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Abstract. Weak target detection is a great challenging in 
radar field. To detect the weak targets with beam migra-
tion, a novel tri-dimensional time model (i.e. fast time, slow 
time, and beam time) and a novel tri-dimensional signal 
model which based on the time model are set up firstly. 
Then, according to the presented models, we propose two 
multi-beam associated (MBA) coherent integration algo-
rithms based on time-shared multi-beam (TSMB) and 
space-shared multi-beam (SSMB), respectively. The two 
proposed algorithms could both eliminate beam migration 
via associating multi-beam and realize coherent integra-
tion via discrete Fourier transform. According to different 
beam scanning modes, the subsequent analyses show that 
the MBA coherent integration algorithm based on SSMB 
(MBACIA-SSMB) may have a better detection performance 
than that based on TSMB (MBACIA-TSMB). Moreover, the 
capabilities to estimate the target’s radial velocity and 
tangency velocity are analyzed. Finally, some numerical 
experiments are given to verify the performances of 
MBACIA-TSMB and MBACIA-SSMB. 

Keywords 
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1. Introduction 
Weak moving target detection is widely studied in ra-

dar field. In general, the target with low radar cross section 
(RCS), high-speed and high-maneuvering target with lim-
ited available energy and the far-range target could be 
treated as weak targets [1], [2] These targets have a com-
mon characteristic, i.e., the signal-to-noise ratio (SNR) of 
target’s echo is low and cannot be detected via traditional 
methods. An effective way to improve the detection per-
formance of weak targets is increasing integration time. 
According to the echoes’ phase information whether being 
utilized or not, the long time integration methods can be 
categorized into three kinds: coherent integration [3–18], 

incoherent integration[19–24] and hybrid integration. 
Compared with coherent integration, incoherent integration 
has a lower integration gain as the phase information is 
discarded. The integration gain of hybrid integration is 
better than that of incoherent integration but worse than 
that of coherent integration [25]. Thus, coherent integration 
has a best integration detection performance. 

At present, the studies of weak target’s coherent inte-
gration detection are focused on how to compensate range 
migration and Doppler migration effectively. To eliminate 
range migration, some typical methods are adopted, e.g., 
Keystone transform (KT) [8], [9], Hough transform (HT) 
[19–21], Radon transform (RT) [22], Dynamic program-
ming (DP) [23], [24], second-order KT (SOKT) [26–29] 
and so on. Generally, the phase of echoes could be mod-
eled as polynomial phase signal (PPS), so Fractional Fouri-
er transform (FRFT) [5–7], Discrete Chirp-Fourier trans-
form (DCFT) [17], [30] and so forth are adopted to com-
pensate Doppler migration. In addition, some methods can 
compensate range migration and Doppler migration simul-
taneously, e.g. Generalized Radon-Fourier transform 
(GRFT) [14], [15], Radon-Fractional Fourier transform 
(RFRFT) [1], [16], Improved Axis Rotation Fractional 
Fourier transform (IAR-FRFT) [31] and Improved Axis 
Rotation Discrete Chip-Fourier transform (IAR-DCFT) 
[32], etc. Although the algorithms introduced above can 
compensate range/Doppler migration, the research of weak 
target’s beam migration is scarce currently. On the one 
hand, with high-speed aircraft developing, the hypothesis 
that target lies in a beam during a coherent integrated time 
(CIT) maybe invalid. On the other hand, when the target 
echoes’ energy, which is integrated in a beam, is not high 
enough, the coherent integration method based on multi-
beam associated may be a potential way to detect the 
weaker target. So, it is necessary to study the detection of 
weak target with beam migration.  

The remainder of this paper is organized as follows. 
In Sec. 2, we set up a tri-dimensional time model firstly, 
i.e., time divides into three parts: fast time, slow time, and 
beam time. Accordingly, a tri-dimensional signal model is 
proposed. Because radar multi-beam mode consists of 
time-shared multi-beam (TSMB) and space-shared multi-
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beam (SSMB), we propose two multi-beam associated 
(MBA) coherent integration algorithms based on TSMB 
and SSMB respectively in Sec. 3. Subsequently, the algo-
rithm flowcharts and performance analyses are given. In 
Sec. 4 some numerical experiments are provided to verify 
the performance of MBA coherent integration algorithm 
based on TSMB (MBACIA-TSMB) and MBA coherent 
integration algorithm based on SSMB (MBACIA-SSMB). 
Finally, some conclusions are given in Sec. 5. 

