encoding 
and decoding techniques for cyclic-shift chirp modulation, 
thus, this article proposes new encoding and decoding tech-
niques for cyclic-shift chirp modulation and will be dis-
cussed in the following sections. 

3.1 The Proposed Encoding Technique of  
the Cyclic-Shift Chirp Symbol 
The generation of cyclic-shift chirp symbols is a cru-

cial part of cyclic-shift chirp modulation. The generation can 
be done using either software or hardware. However, practi-
cal hardware techniques are lack in research study. There-
fore, this paper presents a hardware technique for generating 
cyclic-shift chirp symbols, which consists of two parts. 

1) Coding phase signal generating 

The first part of the hardware technique for generating 
cyclic-shift chirp symbols involves generating a coding 
phase signal. The process as illustrated in Fig. 5 involves 
subtracting the analog level (A) related to the data bits from 
Vmax (M), comparing the output with a sawtooth carrier sig-
nal (B), and obtaining the PWM signal (C). The analog level 
is then combined with the sawtooth signal (D), modulated 
with the PWM signal, resulting in the coding phase signal 
(E).  

The initial phase of the sawtooth signal is directly re-
lated to the data-bit symbol. Example waveforms ((A) to (E) 
and (M)) are shown in Fig. 6. 

2) Reference phase signal generating 

The reference phase signal is generated by a similar 
process where the block diagram is depicted in Fig. 7. 

The signals at each stage of the block diagram are 
shown in Fig. 8. 

The signal (F), obtained by subtracting the analog level 
(A) from the maximum level of the cyclic-shift chirp symbol 
(M), is multiplied by the inverse PWM signal (C̅). The re- 

 
Fig. 5. Block diagram for generation of the coding phase 

signal. 

 
Fig. 6. Example waveforms of the block diagram for 

generation of the coding phase signal. 

 
Fig. 7. Block diagram for generation of the reference phase 

signal. 

 
Fig. 8. Example waveforms of the block diagram for 

generation of the reference phase signal. 

sulting signal (H) is then compared with the signal (G), 
which is the product of the carrier sawtooth signal (B) and 
inverse PWM. Thus, the output is the reference phase signal 
(I). 

Combining the output signals of both parts forms the 
complete cyclic-shift chirp symbol. The combined block 
diagram for generation of the cyclic-shift chirp symbol is 
shown in Fig. 9, and the example signals (A), (E), (I), and 
(J) are illustrated in Fig. 10. 
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Fig. 9. Complete block diagram for generation of the cyclic-

shift chirp symbol. 

 
Fig. 10. Example waveforms of a block diagram for generation 

of the cyclic-shift chirp symbol. 

The initial phase of each symbol is proportional to the 
data bit, while the second part of each bit time is the refer-
ence phase signal. The beginning and ending phases of each 
symbol are identical, which is a characteristic of a cyclic-
shift chirp signal. 

3.2 The Proposed Coherent Decoding 
Techniques: Addition and Subtraction 
Operations 
The decoding technique for chirp symbols can be di-

vided into two categories: coherent and non-coherent. The 
coherent decoding method requires synchronization in the 
demodulation process. In general, a preamble used for trans-
mission detection, frame synchronization and frequency 
synchronization, is transmitted at the beginning of each 
packet. The traditional coherent decoding technique in-
volves multiplying the chirp symbol and the negative ramp 
signal to decode the data bits [12]. However, this method has 
non-constant amplitude in the decoding signal, which results 
in ambiguity in determining the reference signal required for 
decoding. Therefore, an additional operation is needed to 
achieve a constant amplitude of the decoding signal. Exam-
ple signals of this decoding method are shown in Fig. 11, 
where the top (A) and middle (B) traces are the chirp and 
negative ramp signals, respectively. The product output (C) 
(shown in the bottom trace) is a shape-like PWM and PAM 
signal whose amplitude of the positive and negative pulses 
is not constant. 

To solve the issue of non-constant amplitude in tradi-
tional coherent decoding method, two new decoding tech-
niques are proposed. The two new techniques are based  
on addition and subtraction operations and use positive and 

 
Fig. 11. Example waveforms of the coherent decoding 

technique based on multiplication operation [12]. 

 
                 (a)                                                      (b) 

Fig. 12. Reference signals: (a) positive ramp, (b) negative ramp. 

 
Fig. 13. Block diagram of coherent decoding based on addition 

operation technique. 

 
Fig. 14. Relationship among signals obtained from the block 

diagram of the coherent decoding based on addition 
operation technique. 

negative ramp signals as necessary carrier signals (shown in 
Fig. 12). 

The mathematical expressions for the ith period of the 
positive ramp (Scp(t)) and negative ramp signals (Scn(t)), can 
be respectively defined by 

 
( )( )

( ) ( ) ( )

cp s

max min
s max min s s

s

1

+  ; 1 ,

S t i T

V V t iT V V i T t iT
T

− − =

−
− − − ≤ ≤

  (7) 
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1) The coherent decoding based on addition operation 
technique 

The block diagram of the technique based on addition 
operation is shown in Fig. 13, with the signals at each stage 
depicted in Fig. 14.  

The technique begins by adding the received chirp 
symbol Sch(t – (i – 1)Ts) to the negative ramp signal 
Scn(t – (i – 1)Ts). Thus, the obtained signal (Q) is expressed 
as follows: 

 ( )( ) ( )( )
( )

( ) ( )
( )
( )

ch s cn s

max min p

s s d

p

s d s

1 1

; 1 1

; 1 .
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i

S t i T S t i T

V V V i

i T t i T t

V i

i T t t iT

− − + − − =

− +


− ≤ ≤ − +


 − + ≤ ≤

 

(9)

 

According to (9), during the encoding period (tdi) or the first 
interval, the output is proportional to Vmax – Vmin + Vp(i), 
whereas the output during the second interval (Ts – tdi) is pro-
portional to Vp(i). When this signal is clipped [21] using the 
reference voltage (VTH = (Vmax – Vmin) / 2), the decoded sig-
nal (O) is given by 

( )( ) ( ) ( ) ( )
( )

p s s d
clip s

s d s

, 1 1 ,
1

0, 1 .
i

i

V i i T t i T t
S t i T

i T t t iT
 − ≤ ≤ − +− − =  − + ≤ ≤

  (10) 

The expression shown by (10) indicates that the positive-
pulse amplitude is proportional to the information signal 
Vp(i), whereas the negative-pulse amplitude is always zero. 
Therefore, the decoded signal can be considered as a PAM 
signal whose duty cycle is in accordance with (6). The dif-
ference is that the signal expressed by (5) is a sawtooth sig-
nal whereas the signal shown by (10) is a square-wave sig-
nal. In addition, width of the positive pulse is proportional 
to Vp(i), it thus can be considered as a PWM signal as well. 
Hence, the decoded signal of the proposed decoding based 
on addition technique is a hybrid PAM-PWM waveform. 

2) The coherent decoding based on subtraction operation 
technique 

The subtraction operation technique is similar to the 
technique of addition operation as the block diagram of de-
coding process shown in Fig. 15. Figure 16 demonstrates the 
example of signals at each state of the decoding process. 

 
Fig. 15. Block diagram for coherent decoding based on 

subtraction operation technique. 

 
Fig. 16. Relationship among signals obtained from the block 

diagram of the coherent decoding based on subtraction 
operation technique. 

Firstly, the received chirp symbol Sch(t – (i – 1)Ts) is 
subtracted from the positive ramp signal Scp(t – (i – 1)Ts), 
and the output signal (N) is as follows:  

 

( )( ) ( )( )
( ) ( ) ( )
( )

( )

ch s cp s

p s s d

p max min

s d s

1 1

, 1 1 ,
,

1 .

i

i

S t i T S t i T

V i i T t i T t
V i V V

i T t t iT

− − − − − =

 − ≤ ≤ − +


− +
 − + ≤ ≤

 (11) 

Note that during the first interval, the amplitude is pro-
portional to the information signal Vp(i), whereas the ampli-
tude during the second interval is proportional to 
Vp(i) – Vmax + Vmin. After rectifying by the 0 V reference sig-
nal (VTH = 0), the decoded signal (O) which is a hybrid 
PAM-PWM signal is obtained. 

In summary, the decoded signal obtained from two pro-
posed coherent decoding techniques based on addition and 
subtraction operations is shape-like hybrid PAM-PWM sig-
nal. As the relationship between cyclic-shift chirp symbol 
and pulse modulation discussed in Sec. 2.2, the decoded 
signal provides flexibility in recovering the information data 
bits which can be retrieved from either amplitude of PAM or 
width of PWM. Additionally, since the amplitude of the de-
coded signal is constant, the nonlinear problem caused by 
the multiplication operation [12] is solved. 