2. Time Model and Signal Model 
Suppose that the linear frequency modulated (LFM) 

pulse signal p(t), which is transmitted by a phased array 
radar, may be written as  
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, t is the time, Tp is the pulse 

duration, Kr is the chirp rate of LFM signal, and fc is the 
radar carrier frequency.  

Let pr Bd
ˆ ˆ

m lt t t t t mT lT= + + = + +  (2) 

where t̂ is the fast time, tm is the slow time, m is the number 
of pulses, Tpr is the pulse repetition interval (PRI), and the 
pulse repetition frequency (PRF) equals 1/Tpr. tl is defined 
as the beam time, l is the number of beams, TBd is the beam 
dwell time (BDT) which is the time that main beam dwell 
at some direction, the beam revisit frequency (BRF) equals 
1/LTBd, and L is the total number of directions that beam 
should scan. Figure 1 shows the time model and the rela-
tionship between t̂, tm and tl. 

Suppose that the receiving array is a linear array, 
which consists of N antenna elements equally spaced 
a distance d apart. The elements are assumed to be iso-
tropic radiators in that they have uniform response for 
signals from all directions [33]. When the beam points at 
direction θd, the sum of all outputs from the individual 
elements can be written as 
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where Ar is the complex amplitude of the echo, λ is the 
wavelength and θ is the direction-of-arrival (DOA) of 
signal. The one-dimensional radiation pattern which points 
at direction θd may be 
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Fig. 1. Time model and relationship between ̂t, tm and tl 

(tm = mTpr, tl = lTBd). 
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Assume that the beam only scans along azimuth axis. 
Then, the beam scanning model of the radar is 
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where θd0 is the initial azimuth direction at which the beam 
points, ((∙))L is the operation of modulo L and θB,3 dB is the 
half-power (3 dB) beamwidth. 

Assume that there is a point scattering air target with 
a constant velocity v and the angle between radar boresight 
direction and the target motion direction is α. Thus, the 
target’s radial motion model may be given as 

 ( ) 0 r Bd pr0,1, 2, , ,, /m mR t R v t m M M T T= + = … =  (6) 

where R0 is the initial range, vr = v cos(α) is the radial ve-
locity. Accordingly, the target’s tangency velocity vt equals 
v sin(α). 

Consider that R(tm) is changing with tm, the target’s 
tangency motion model is nonlinear and may be provided as 

( ) 0 v Bd pr0,1, 2, , ,, /m mt t m M M T Tθ θ θ= + = … =   (7) 

where θ0 is the initial azimuth, θv is the angular velocity, θa 
is the angular acceleration. Accordingly, the target’s tan-
gency angular velocity θv(tm) = θv + θa tm. As we know, the 
relationship between angular velocity θv(tm) and tangency 
velocity vt is 

 ( ) ( )
t
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v
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R t
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Substituting (6) and θv(tm) = θv + θa tm into (8) and neglect-
ing the second-order term, we may get 
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Fig. 2. Tri-dimensional signal model. X-axis represents the 
azimuth θ or beam time tl; Y-axis represents the slow 
time tm; Z-axis represents the fast time t̂. 

Assume that the radar works in far-field case and the 
initial range R0 is several hundred kilometers, so θv is small 
while θa is nearly equal to zero which could be neglected. 
Thus, (7) could be simplified as 

 ( ) 0 v Bd pr0,1, 2, , /,m mt t m M M T Tθ θ θ= + = … = . (11) 

After coherent demodulation and pulse compression 
(PC), the tri-dimensional signal echo (Fig. 2) may be repre-
sented as 
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where A is the complex amplitude of echo after PC, 
B = Kr × Tp is the transmitted signal bandwidth and c is the 
speed of light. 