3.3 Encoding Cyclic-Shift Chirp Symbol for n 
Data Bits 
In this subsection, the procedure to design the encoding 

cyclic-shift chirp symbol for n data bits using the proposed 
encoding technique mentioned in Sec. 3.1 is given. The pro-
cedure comprises of the following steps: 

1. Define the minimum and maximum frequency of the 
chirp signal [fmin, fmax]. 

2. Define the minimum and maximum voltage of the 
sawtooth signal corresponding to the minimum and maxi-
mum frequency [Vmin, Vmax]. 

3. Define all possible voltage levels Vp(i) to obtain 2n 
phases, where the difference voltage of each level is 
ΔV = (Vmax – Vmin)/(2N + 1), which can be determined as 
follows: 
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 ( ) ( )p min ,          1, 2,3,..., 2 .nV i V i V i= + ∆ =  (12) 

4. Design an n-bit D/A to provide an analog output 
corresponding to the 2n voltage levels of Vp(i) in step 3. 

5. Define the period of the cyclic-shift chirp symbol or 
sawtooth signal, which relates to the bit rate transmission D 
(bps) and baud rate B (symbols/s) as follows: 

 2log 2nD B nB= =  (13) 
and 

 
s

1 .B
T

=  (14) 

Therefore, 

 s .nT
D

=  (15) 

From the encoding procedure stated above, an example for 
encoding 2 bits/symbol of cyclic-shift chirp is given as 
follows: 

1. [fmin, fmax] = [25 kHz, 35 kHz]  

2. Let kf of VCO be 2 kHz/V and [Vmin, Vmax] are 
[0, 5 V]. 

3. ( )p 2
5 00  = (1)
2 1

V i i i− = +  + 
;  1, 2,3, 4i =  

4. i = D1 × 21 + D0 × 20 + 1 where D1, D0 are most and 
least significant bit, respectively and the voltage of initial 
phase is Vp(i) = i, which corresponding to the initial phase is 
i(2π/5) radians. 

5. D = 9600 bps, then Ts = n/D = 2/9600 s and 
B = 1/Ts = 4800 symbols/s. 

3.4 Spectral and Bandwidth Analysis 
This subsection describes the mathematical analysis of 

the bandwidth of a chirp signal. The standard method of cal-
culating the bandwidth of a chirp signal is given by (3) but 
a different approach is also presented in this subsection. The 
new approach involves considering the chirp signal as a fre-
quency modulated (FM) signal, where the information sig-
nal is represented by a chirp symbol. The chirp symbol has 
positive and negative slopes (s and −s respectively) to en-
code data bits "1" and "0". Figure 17 shows examples of 
chirp symbols for consecutive data bits "0" (upper), "1" 
(middle), and alternating "1" and "0" (bottom). These chirp 
symbols are shaped like negative slope sawtooth signals, 
positive slope sawtooth signals, and triangular wave signals, 
respectively. 

To calculate the effective bandwidth, a mathematical 
analysis will be derived based on the positive-slope sawtooth 
signal. As per (7), for i equal to 1, one period of the positive-
slope sawtooth signal can be expressed as follows: 

 ( ) max min
cp s

s
,            0 .

V V
S t t t T

T
−

= ≤ ≤  (16) 

 
Fig. 17. Example of chirp symbols used in the analysis. 

The output frequency when the positive-slope saw-
tooth signal is fed to a VCO with a frequency sensitivity of 
kf is expressed as follows: 
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where ∆  is (fmax – fmin) and the output of the VCO is the FM 
signal, which can be written as  
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In (18), Ac represents the amplitude of the FM signal (volt), 
fc is the carrier frequency (Hz), kf is the sensitivity or gain of 
the VCO (Hz/volt) , and f0 is the fundamental frequency of 
the chirp symbol (Hz), which is inversely proportional to the 
duration Ts. The exponential Fourier series coefficient Fn can 
be determined by 

 
s

0j 2
FM

s 0

1 ( ) e d
T

n f t
nF t t

T
πφ −= ∫  (19) 

where Ts is the period of the chirp symbols, ϕFM(t) is the fre-
quency modulated signal, f0 is the fundamental frequency 
(Hz). When substituting (18) into (19), the following expres-
sion is obtained: 
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According to (20), the Fresnel integrated form [22] is 
obtained where 
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and 
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then (20) is rewritten as follows:  
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    (23) 
By defining u1 and u2 as in (24) and (25): 
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and using the relation between the exponential Fourier series 
coefficient and trigonometry Fourier series coefficient: 
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  (26) 
By using the trigonometry Fourier series coefficients, 

the plots of one-side magnitude spectra; determined by 
2 2

n n nc a b= + ; for frequency deviation Δ1 = 7 kHz and Δ2 = 
10 kHz where the fundamental frequency of chirp symbol f0 
is 10 Hz and carrier frequency fc is 30 kHz are depicted in 
Fig. 18.  