Assume that the radar’s beamwidth is relative narrow, 
the follow approximation may be established, i.e, 

 ( )( ) ( )sin ,m mt tθ θ≅  (13) 

 ( )( ) ( )d dsin l lt tθ θ≅ . (14) 

Let d = λ/2, and substituting (13) and (14) into (12), then  
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Substituting (6), (11) into (15), then  
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, then (16) can be rewritten as 
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Define Tacross as the time that the target flies across θB,3 dB, 
then 
 t across 0 B,3dBv T R θ=  (18) 

where  
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2
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and D is antenna dimension. 

According to (9), (18), (19), we can obtain  
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Substituting (20) into (16), the tri-dimensional echo signal 
may be given as 
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The target’s Doppler frequency is defined as 
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Fig. 3. Process of MBACIA-TSMB. (a) The relationship be-
tween target’s azimuth and the azimuth direction at 
which the beam points. And target’s azimuth and the 
beam direction are superposed at the shadow regions. 
(b) The echoes in different beams are concentrated in 
a beam via multi-beam association process. 

 d,r r2 /f v λ= . (22) 

Moreover, to estimate the target’s tangency velocity, 
we extend the concept of Doppler frequency to tangency 
Doppler frequency, which is defined as 

 ( )d,t across1 / 2f T= . (23) 

We define fd,r as a positive frequency when the target 
moves toward the radar, and fd,t is a positive frequency 
when the target flies across θB,3 dB in a clockwise direction 
(i.e., from left to right). Then (21) may be represented as 
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In (24), the first exponential term is the phase value caused 
by target’s radial motion. The second exponential term is 
the phase value caused by target’s tangency motion. The 
third exponential term is the phase value caused by the 
azimuth direction at which the beam points. 
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(b) 

Fig. 4. Process of MBACIA-SSMB. (a) The relationship be-
tween target’s azimuth and the azimuth direction at 
which the beam points. Different shadow regions 
represent different beams. (b) The echoes in different 
beams are concentrated in a beam via multi-beam 
association process. 

3. Coherent Integration Algorithm for 
Weak Target with Beam Migration 
According to the different radar systems, multi-beam 

mode consists of TSMB and SSMB. In this section, we 
propose two MBA coherent integration algorithms based 
on TSMB and SSMB respectively, i.e. MBACIA-TSMB 
and MBACIA-SSMB. Subsequently, the algorithm 
flowcharts and performance analyses are given.  

3.1 MBACIA-TSMB 
That the multi-beam is generated in a time sequential 

(time-shared) manner is regarded as TSMB. Figure 3(a) 
shows the relationship between the azimuth direction at 
which the beam points and target’s azimuth. 

In Fig. 3(a), θ represents azimuth. θd0, θd1, θd2,…,θd,L–1 
are the L directions that beam should scan. tl is the beam 
time. The beam point at θd0 when l = 0, the beam point at 
θd1 = θd0 + θB,3 dB when 1=l , and so on. The shadow re-
gions represent the different beam directions in different 
beam time. The broken line is the motion track of a moving 
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target. The initial azimuth of the target is θ0, and the target 
flies across several beams during the observation time. It 
should be noticed that the target’s azimuth and the beam 
direction are superposed at the shadow regions. So, there 
are no target’s echoes when the target lies in the region A0 
and A1. 

To detect the weak target with beam migration, co-
herent integration is an effective method. Although the 
received signal is continuous in time, the signal’s phases 
are different in different azimuths, i.e., the third exponen-
tial term in (24) is different for different beam directions. 
So, we can realize multi-beam associated coherent integra-
tion via compensating the third exponential term, i.e., 
MBACIA-TSMB. Let us define a phase compensation 
factor 

 ( )( ) ( )( )phase
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1exp j .
2L

l L

NF lπ θ− =  
 

 (25) 

Then, the received signal may be rewritten as 
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Figure 3(b) shows that the signal received from dif-
ferent beam directions may be regarded as a signal re-
ceived from a same beam direction by adopting the phase 
compensation factor. It is also known that the beam migra-
tion has been eliminated. Subsequently, the coherent inte-
gration algorithm for weak target without beam migration 
may be performed, e.g., Moving Target Detection (MTD) 
[33], Improved Axis Rotation MTD (IAR-MTD) [34], and 
so on. However, it should be noticed that there are no tar-
get’s echoes in the region B0 and B1. 

3.2 MBACIA-SSMB 
That the multi-beam is generated in a space-shared 

manner is regarded as SSMB, i.e., radar forms several 
beams at the same time. That means several beams point at 
θd0, θd1, θd2,…,θd,L–1 simultaneously whether what l equals. 
So, (2) may be degraded into  
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Similarly, (24) may be rewritten as 
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Figure 4(a) gives the relationship between the azi-
muth direction at which the beam points and target’s azi-
muth. tm represents the slow time. θ represents azimuth. θd0, 
θd1, θd2,…,θd,L–1 are the L directions that beam should cover. 
Similar to Fig. 3, there is a same moving target and the 
broken line represents the target’s motion track. Because L 
directions are covered by beam simultaneously, the re-
ceived signal of radar includes target’s all echoes, which is 
different from the case in TSMB.  

To detect weak target with beam migration in SSMB 
mode, a coherent integration algorithm MBACIA-SSMB is 
proposed as follows. Firstly, a phase compensation factor 
is defined as 

 phase
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1exp j , 0,1, 2, 1.
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Then, the received signal of different beams may be written 
as 
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Finally, these signals are summed together, then we obtain 
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Figure 4(b) shows that the signal received from dif-
ferent beam directions may be regarded as a signal re-
ceived from a same beam direction via phase compensation 
and the operation of sum. Because the beam migration has 
been compensated, the coherent integration algorithm for 
weak target without beam migration may be adopted sub-
sequently, e.g., MTD, IAR-MTD, and so on. 
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Fig. 5. Flowcharts of multi-beam associated coherent integration algorithm. (a) Flowchart of MBACIA-TSMB. (b) Flowchart of MBACIA-SSMB. 
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3.3 Algorithm Flowchart and Performance 
Analysis 

3.3.1 Algorithm Flowchart 

Figure 5 gives the flowcharts of MBACIA-TSMB and 
MBACIA-SSMB, respectively. In Fig. 5(a), the number of 
beams should be associated, i.e., l, is predetermined firstly 
according to radar parameters, dwell time of antenna beam 
TBd, half-power beamwidth θB,3 dB and the prior knowledge 
of target’s tangency velocity. Then, demodulation, PC and 
phase compensation are completed, respectively. Subse-
quently, the different data from the different beams will be 
assembled in beam scanning time sequence. Thus the beam 
migration is eliminated and all data have been concentrated 
in a beam. Then, to compensate range migration and real-
ize coherent integration, the coherent integration algorithm 
for weak target without beam migration (e.g., IAR-MTD) 
may be adopted subsequently. Furthermore, the range-
Doppler plane is constructed via Fast Fourier transform 
(FFT). Finally, carry out the constant false alarm ratio 
(CFAR) detection to confirm a target. If targets exist, the 
motion parameters and the number of the targets will be 
estimated. Except that l is determined by radar work mode 
and the data from different beams will be summed up, the 
other processes in Fig. 5(b) are identical to those in 
Fig. 5(a). 

3.3.2 Performance Analysis 

MBACIA-TSMB can increase CIT via compensating 
phase difference of different beams. However, because 
both the radar’s beam and the target are moving, the num-
ber of collected target’s echoes may decrease, which will 
result in the coherent integration gain decreasing. 
MBACIA-SSMB can also increase CIT and may collect 
target’s all echoes because radar’s beams cover all direc-
tions of interest. However, the summation of all data of 
different beams will lead to noise power increasing. So, the 
choice of l will affect the coherent integration performance. 

As we know, Discrete Fourier transform (DFT) can 
serve as Doppler filter banks to detect a moving target. For 
the weak target with constant velocity, carry out FFT along 
slow time dimension will result in a peak in some frequen-
cy. So it seems that the peak may appear at (–fd,r + fd,t) ac-
cording to (26) or (30) and fd,r , fd,t cannot be distinguished. 