The obtained –3dB bandwidths, defined by 
f3dBH – f3dBL, are 7 kHz and 10 kHz, respectively, which are 
in accordance with the setting parameters. 

Typically, f3dBH = fmin + μTS and f3dBL = fmin + μ(0) for 
0 ≤ t ≤ Ts, therefore, the bandwidth of the chirp signal can be 

 
Fig. 18. Example magnitude spectrum of chirp signal plotted by 

using the foraminal trigonometry Fourier series coeffi-
cients. 

 
Fig. 19. Graphical relation between input signal and output 

frequency of the VCO. 

calculated by 

 
( ) ( )

( )( ) ( )( )
s

min s min s

0

0 .

BW f T f

f T f Tµ µ µ

= −

= + − + =
 (27) 

From Fig. 18, it is found that fmin = 26.5 kHz and 
μ1 = 1.05 × 105 Hz/s for Δ1 = 7 kHz, fmin = 25 kHz and 
μ2 = 1.5 × 105 Hz/s for Δ2 = 10 kHz. For Ts = 1/f0, the calcu-
lated bandwidths for both cases using (27) are also con-
firmed to be 7 kHz and 10 kHz. 

In this paper, an alternative method for approximating 
the bandwidth of the chirp signal is proposed. The relation-
ship between the input voltage and output frequency of the 
VCO is considered, as the chirp signal is generated by feed-
ing the chirp symbol as an input to the VCO. The relation-
ship is graphically represented in Fig. 19, with the mathe-
matical expression provided as 

 ( )( ) f v f o cv t k k t k v tω µ ω= + = +  (28) 

where vo  voltage level at free running state of the VCO.  

As seen in (28), the chirp rate μ is kvkf = 
(Δv/Δt)∙(Δω/Δv) = Δω/Δt (rad/s2) where Δv, Δω and Δt are 
the change of voltage, frequency and time, respectively. 
Hence, by comparing to (27), bandwidth of the chirp signal 
can be approximated by 

 f v s .BW k k T≈  (29) 

3.5 Error Performance Analysis of 4-Cyclic 
Shift Chirp Signal 
In this section, an error analyses of the 4-cyclic shift 

chirp signal are conducted, similar to [23], [24]. They con-
sider a set of 4-cyclic shift chirp symbols, where each sym- 
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Fig. 20. Graphical representation of 4-cyclic shift chirp 

symbols. 

bol (i = 1, 2, 3, 4) can be expressed mathematically as 
follows: 
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s s
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5 5

,
5 5
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Tit T t i
s t

T T
t i i t T
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   + − < <   
   = 

  − < <   

 (30) 

and graphical representation of four symbols is shown in 
Fig. 20. 

According to Fig. 20, the normalized correlation of the 
4-cyclic shift chirp symbols (ρ(si,sj)) is described as follows: 

 ( ) ( ) ( )
s

s 0

1, d
T

i j i js s s t s t t
E

ρ = ∫  (31) 

where Es is the energy of the cyclic-shift chirp symbol. 
When the 4-cyclic shift chirp symbols are combined and cor-
related, the total of six correlations are produced, denoted as 
ρ(si,sj), i ≠ j for i, j = 1,2,3,4. The results are depicted in 
Fig. 21.  

 
Fig. 21. Normalized values of six correlations of 4-cyclic shift 

chirp symbols. 

 
Fig. 22. Six normalized squared Euclidean distances of 4-cyclic 

shift chirp symbols. 

Next, the correlation value is used to calculate the 
squared Euclidean distance D2(si,sj) as follows: 

 ( ) ( )( )2
s, 2 1 , .i j i jD s s E s sρ= −  (32) 

The squared Euclidean distance is normalized by 2Es; the 
results are shown in Fig. 22. 