But, in fact, fd,r and fd,t can be distinguished. On the 
one hand, according to (22) and (23), we can know that  
|fd,r| >>|fd,t| in general when vr ≠ 0. On the other hand, it is 
well known that the Doppler frequency resolution is de-
cided by the effective observation time, i.e., CIT. Therefore, 
fd,r may be estimated firstly by Doppler filter banks with 
low Doppler frequency resolution via a shorter CIT. And 
then compensate the phase of echoes via exp(j2π fd,r tm). 
Finally, fd,t may be estimated by Doppler filter banks with 
high Doppler frequency resolution via a longer CIT. 

4. Simulations and Comparisons 
To verify the performance of MBACIA-TSMB and 

MBACIA-SSMB, some numerical experiments are pro-
vided in this section. The experiment parameters are given 
as follows: N = 178, θd0 = 0 rad, θB,3 dB = 0.01 rad, 
θ0 = 0.003 rad, R0 = 100 km, fc = 150 MHz, B = 10 MHz, 
Tp = 5 μs, GPC = 10 log10(Tp × B) = 16.99 dB, PRF = 30 kHz, 
fs = B, CIT Tintegration = 1 s, false alarm probability Pfa = 10–6, 
the number of Monte Carlo experiments is 200 times. 

4.1 Simulation 1 
The first simulation example shows the performance 

of MBACIA-TSMB. The motion parameters of a moving 
target are given as follows: vt = 10 km/s ≅ 30 Mach 
(θv = 0.1 rad/s), vr = 0 m/s. The beam scanning parameters 
are: TBd = 0.1 s, L = 10. The input SNR is assumed to be 
0 dB. 

Figure 6(a) shows that the target’s echoes are distrib-
uted in the first three beams. The echoes are not continuous 
for the asynchronism in azimuth direction between beam 
and target. After the initial observe time, there are no tar-
get’s echoes in the radar’s received signal. The target’s 
echoes are concentrated in a beam via MBA based on 
TSMB. Then, Figure 6(b) shows the range-slow time plane 
in a beam. Because of vr = 0, there is no range migration. 
Carry out FFT, and then the peak in Fig. 6(c) represents the 
target’s tangency Doppler frequency, i.e., fd,t = 5 Hz, 
vt = 10 km/s. 

4.2 Simulation 2 
The performance of MBACIA-SSMB is presented in 

the second simulation example. Because the beam points at 
L = 10 directions simultaneously, beam dwell time does 
not exist in this simulation. The other parameters are iden-
tical to those in the first simulation. 

Although it is similar to the first simulation that the 
target’s echoes are distributed in ten beams, the echoes are 
continuous for ten beams covering ten azimuth directions 
at the same time (Fig. 7(a)). After the process of MBA 
based on SSMB, the target’s echoes are concentrated in 
a beam. Similarly, there is also no range migration for 
vr = 0 (Fig. 7(b)). The peak in Fig. 7(c) represents the tar-
get’s tangency Doppler frequency. However, it should be 
noticed that the peak value in Fig. 7(c) is greater than that 
in Fig. 6(c) because more target’s echoes are integrated. 

4.3 Simulation 3 
The detection performances of MBACIA-TSMB and 

MBACIA-SSMB are compared in the third simulation 
example. We assume that the input SNR varies from −40 to 
−15 dB, the relationship curve between the detection prob- 
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ability (Pd) and the input SNR is shown in Fig. 8. It is clear 
that the detection performance of MBACIA-SSMB is bet-
ter than that of MBACIA-TSMB for more target’s echoes 
being integrated. However, the benefit of detection perfor-

mance results from system complexity increasing. So, in 
some applications, a hybrid scheme based on the two algo-
rithms may be a good compromise between system com-
plexity and detection performance.  