According to Fig. 22, the lowest value is taken to 
calculate the maximum probability as given by 
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0.23992 2
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For Rayleigh fading probability (Perf), it is given by  
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whose maximum value of Perf is obtained when 
ρ(s1,s2) = 0.76 [24], [25].  

4. Simulation and Experiment Results 

4.1 Simulation Results 
In this section, the encoding and decoding of 4-cyclic 

shift chirp symbols, each representing two data bits, are sim-
ulated using MATLAB. The block diagram using for encod-
ing and decoding the 4-cyclic shift chirp symbols based on 
the proposed techniques is depicted in Fig. 23.  

The parameters in this simulation are: frequency of 
chirp symbol f0 = 10 Hz, minimum frequency of chirp signal 
fmin = 25 kHz, maximum frequency of chirp signal 
fmax = 35 kHz, gain of VCO kf = 2 kHz/volt, and 
kv = 5 volt/ms. The results of the simulation results are 
shown in Fig. 24. 

Figure 24(a) shows the analog level representing each 
two-bit pattern and Figure 24(b) depicts the corresponding 
4-cyclic shift chirp symbol. It can be seen that the initial and 

 
Fig. 23. Blocks diagram for encoding and decoding of 4-cyclic 

shift chirp signals based on the proposed techniques. 
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Fig. 24. Four cyclic-shift chirp symbols and signals: (a) analog 

data, (b) 4-cyclic shift chirp symbols, and (c) 4-cyclic 
shift chirp signal. 

 
Fig. 25. Decoder outputs of 4-cyclic shift chirp based on the 

proposed algorithms (a) addition, (b) subtraction. 

ending voltage levels of each symbol are equal, which is 
a characteristic of cyclic-shift chirp symbols. As seen in 
Fig. 24(c), the frequency of the chirp signal varies according 
to the magnitude of the cyclic-shift chirp symbols. 

The decoding process takes place in the receiver, which 
consists of an FM demodulator and a cyclic-shift chirp de-
coder. The simulation results of the two proposed decoding 
techniques (addition and subtraction algorithms) are shown 
in Fig. 25.  

It is observed that the decoded signals from both tech-
niques are in the form of a hybrid pulse amplitude modula-
tion (PAM)-pulse width modulation (PWM) waveform. Fur-
thermore, the amplitude and width of the first interval of 
each period of the decoder output are related to the infor-
mation, and the data can be retrieved from either the ampli-
tude or width of the decoder output when compared to the 
cyclic-shift chirp symbol at the transmitting side 
(Fig. 24(b)). 

In addition, when the chirp signal shown in Fig. 24(c) 
is passed through a spectrum analyzer, the bandwidth of the 
signal is shown in Fig. 26. 

The –3dB bandwidth, as determined from the graph, is 
10 kHz. To confirm the approximated bandwidth analysis 
presented in Sec. 3.4, the bandwidth calculated using (29) 
for kf = 2 kHz/volt, kv = 5 volt/ms, and Ts = 1/f0 = 1 ms  
is 10 kHz. Thus, it is confirmed the proposed mathematical  

 
Fig. 26. Spectrum of chirp signal from simulation. 

 
Fig. 27. Decoder outputs of 4-cyclic shift chirp based on the 

proposed algorithms for SNR = 5 dB: (a) addition,  
(b) subtraction. 

 
Fig. 28. Decoder outputs of 4-cyclic shift chirp based on the 

proposed algorithms for SNR = 10 dB: (a) addition,  
(b) subtraction. 

analysis for bandwidth approximation of the cyclic-shift 
chirp signal agrees well with the simulation result. 

In this study, the error probability performance of the 
4-cyclic shift chirp data transmission is simulated under ad-
ditive white Gaussian noise. Figures 27 and 28 illustrate the 
decoded signals using addition and subtraction algorithms 
for SNR values of 5 dB and 10 dB, respectively. 

The error probability of the proposed technique for ad-
ditive white Gaussian noise for analytical (calculated using 
(33)) and simulation in the range of 0–35 dB is depicted by 
the black bold line and triangle plot in Fig. 29.  

The error probability for 2-ary chirp and 4-ary chirp 
over Rayleigh fading channel from [23] is shown by the 
dash-dotted line and dash line, respectively. The dotted line 
and star symbol represent the analytical (calculated using 
(34)) and simulation Rayleigh fading probability of the 4-
cyclic shift chirp signal, respectively. 
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Fig. 29. Error probability performance. 