 
(a) 

 
(b) 

 
(c) 

Fig. 6. Detection of weak target via MBACIA-TSMB. 
(a) Target’s echoes are distributed in the first three 
beams; (b) After compensate beam migration, the 
target’s echoes lie in the range-slow time plane of 
a beam; (c) Output of coherent integration 
(vt = 10 km/s, fd,t = 5 Hz). 

 
(a) 

 
(b) 

 
(c) 

Fig. 7. Detection of weak target via MBACIA-SSMB.  
(a) Target’s echoes are distributed in all ten beams; 
(b) After compensate beam migration, the target’s 
echoes lie in the range-slow time plane of a beam; 
(c) Output of coherent integration (vt = 10 km/s, 
fd,t = 5 Hz). 
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Fig. 8. Detection performance comparison between MBACIA

-TSMB and MBACIA-SSMB. 

4.4 Simulation 4 
According to the analysis in Sec. 3.3.2, we know that 

MBACIA-TSMB and MBACIA-SSMB have the capability 
of estimating target’s radial velocity and tangency velocity. 

The performance is verified in the fourth simulation exam-
ple via MBACIA-SSMB. The input SNR is assumed to be 
−10 dB. The part motion parameters of a moving target are 
given as follows: vt = 10 km/s ≅ 30 Mach (θv = 0.1 rad/s), 
vr = −100 m/s. It should be noticed that vr = −100 m/s is 
only for simplicity, i.e., there is no range migration during 
CIT. If range migration happens, it should be eliminated 
firstly before coherent integration. Figure 9(a) shows that 
Doppler frequency is estimated via a shorter integration 
time (0.01 s). And then, compensate the phase of echoes 
via the estimated Doppler frequency, i.e., exp(j2π fd,r tm). 
Finally, tangency Doppler frequency may be detected via 
a longer integration time (1 s) (Fig. 9(b)). It is clear that the 
precision of Doppler frequency is better than that of tan-
gency Doppler frequency. If the phase of echoes does not 
be compensated, the output peak will appear on the fre-
quency, which equals the sum of Doppler frequency and 
tangency Doppler frequency (Fig. 9(c)). To compare con-
veniently, we let vt = 0 m/s. Then, Figure 9(d) shows that 
the Doppler frequency fd,r = −100 Hz, which is estimated 
via a longer integration time (1 s). 

    
(a)                                                                                                                           (b) 

    
(c)                                                                                                                           (d) 

Fig. 9. Estimation of target’s Doppler frequency and tangency Doppler frequency. (a) Target’s Doppler frequency is estimated via a shorter 
CIT (0.01 s), (vr = –100 m/s, fd,r = –1 Hz); (b) Target’s tangency Doppler frequency is estimated via a longer CIT (1 s) after Doppler 
frequency compensation, (vt = 10 km/s, fd,t = 5 Hz); (c) If Doppler frequency is not compensated, the estimated frequency will be the 
sum of Doppler frequency and tangency Doppler frequency, (vr = –100 m/s, vt = 10 km/s, fd,t +fd,t = –95 Hz); (d) Target’s Doppler fre-
quency is estimated via a longer CIT (1 s) when vr = 0 m/s, (vr = –100 m/s, vt = 0 m/s, fd,t = –100 Hz).  
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5. Conclusion 
To detect weak target with beam migration, we set up 

a novel tri-dimensional time model and a novel tri-
dimensional signal model. According to different beam 
scanning modes, two MBA coherent integration algorithms, 
i.e., MBACIA-TSMB and MBACIA-SSMB, are proposed 
respectively. Then, the subsequent analysis shows that the 
MBACIA-SSMB may have a better detection performance 
than MBACIA-TSMB. But, what is sacrificed is the in-
creasing of system complexity. So, in some applications, 
a hybrid scheme based on the two algorithms may be 
a good compromise between system complexity and detec-
tion performance. Moreover, the capability of estimating 
target’s radial velocity and tangency velocity is analyzed. 
Although the precision of tangency Doppler frequency is 
lower than that of Doppler frequency, a potential way of 
estimating tangency velocity via long coherent integration 
is presented. The future work along this direction is in-
creasing the estimation precision of tangency velocity by 
combining target track technique. 
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