4.2 Experiment Results 
To confirm the process for generating encode and de-

code 4-cyclic shift chirp that it is proposed as Fig. 9, Fig. 13 
and Fig. 15, the analog circuit is fabricated by the discrete 
devices which the multiplier circuit is constructed with IC 
operational transconductance amplifier (OTA) No.13700 
and their input and output are modified with attenuating in-
put and amplifying output signals in order to get ideal mul-
tiplier because of pure OTA has linear operation input about 
100 mV while the pure output form OTA multiplier is am-
plified by non-inverting amplifier 15 of gain and IC XR2206 
is used to be voltage controlled oscillator for generating 
chirp signal and all of circuits are shown in Fig. 30. Voltage 
supply +V and −V are +6 V and −6 V, respectively. 

For experimental results from the real circuit, which is 
shown in Fig. 30, the 10 Hz frequency of ramp signal is pro-
vided, 5 Vpp amplitude and offset DC 2.5 V and R = 1 kΩ, 
Rf = 10 kΩ, Rx = 13 kΩ and Ry = 1 kΩ. All of experimental 
results are shown in Fig. 31 to Fig. 35. 

 
(a) The encoding circuits. 

 
(b) The voltage control oscillator with XR2206. 
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(c) The decoding circuits. 

Fig. 30.  The encoding and the decoding circuits based on the proposed techniques. 

 
(a) The upper trace is analog data (A)  

and the bottom trace is positive ramp (B). 

 
(b) The upper trace is analog data (A)  

and the bottom trace is 4-cyclic shift chirp symbols (J). 

Fig. 31.  The 4-cyclic shift chirp symbols experiment results. 

 
(a) The upper trace is 4-cyclic shift chirp symbols (J)  

and the bottom trace is negative ramp (P). 

 
(b) The upper trace is output from summing amplifier for decoding 

addition operation technique (Q) and the bottom trace is a hybrid PAM-
PWM from clipping operation (O).  

Fig. 32. The coherent decoding experiment results based on 
addition operation technique. 

 
(a) The upper trace is 4-cyclic shift chirp symbols (J)  

and the bottom trace is positive ramp (M). 

 
(b) The upper trace is output from differential amplifier for decoding 
subtraction operation technique (N) and the bottom trace is a hybrid  

PAM-PWM from clipping operation (O). 

Fig. 33.  The coherent decoding experiment results based on 
subtraction operation technique. 
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Fig. 34.  Illustration of experiment results of 4-cyclic shift chirp 

symbols (J), chirp signal and spectrum of chirp signal. 
The upper trace is 4-cyclic shift chirp symbols, the mid-
dle trace is chirp signal and the bottom trace is spectrum 
of chirp signal. 

5. Conclusions 
This study proposes techniques and a mathematical 

analysis for encoding and decoding the 4-cyclic shift chirp 
signal. The proposed encoding method is simple to imple-
ment and is based on a mathematical model of the cyclic-
shift chirp symbol. The proposed decoding technique em-
ploys two coherent methods, one based on addition and an-
other on subtraction. The resulting decoded signal is a hybrid 
PAM-PWM waveform, providing flexibility in demodulat-
ing the information signal, which can be retrieved from ei-
ther amplitude or width. Additionally, the decoded signal 
has constant amplitude, improving the accuracy of determin-
ing the reference signal compared to conventional tech-
niques [12]. The relationship between cyclic-shift chirp 
modulation and pulse modulation (PAM, PWM, PPM) is 
discussed to understand how the information of the chirp 
symbol is represented in amplitude, width, or pulse position. 
The analytical frequency components of the cyclic-shift 
chirp signal are presented to determine its bandwidth, and 
a formula for approximating its bandwidth is obtained. The 
error performance of the 4-cyclic shift chirp signal under ad-
ditive white Gaussian noise and fading noise is also ana-
lyzed. To validate the proposed techniques and mathemati-
cal analysis, the simulations and experiment of the 4-cyclic 
shift chirp signal were conducted using MATLAB and a real 
circuit, respectively. The results show that the proposed en-
coding and decoding methods effectively modulate and de-
modulate the 4-cyclic shift chirp signal, and the bandwidth 
determined from simulation and experiment matches that 
obtained using the proposed formula. The error probability 
performance of the 4-cyclic shift chirp signals under additive 
white Gaussian noise and fading noise is also demonstrated 
and is shown to have similar behavior to other techniques. 
Moreover, the experiment with real circuits show that the 
proposed technique can also work well in hardware. 
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